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FOREWORD

This report is the result of a combined in-house and contract effort.

Under Project 1467, "Structural Analysis Methods" and Task 146702

"Thermoelastic Stress Analysis Methods" an in-house effort collected and

categorized available analysis and design techniques. This collection was

further reduced and through an automated search technique a comparison

of approaches and references was made under Contract F33615-67-C-1538 which

was initiated and sponsored by the USAF Flight Dynamics Laboratory. This

contract with Technology Incorporated, Dayton, Ohio, covered the time

period 30 April 1967 to 30 April 1969.

Mr. Gene E. Maddux, of the Flight Dynamics Laboratory, served as the

Air Force contract monitor. For Technology Incorporated, Mr. Dudley C. Ward,

manager of the Aeromechanics Department, was the project directr~; and

Mr. Leon A. Vorst, senior research engineer, was the project engineer.

The authors are grateful for the assistance and the contributions of

other Technology Incorporated personnel, particularly Mr. Robert R. Yeager,

junior research engineer; Mr. Thomas J. Hogan, scientific programmer; and

Mr. Harold P. Zimmerman, scientific programmer.

This technical report has b:~~Viewed ~nd a~p~. J~Il-J'\

F IS J~-J~i~, R.
Chief, Solid M~h nics Bran
Structures Division
Air Force~F1ight Dynamics Laboratory
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KEYWORD INDEX

Introduction

This Keyword Index is based on the headings in Chapter s 1 through 11.
In the preparation of this index, first all significant words in these headings
were extracted and arranged alphabetically. Words closely related such as
"loads," "loading," and "load" were denoted by the single word "loading. "
The resultant significant words are presented on this page. Second all
headings with significant words were grouped alphabetically under each
significant word. The following pages present the grouped headings, each
with its number identification, under the respective significant words.
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GENERAL DESIGN EINATION fOR CiRCULAR TRANSMISSION SHAFTING
JOHHSON-EULER EGUATION
REDUCED MOuULUS EQUATION
SAMPLE PRUbLEM - REACTIONS ON CUNTINUOUS bEAMS BY THE THREE MDMENT EQUATION
SAMPLE PRubLEM - USE of STRAIGHT LINE EQUATION foR CONCENTRICALLY LOADED SHORT COLUM~S
SAMPLt P~ObL~M - USE OF TANGENT MuDULUS EyUATION FuR CONCENTRICALLY LOADED SHORT COLUMNS
STRAIGHT LINE E~UATION

TA~G~NT MOuUL~S EUUATION
E;JUIVALE,H

EQUIVALENT ECCENTRICITY FOR IMPLRFECT CoLuMNS
SAMPLE PRObLtM - LONG ECCENTRICALLY LOADED COLUMNS ANO EQUiVALENT ECCENTRICITY

eXACT
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WEBS of PARTIAL TENSION FIELD BEAMS
WEBS uF PARTIAL TENSIO~ FIELD BLAMS wITH ACCESS HOLES
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REACTION FORCES AND MOMENTS ON bEAMS wITH BOTH ENDS FIXED
REACTIO~ fORCES AND MOMENTS ON bEA~S wITH ONE FIXED E~D AND ONE PINNEO SUPPORT
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FLANGES
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SAMPLE PR0tiLEM-STATICALLY I~DETtRMI~ATE TRUSSES wiTH A SINGLE REDUNDANCY
STATICALLY I~DLTERMINATE TRUSSES
STATICALLy INDETERMINATE TRUSSES wiTH A SINGLE REDUNDANCY
STATICALLy INDETERMINATE TRUSSE~ wiTH MULTIPLE REDU~DANCIES

INERTIA
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INTI<ODUCTI01'l TO LATEI<AL II'lSTABILITY OF DEEP BEAMS I~ tiENDll'lG
LATEKAL INSTABILITY OF DEEP I BEAMS
LATEI<AL II'lSTABILITY OF DEEP RECTANGULAR BEAMS IN BENDING

INTERACTlO,'
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JOHNSON-EULER
JOHNSUN.EULER EOUATION

JOINT
APPLICATION Of THi METHOD OF JOINTS TO 5TATICALLY DETERMINATE TRUSSES
BUSHING STRENGTH FOI< 5INGLE SHEAR JOINT5 UNDER UNIFOkM AXIAL LOAD
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LATTICED
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EXACT METHvO FOR cEAMS UNDER CDMBINEU AXIAL AND TRANSVERSE LOAD~ _ BEAM COLUMN~

EXAM~LE Of AXIALLY LOADED LUG DESIGN
EXAM~LE 01' UNlfuR'1 AXIALLY LOADt:.D LUG ANALYSIS
FLAT PLATL~ UNOER COMBINED LOADINGS
tNTROOUCTIOI. TO bEAMS UNDER COMbINED AXIAL AND TRAN~VERSE LOADS. 6EAM COLUMNS
INTROuUCTlvN TU R£ACTION FORCES AND MOMENTS ON BEAMS uNDER TRANSV~RSE LOADING
LOAOI'iGS 41< CII«ULAR TRANSMISSIuN SHAFTlNC,
LUG AND Bv~Hlfiu sTRt:.NC,TH UNDER OBLIYUE LOAD
LUG AIID BuSHING STRENGTH UNDER TRANSVERSE LOAD
LUG /lliD BUsHINu STRENGTH UNDER UNIFORM AXIAL LOAD
LUG U\,.ARIllu ~TRt:.'i";TH FOR SINGLE SHEAR JOiNTS UNDER UNIFoRM AXIAL LOADS
LUG UEARli.u ~TRENGTH UNDER UNIFoRM AXIAL LOAO
LUG BuSHII.u STRENuTH IN AXIALLY LOADED SINGLE SHEAR ~OINT wITH LESS THAN 5 pCT ELONGATION
LUG DESIGI, ~TRE"GTH UNDER UNIFuRM AXIAL LOAD
LUG NET·SECTION STRENGTH FOR SINGLE SHEAR JOiNTS UNOEk UNIfORM AXIAL LOAD
LUG liET-SELl ION STRENGTH UNDER uNIFORM AXIAL LOAD
LUG STRENGTH uNDER OBLIUUE LOAD
LUG ~TRENuTH UNDER TRANSVERSE LOAD
LUG TANG STRt:.NC,TH FOR DOUBLE SHEAR ~OlNTs UhDER uNifoRM AXIAL LOAl>
LUG.BtJSHIl<u DE~IGli STRENC,TH FOR 00U6LE SHEAR JOINTS UNOER uNIFORM AXIAL LOAu
NET.SECTloN STRENC,TH Of AXIALLY LOAD EO LUC,S WITH LE~S THAN 5 PCT LLOI<GATION
PIN UI::NDINu STRE'iGTH FOR 'DOUBLE SHEAR JulNTS UNDER UNIFORM AXIAL LOAD
PIN BENDINu STRENGTH FOR SINGLE SHEAR JOINTS UNDER UNIFORM AXIAL LOAD
PIN SHEAR STI<ENuTH fOR DOUBLE ~HEAR ~OINTS UNDER UNIfORM AXIAL LOAD
PIN SHEAR STRENGTH FOR SINGLE SHEAR JOINTS UNDER UNifORM AxIAL LOAD
PLATES UNDER COMBINED LOADINGS
SAMPLE PRObLEM - 6AR UNDER CYCLIC TE'iSILE LOAD
SAMPLE PRubLEM - dAR UNDER STATIC TENSILE LUAD
SAMPLE PRvbLEM - COfiCENTRICALLY LOADED 'LONG COLUMN II< BENDINIi
SAMPLE PRvdLEM • ECCENTRICALLY LOADED SHORT COLUMN II< BENDING
SAMPLE PROULlM - LONG ECCENTRICALLY LOADED COLUMNS ANO EQUiVALENT ECCENTRICITY
SAMPLE PRUbLEM - USE OF STRAluHT LINE EQUATION FOR CvNCENTRICALLY LOADED SHORT COLUMNS
SAMPLE PRQdLEM - USE OF TANG,NT MODULUS EQUATION FOR CONCENTRICALLY LOAD EO SHORT COLUMNS
SAMPL~ Pl<u~LEM-BEAMS UNDER COHdiNEO AXIAL ANO TRANSVERSE LuAOS - BEAM COLUMI<S
SHEAR LOA~jN~ OF ~URVED PLATES
SINC,L~ SHEAR JUINT ~TRENGTH UNDtR UNIFoRM AXIAL LOAO
SINGLE SHEAR JOINTS UNDER OBLIUUE LOAD
SINGLE SHt.AI< JOlliTS UNDER TRANSVERSE LOAD
STATIC TENSILE LUADING OF BAR~

STREil\;TH vF LUG TANuS II'< AXiALLY LOADED LUGS wiTH LE~S THAli 5 PCT ELONGATION
TORSIuNAL LvAuIN~ OF BARS

BENDING FAIL~~E OF CONCENTRICALLY LOAuEO LONG COLUMN~

BENI)!"G FA 1L~RE OF ECCENTR ICALL Y LOADED LONu COLUMNS
COLuMN OATA APPLICABLE TO BOTH LONG AND ~HORT COLUMNS
LOl'<'; t<ECTAN"ULAR ,1EMBRANES
SAMPLE PRebLEM - COLUMN OAT A AP~LICABLE TU bOTH LONG AND SHORT COLUMNS
SAMPI.C: PROBLEM - CONCENTRICALLY LUADED LONG COLU~IN IN BENDING
SAMPLE PRUbLEM - LONG ECCENTRICALLY LOADED COLUMNS AI<U EQ~IvALENT ECCENTRICITY
SAMPI.E PROdLEM - LONG RECTANGULAR MEMBRANES

ANALfSIS uF LUliS ~ITH LESS THAN 5 PCT ELONGATION
AXIAl. LUG OESI"N FOR PIN FAILURi:.
AXIAL LUG uESIGN FOR PIN FAILURE IN THE BENDING MOOE
AXIAL LUG OE~IG" FOR PIN FAIl.URE IN THE SHEARING MoDE
AXIALLY LvAD~D LU~ DESIGN
BEAR l:iG STREliGTH uFAX I ALl. Y l.OADED LUGS WiTH LESS THAll 5 PeT ELONGAT ION
BEARING STRENGTH of TRANSVERSELy LOADED l.UGS WITH LES~ THAN 5 PCT ELONGATIOl'<
COMdI~ED LUu-6USHING DESIGN STREN"TH UNDER UNIFORM AXIAL LOAD
EXAM~LE OFAXIALl.Y LOADED l.UG DESIGN
EXAM~LE OF UNIFORM AXIAl.LY LOADt.D l.UG ANALYSIS
EXAM~LE PRObLtM UF LUG FATIC,UE ANALYSIS
II'<TRJ)UCTloN TU LUG ANAl.YSIS '
LUG Ai\lALYSIS
LUG ,~fiALYSI~ NOMENCl.ATURE
LuG A.,O BUSHINC, STRENGTH UNDER uBLluUE LOAD
LUG Ai\lD BU~HINC, SrRENGTH ~NDER TRANSVERSE LOAD
l.UG AliO BuSHING STRENGTH UNDER VI'<IFORM AXIAL LOAD
LUG ~EARINu STkENuTH FOR SI"GLE SHEAR JOINTS UNDtR UI.IFORM AXIAL LOADS
LUG ~t.ARING STkENuTH UNUER uNIFORM AXIAL LOAD
LUG dUSHINu 5TRLji~TH IN AXIALLy LUADED SII'<GLE SHEAR ~OINT ~ITH LESS THAN 5 PCT El.ONGATION
LUG DESIGN STRENGTH UNOER UNIFORM AXIAL LUAD
LUG FATI"UE ANALYSIS
LUG iIET-SLlTION STRENGTH FOR ~INuLE SHEAR JOINTS UNOtR UNIFoRM AXIAL l.OAD
l.UG ;\jET-SlOtT ION STRENGTH UNDER UNIFuRM AXIAL LOA~

LUG STRENuTH UNDER OdLIUUE LOAO
LUG STRENGTH ONDER TRANSVERSE LuAD
LUG TANC, STRENC,TH FvR DOUBLE SHEAR UOINT~ UNDER UlilFuRM AXIAL l.OAU
LUC,-dUSHII;u vE~IG,i STREI<GTH FOR OvUBLE SHEAR JOII<TS UNOER UNIFoRM AXIAL LOAl:.
NET-SECTIUN STRE'~"TH OF AXIALLY LUAOED LUGS WITH LE~~ THAN 5 PCT ELONGATION
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SAMPLt PRObLOl • "EACTION5 uN be.AM wiTH OI'E flXELJ AND ONE PINNED SUPPORT
PLA5T1C

5AMFLE PRLJOLtM-SIMPLE BEAM5 IN PLASTIC bENDING
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PLATE
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SAMPLE PRObLEM - SHORT RECTANGULAR MEMBRANES
SHORT RECTANGuLAR MEMBRANES
THEORETICAL RESULTS FOR SHORT RECTANGULAR MEMBRANES

REDUCED
REDUCED MuuULuS E~UATION

REDUNDANCY
SAMPLE PRUbLEM-STATICALLY INDET~RMINATE TRUSSES wiTH A SINGLE REDUNDANCy
STATICALL~ INDETERMINATE TRUSSES wiTH A SINGLE REDUNDANCY
STATICALLY INDETERMINATE TRUSSE~ wITH MULTIPLE REDUNDANCIES

RESISTANT
FLANGES Of STl~FIOI~EU SHEAR RESISTANT bEAMS
INTRO~UCTIuN TO SHEAR RESISTANT bEAMS IN BENDING
RIVETS IN SHEAR RESISTANT BEAMS
SAMPLE PRObLEM-STIF~ENED SHEAR RESISTANT bEAMS
STIFFENED SHEAK RtSISTANT BEAMS IN BENDING
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ELASTIC STRESSES AND DEFORMATiON OF VARiouS SHAPES IN CONTACT
SAMPLE PRobLEM - CRIPPLING STRESS OF A COMPLEX SHAPE

SHEAR
AXiAL LUG OESIGN FOR PIN FAILURE IN THE SHEARING MODE
BUSHING STRENGTH FOR SINGLE SHEAR JOINTS UNDER UNIFORM AXIAL LOAD
DOUBLE SHEAR JOINT STRENGTH UND~R UNIFORM AXIAL LOAD
DOUBLE SHEAR JOiNTS UNDER OBLIQUE LOAD
DOUBLE SHEAR JOiNTS UNDER TRANSVERSE LOAD
FLANGES OF STI~FENEO SHEAR RESISTANT BEAMS
INTRODUCTiON TO SHEAR RESiSTANT BEAMS IN BENDiNG
INTRODUCTION TO ~HE~R ~EB BEAMS IN BENDING
LUG BEARING STRENGTH FOR SINGLE SHEAR JOINTS UNDER UNIFORM AXIAL LOADS
LUG BuSHING STRENGTH IN AXIALLY LOADED SINGLE SHEAR JOiNT ftlTH LESS THAN 5 PCT ELONGATION
LUG NET-SE<'T!ON STRENGTH FoR SINGLE SHEAR JOINTS UNDER UNIFoRM AXIAL LOAD
LUG TANG STkENGTH FOR DOUBLE SHEAR JOiNTS UNDER UNlfOkM AXIAL LOAD
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MULTIPLE SHEAR AND SINGLE SHEAR CONNECTIONS
MUL T! PLE SHEAR Ar-,I) SINGLE SHEAR CONNECT! ONS
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WEB-To-STlfFENER RIVETS IN SHEAR RESISTANT BEAMS
WEBS of STifFENED SHEAR RESiSTANT BEAMS

SHELLS
MEMBRANE STRESSES IN SIMPLE THIN SHELLS OF REVOLUTION

SHORT
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INTRODUCTION

This introduction serves a threefold purpose: (1) it summarizes the
eleven chapters making up this manual; (2) it references several publications
which contain related information; and (3) it lists the nomenclature most
commonly used in the chapters.

CHAPTER SUMMARIES

Chapter 1 - Beams

Section 1. 3 of this chapter presents the method of analysis for simple,
shear web, and partial-tension-field beams in bending, as well as methods
of determining the reactions on statically indeterminate beams. Section 1. 4
treats beam columns, and Section 1.5 covers beams in torsion including
helical springs.

Chapter 2 - Column Analysis

Section 2.2 of this chapter treats primary bending and torsional failure
as well as crippling failure of columns of uniform cross section. Stepped and
tapered columns are treated in Section 2. 3, and the material on beam columns
is in Chapter 1.

Chapter 3 - Bar Analysis

This chapter treats bars in tension with emphasis upon the effect of
stress raisers.

Chapter 4 - Trusses

Section 4. 3 of Chapter 4 gives methods of determining the stresses and
deflections of statically determinate trusses, and Section 4.4 treats statically
indeterminate trus s es.

Chapter 5 - Frames and Rings

This chapter gives a general treatment of frames composed of straight
elements of uniform cross section, in addition to particular solutions for
various simple frames and circular rings under several types of loadings.

Chapter 6 - Plates

Methods for determining the critical buckling stress of both flat and
curved plates with and without stiffeners and having various loadings are
given. Charts and curves covering most common loadings and supports
facilitate analysis.
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Chapter 7 - Membranes

Circular, square, and rectangular membranes under uniform pressure
are treated in this chapter.

Chapter 8 - Pressure Vessels

Section 8. 3 treats thin pressure vessels both with and without stiffeners.
Stresses due to supports as well as membrane and discontinuity stresses are
considered for thin pressure vessels without stiffeners. The analysis of thick
pressure vessels is considered in Section 8.4, and glass fiber pressure
vessels are briefly discussed in Section 8. 5.

Chapter 9 - Lug Analysis

This chapter presents methods of analyzing lugs and their pins and
bushings under various loading angles.

Chapter 10 - Shafts

The analysis of power transmission shafting is presented for circular
shafts. Methods for treating discontinuities such as keyways, grooves, holes,
and steps are given. A general design equation is presented to facilitate
analysis.

Chapter 11 - Bearing Stresses

This chapter treats bearing stresses in riveted joints as well as those
between elastic bodies of various shapes. Formulas are also given for the
deformations of elastic bodies in contact.

REFERENCES

The following references are given to aid the reader in finding other
treatments of the work contained in this manual. It is evident that a work
of this nature owes a great deal to previous works. In particular, the
editors wish to acknowledge the kind permission of the Frederick Ungar
Publishing Company, 250 Park Avenue South, New York, N. Y. for the use
of material from the volume "Handbook of Formulas for Stress and Strain"
(1966) by William Griffel. Much of the data in Chapters 6 and 8 was
derived from thi s handbook.
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NOMENCLATURE

The most commonly used nomenclature is presented here. Complete
lists of nomenclature are available at the beginning of each chapter.

A
a
a

a

..
all

ax
B
b

b
b
b

b

e

ee

or
D

DF
d
d
E
E r

E,
Et
e
e
F

F aeol

Fb
F br

Ft>ru

area
1/2 the major diameter of an ellipse
plate length
linear dimension as indicated in diagrams
subscript, allowable
subscript, allowable
subscript, axial
ductility factor for lugs with less than 5% elongation
1/2 the minor diameter of an ellipse
plate width
linear dimension as indicated in diagrams
effective bearing width
subscript, bending
subscript, bearing
centroid
coefficient of constraint for columns
numerical constant
torsion - bending coefficient
rivet factor
1/2 the minor diameter of an ellipse
distance from neutral axis to extreme fiber
linear dimension as indicated in diagrams
subscript, compression
subscript, crippling
subscript, critical
diameter
distribution factor

.mean diameter
linear dimension as indicated in diagrams
modulus of elasticity
reduced modulus
secant modulus
tangent modulus
eccentricity
strain
allowable stress
allowable stress for concentrically loaded column
allowable bending stress
allowable bearing stress
allowable ultimate bearing stress
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Fop

For
F OY

F.
F ,oo
F sor

F,u
F. y

F ty

FEM
FS
f

f1:>
fbr

f e
f s
f t
G

H
h
hp
I

II'

1
J
J
K
k
k
k
L
L~

M

M
N

N
n

n

n

o
p

P
P a

allowable yield bearing str ess
allowable compressive stress
allowable crippling stress
allowable column stress (upper limit of column stress
for primary failur e)
proportional limit in compression
critical stress
compressive yield stress
allowable web shear stress
crippling stres s in shear
critical buckling stress
allowable ultimate shear stres s
yield stress in shear
yield stress in tension
fixed- end moment
factor of safety
calculated stress
calculated bending stress
calculated bearing stress
calculated compressive stress
calculated shear stres s
calculated tensile stress
modulus of elasticity in shear
horizontal reaction
height
horsepower
moment of inertia
polar tnotnent of inertia
subscript, inside
torsion constant

. polar moment of inertia
a constant, generally empirical
radius of gyration
diagonal tension factor
a constant, generally empirical
length
effective length
moment
empirical constant in straight line column equation
number of cycles
etnpirical constant in straight line column equation
number of elements
factor of safety
empirical constant
subscript, outside
applied concentrated load
axial load
allowable load
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l'

l'

Q
q
q
R
R
R
r

r

r

r

r
S
s

at
T
T
T
t

tr

u

u

V
V

V

W

W

W

w

w

x
x
y
y

y

Z

a.
a.

alternating load
crippling load
critical load
pressure or pressure difference

rivet spacing
subscript, polar
subscript, pressurized
statical moment of a cross section
shear flow
notch sensitivity factor
reaction force
radius or radius of curvature

stress ratio - £IF
radius
cylindrical or polar coordinate
subscript, radial
subscript, ring
subscript, rivet
tension force per inch on the edge of a membrane
distance measured along a curved path
subscript, shear
sub script, skin
subscript, stringer
torque
tensile force
thickness of pressure vessel head
thickness
subscript, tension
subscript, transver s e
subscript, ultimate
subscript, upright
shear force
vertical reaction
velocity
applied concentrated load
total load
potential energy
applied distributed load
width
subscript, web
force in redundant member of a truss
rectangular coordinate

rectangular coordinate

deflection

subscript, yield

rectangular coordinate

empirical constant

angle
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','

empirical constant
angle
increment or difference
deflection
strain
plasticity coefficient
cylindrical coordinate
angle or angular deflection
empirical constant
half wavelength of buckling
Poisson's ratio
torsional spring constant
elastic Poisson's ratio
plastic Poisson's ratio
Poisson's ratio
elastic Poisson's ratio
plastic Poisson's ratio
radius of gyration
density
summation
angle or angular deflection
angular deflection
empirical constant
angular velocity
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1. BEAMS

1. 1 Introduction to the Analysis of Beams

Beams under various loadings are considered in this chapter. Section 1. 3
treats beams in bending while beams under combined axial and transverse loads
and beams in torsion are treated in Sections 1. 4 and 1. 5, respectively.

1.2 Nomenclature for the Analysis of Bean-is

=

A
A
A
A
At

All
AIl~
a
a
a

a
a

B
B

b
b
b
b

'0

b

= cross-sectional area
= area of moment diagram
= constant of integration
= width of the larger leg of an angle section
= cross-sectional area of tension or compression flange

= cross-sectional area of upright or stiffener
= effective cross-sectional area of upright or stiffener
= 1/2 the major diameter of an ellipse
= linear dimension

= J-¥-
= I Ely h 2 /4 GJ for an I beam of depth h

= distance from the left end of a span to the centroid
of its moment diagram

= width of the smaller leg of an angle section
= constant of integration
= 1/2 the minor diameter of an ellipse

= width of section
= developed length of thin section

linear dimension
subscript, bending

= distance from the right end of a span to the centroid
of its moment diagram

= centroid of moment diagram
= stress concentration factors

ri vet factor (rivet spacing - rivet diameter)
rivet spacing

distance from neutral axis to extreme fiber
= linear dimension
= distance from neutral axis of flange to the extreme

fiber of flange
= subscript, critical
= diameter
= inside diameter
= outside diameter

= linear dimension

= stiffener spacing
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E
e

F~

F '
~

F s
F 'a

F,ooH
F. or
F st
F su
F gy

F tu

t

f b

f cent

f s

fSb
f u
f

Uft1ax
G
h

= modulus of elasticity
distance from centroid of upright to web

= subscript, effective
= allowable crippling stress of upright

column yield stress (allowable column stress at
L'/p = 0)

= allowable column stress
= ultimate allowable compressive stress for natural

crippling
ultimate allowable compressive stress for forced
crippling

= reduced ultimate allowable compressive stress for
forced crippling
allowable web shear stress

= reduced allowable web shear stress
collapsing shear stress for solid unstiffened webs

= critical (or initial) buckling stres s
= tor sional modulus of ruptur e
= ultimate stress in pure shear
= yield s tr e s s in pur e shear
= ultimate tensile stress

subscript, flange
= calculated primary bending stress
= calculated compressive stress at the centroidal axis

of the upright
= calculated critical compressive stress
= calculated stress in flange due to the horizontal component

of diagonal tension in a partial tension field beam
= calculated shear stre s s
= secondary bending moment in flange
= calculated average compressive stress in upright
= calculated maximum compressive stress in upright
= modulus of elasticity in shear
= height or depth - height of shear web beam between

centroids of flanges
= moment of inertia
= average moment of inertia of beam flanges
= polar moment of inertia
= required moment of inertia of upright or stiffener

about its base
= moment of inertia of upright or stiffener about its base
= subscript, inside
= tor sion constant

= a constant
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k
L
L'
M

Mer
M fP

M'b
M t

My
m
n
n

Q

P
P
PIj

P
P
Q

q ,
q

qr
qt ,
qt
R
r

r\
r o

S
s
s

•
T

T IIl • x
t

t
t,
t f

t s
tst
t u

tit

U

diagonal tension factor
= length
= effective length of beam

applied bending moment
critical moment
fully plastic bending moment

= secondary bending moment in flange
= bending moment due to transverse loads alone

bending moment at the onset of yielding
coefficient given by Figure 1-8
number of active spring coils

= constant given in Section 1. 3. 1. 6
= subscript, outside
= applied. concentrated load
= axial load
= upright end load
= rivet spacing
= pressure
= statical moment of cross section - f ydA

Al

= shear flow
= beam shear at a distance of 2h/3 from the beam end
= shear load of web to flange rivets (lb/in. )
= tension load on web to upright rivets (lb/in. )
= increased tension load on web to upright rivets (lb/in. )
= reaction
= radius
= subscript, rivet
= inside radius

outside radius
= tension force on edge of membrane (lb/in. )
= distance measured along curved path

distance from centroidal axis to point of application
of load
subscript, shear

= torque
= maximum allowable torque
= thickness
= subscript, tension
= effective thickness
= flange thickness
= skin thickness
= thicknes s of closed stiffener
= upright. thickness
= web thickness

= L JP for beam column
EI
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u =

=u

u =
V =
W =
w =

"
=

x, y, z =
y =

=y

a. =

a. =

13 =
6 =

Os =

11 =
p =
e =
L =

developed length of elongated section
subscript, ultimate
subscript, upright
shear force
concentrated transverse load
distributed transverse load
subscript, web
rectangular coordinates
deflection of beam due to bending
subscript, yield
angle of diagonal tension

coefficient given by Table 1-14
coefficient given by Table 1-14
spring deflection
portion of spring deflection due to direct shear
plasticity coeffiCient
radius of gyration
slope of beam
summation

1. 3 Introduction to B earns in Bending

For the purposes of discussion, beams in bending are divided here into
simple beams (Section 1. 3.1) and shear web beams (Section 1. 3.2). Shear
web beams are further subdivided into shear resistant beams and partial
tension field beams. If a beam is statically indeterminate, Section 1. 3. 4
must be consulted in order to determine the reaction forces and moments.
Otherwise, the equations of statics may be used to determine the reactions.

1. 3. 1 Simple Beams in Bending

Simple beams in elastic and plastic bending are treated in Sections
1. 3.1. 1 and 1. 3. 1. 3, respectively, while the possibility of lateral instability
of deep beams in bending is treated in Section 1. 3. 1. 5.

1.3.1.1 Simple Beams in Elastic Bending

This section treats simple beams in bending for which the maximum
stress remains in the elastic range.

The maximum bending stress in such a beam is given by the formula

£
_ Mc

b -
I

(1-1 )

while the shear flow is given by

q = VQ

I
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where Q = f ydA. The use of these equations is illustrated in Section 1. 3.2.2.
Al

The vertical and angular displacements of a simple beam in elastic
bending are given by Equations (1-3) and (1-4), respectively, where A and B
are constants of integration.

y = rr~ dx2 + Ax + B
,J ~ EI

(1- 3)

e = dy = J M dx + A
dx . EI

( 1-4)

1. 3. 1. 2 Sample Problem - Simple Beams in Elastic Bending

Given: The cantilever beam shown in Figur e 1-1.

1 in. square aluminum bar
T - O. 0833

... x

lb.

-~

rr'----------------------;

,-+-o~--------20

Figure 1-1. Cantilever Beam in Bending

Find: The maximum bending and shear stresses.

Solution: From the equations of statics, the shear and moment
diagrams in Figure 1-2 may be obtained.

V

50 f--------------------,

V = 50

-+----------------'~----1.X

M

-;----------------=-----t_ x

-1000

M = 50x - 1000

Figure 1-2. Shear and Moment Diagrams for the
B earn in Figur e 1-1
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Since c and I are constant along the beaITl, the ITlaxiITluITl bending
stress occurs at the point of ITlaxiITluITl bending ITloITlent; and froITl
Equation (I-I),

f = Mc = -1000(0.5) = 6 000 si
b I 0.0833 ' P

Q ITlay be cOITlputed at a distance Yl froITl the neutral axis by
considering the beaITl cross section shown in Figure 1-3:

1
Q = J ydA = J Y (1)

Al Yl

1
dy =­

2

.2
Yl

- --
2

Q is ITlaxiITluITl at y 1 = 0 wher e Q = 1/2. Thus, the ITlaxiITluITl
shear flow occurs at the neutral axis and is given by Equation

(1-2) as

= VQ = 50(0.5) = 300 lb/ o

q I . 0.0833 In.

The ITlaxiITluITl shear stress is thus,

300 lb/in. 2= 300 lb/in.
1 in.

L-----'__L
Figure 1-3. Cross Section of BeaITl

1. 3. 1. 3 SiITlple BeaITls in Plastic Bending

In SOITle cases, yielding of a beam in bending is perITlissible. If
the beaITl ITlaterial ITlay be considered to be elastic-perfectly plastic, the
bending mOITlent at failure is given by

Mfp = k My

where My1 is the mOITlent that causes initial yielding of the extreITle fibers
and K is the shape factor given in Table 1-1.

1 - 6
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TABLE 1-1

Values of the Shape Factor, K

* All mass is assumed to be concentrated at the centroids of the flanges.

1. 3. 1. 4 Sample Problem - Simple Beams in Plastic Bending

Given: The simply supported beam shown in -Figure 1- 4.

------+------- 20

p

2 xl C 1045 Annealed Steel Bar
F y = 55,000 psi., 1= 0.666 in. 4

Figure 1-4. Simply Supported Beam in Bending

Find: The load, P, that causes fully plastic bending.

Solution: Rearranging Equation (1-1) and replacing the bending
stress with the yield stress gives

FyI 5 500 0 (O. 6 6 6 )
M = -- = -----'---~ = 36, 600 in. lIb.

y c 1. 0

Inserting the value of K from Table 1-1 into Equation (1- 5 ) gives

M fp = K My = 1. 5 (36, 600) = 54, 900 in. lIb.

From statics, the maximum moment on the bar is lOP. Thus,
for fully plastic bending,

P =
M,p

10

1 - 7

= 5,490 lb.



1.3. 1. 5 Introduction to Lateral Instability of Deep Beams in Bending

Beams in bending under certain conditions of loading and restraint
can fail by lateral buckling in a manner similar to that of columns loaded in
axial compression. However, it is conservative to obtain the buckling load
by considering the compres sion side of the beam as a column since this
approach neglects the tor sional rigidity of the beam.

In general, the critical bending moment for the lateral instability
of the deep beam, such as that shown in Figure 1- 5, may be expres sed as

(1- 6)

where J is the torsion constant of the beam and K is a constant dependent on
the type of loading and end restraint. Thus, the critical compressive stress
is given by

Mar c
fer = ----

Ix

where c is the distance from the centroidal axis to the extreme compression
fibers. If this compressive stress falls in the plastic range, an equivalent
slenderness ratio may be calculated as

(1- 7)

L

(1- 8)

h

1

Figure 1- 5. Deep Rectangular Beam
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The actual critical stress may then be found by entering the column curves
of Chapter 2 at this value of (L'/O). This value of stress is not the true com­
pressive stress in the beam, but is sufficiently accurate to permit its use as
a design guide.

1.3.1.6 Lateral Instability of Deep Rectangular Beams in Bending

The critical moment for deep rectangular beams loaded in the
elastic range loaded along the centroidal axis is given by

( b
L

3
h)Mer = 0.0985 K .. E

where K
m

is presented in Table 1-2, and b, h, and L are as shown in Figure
1- 5. The critical stres s for such a beam is

where K .. is presented in Table 1-2.

If the beam is not loaded along the centroidal axis, as shown in
Figure 1-6, a corrected value K r ' is used in place of K r in Equation (1-10).
This factor is expressed as

Kr' = K r (1- n) (~ ')

where n is a constant defined below:

(1) For simply supported beams with a concentrated load at mid­

span, n = 2.84.

(2) For cantilever beams with a concentrated end load, n = 0.816.

(3) For simply supported beams under a uniform load, n = 2. 52.

(4) For cantilever beams under a uniform load, n = O. 725.

(1- 9)

(1-10)

(1- 11)

Note: s is negative if

the point of appli­
cation of the load
is below the cen­
troidal axis.

centroidal
axis

Figure 1-6. Deep Rectangular Beam Loaded at a Point Removed
from the Centroidal Axis
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TABLE 1-2

Constants for Determining the Lateral Stability of Deep
Rectangular Beams in Bending

Type of Loading and Constraint

Case K f K m
Side View Top '{iew

--B &-
I • L I

1 ~ ~ 1. 86 3. 14

--B It-~2 - 3.71 6.28=--~/.

~ &--
I--U2--!

3 -
~~ 3.71 6.28

--B 1)-~4 - 5.45 9.22
U2 ,

5 ~ ~ :=::=A 2.09 3.54

6 ~--~ 3.61 6. 10

7 ~- ~ 4.87 8.24

18 -I }- ~ ~ 2.50 4.235,
-I 1 t-~9 3.82 6.47

•
1_ )--I ~ 6.5710 11. 12

•
~ _±_~ --~11 7.74 13.1

-~. 1 .1- k:::: ~12 3. 13 5.29

-1._ 1 I- ~=~13 3.48 5.88

-t .~- W
L =d-14 2.37 4.01

:-L

-1--------t-- ~.
L ;;d-15 2.37 4.01

16 --~ --@ 3.80 6.43::=:::J

17 ~ i 3.80 6.43":=J

1 - 10



TABLE 1-2

Constants for Determining the Lateral Stability of Deep
Rectangular Beams in Bending (concluded)

3.0
m:: K£!. 591

2.0

.10 .20 .30

c/L

.40 .50

1. 3.1. 7 Lateral Instability of Deep I Beams

Figure 1-7 shows a deep I beam.

y

Figure 1- 7. Deep I Beam

The critical stress of such a beam in the elastic range is given by

for = K I ( ~ ) ( ~ )
2 f-

x

where KI may be obtained from Table 1-3, and a is given by

(1-12)

a = (1-13)

1 - 11



where J is the torsion constant of the I beam. This constant may be approxi­
mated by

J = 1/3 (2b t f 3 + h t w 3)

This method can be applied only if the load is applied at the centroidal axis.

TABLE 1-3

Constants for Determining the Lateral Stability of I-Beams

:r yp e of Loading and Constraint

Case K
1

~,

Side View Top View

-B &-1 - k ~
illl (E)
4

t j- I2 ill2-
-~

(E)
4

L

-Ej.. 1 ;r ill 3

k ~
(E)3 16

-
L

4 ~ k d ill4 (E)
32

-,- Use Figure 1-8 to obtain ill

1 - 12

(1-14)
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Figure 1-8. Values of m for Table 1-3

1. 3.2 Introduction to Shear Web Beams in Bending

The most efficient type of bearD is one in which the material resist­
ing bending is concentrated as near the extreme fiber as possible and the
material resisting shear is a thin web connecting tension and compression
flanges. The simplifying assumption that all the mass is concentrated at the
centroids of the flanges may be made for such beams, thus reducing the
simple beam formulas to fb = M/ At h for bending and to f s = V /ht for shear.
The flanges resist all bending and the web resists all shear.

These beams are divided into two types, shear resistant and partial
tension field beams. The webs of shear resistant beams resist the shear load

1 - 13



without buckling, and the webs of partial tension field beams buckle at less
than the maximum beam load.

If ,fV/h is les s than seven, the use of a partial tension beam is
recommended on the basis of weight economy; and the use of a shear resis­
tant beam is recommended if I'!"/h is greater than eleven. 1£ 7 < I'!"/h < 11,
factors other than weight will determine the type of beam used.

1.3.2.1 Introduction to Shear Resistant Beams in Bending

1£ the web of a shear resistant beam is sufficiently thin, the sim­
plifying assumption that all the mas s is concentrated at the centroids of the
flanges may be made. This reduces the simple beam formulas to

for bending, and

(1-15)

l
t

(1-16)

for shear. The flanges resist all of the bending and the webs resist all of
the shear. Unstiffened shear resistant beams are discussed in Section
1. 3.2.2 while stiffened shear resistant beams are treated in Section 1. 3.2.3.

1.3.2.2 Unstiffened Shear Resistant Beams in Bending

Both the web and flanges of an unstiffened shear resistant beam
must be checked for failure. The flange is generally considered to have
failed if the bending stress in it exceeds the yield stress of the material,
although bending in the plastic range may be used if some permanent set can
be permitted.

The web must be checked for ultimate load as well as for collapse.
If the web is not subject to collapse, the allowable average stress at ultimate
load, F s ' will be either 85% of the ultimate strength in shear or 125% of the
yield strength in shear. Figure 1-9 gives the collapsing stress for two alumi­
num alloys. It should be noted that for thinner webs (hit> 60), initial buck­
ling does not cause collapse.

In conclusion, the required thickness of a thin unstiffened web is
given by

or

whichever is larger.

t=~
hFs

v
t =---

1 - 14
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Figure 1-9. Collapsing Shear Stress, F for Solid Webs of 24S-T.0011'
and 75S-T Alc1ad Sheet

1.3.2.3 Stiffened Shear Resistant Beams in Bending

The vertical stiffeners in a shear resistant beam resist no com­
pressive load, as is the case for tension field beams, but only divide the web
into smaller unsupported rectangles, thus increasing the web buckling stress.
The flange web and' rivets of such a beam must be analyzed.

1. 3.2.4 Flanges of Stiffened Shear Resistant Beams

The flanges of a stiffened shear-resistant beam must be checked
for yielding or ultimate strength by means of Equation (1-15) as in the case of
unstiffened shear resistant beams.

1.3.2.5 Webs of Stiffened Shear Resistant Beams

The web panel of a stiffened shear-resistant beam must be checked
for str ength as well as for stability.

The str ength of such a web may be checked by Equation (1-16) as
in the case of unstiffened shear resistant beams, and the stability of such a
beam may be checked by Equation (1.;.19) in conjunctio n with Figur es 1- 10
through 1-16.
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The critical buckling stress of a web panel of height h, width d,
and thickness t, is given by

(1- 19)

In this equation, K s is a function of d/h and the edge restraint of the web panel.
Figure 1-10 relates Ks to d/h and I,Jht 3 . Once Kg has been found, Fser/n may
be obtained from the nomogram in Figure 1-11. F ,,'r may then be found from
Figures 1-12 through 1-16. It should be noted that the moment of inertia of
the stiffener, I

u
' for Figure 1-10 should be calculated about the base of the

stiffener (where the stiffener connects to the web). Also, the modulus of
elasticity of the web has been assumed to be equal to that of the stiffeners.

1.3.2.6 Rivets in Shear Resistant Beams

Rivets are required to fasten the web to flange in shear resistant
beams. In addition, rivets are used to fasten the web to the stiffener and the
stiffeners to the flange in stiffened shear resistant beams.

1 - 22
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1.3.2.6.1 Web-to-Flange Rivets in Shear Resistant Beams

The spacing and size of web-to-flange rivets should be such that
the rivet allowable (bearing or shear) divided by q x p (the applied web shear
flow times the rivet spacing) gives the proper margin of safety. The rive~

factor, C r (rivet spacing - rivet diameter/rivet spacing), should not be less
than 0.6 for good design and in order' to· avoid undue stress concentration.

1.3.2.6.2 Web-to-Stiffener Rivets in Shear Resistant Beams

No exact information is available on the strength required of the
attachment of stiffeners to web in shear resistant beams. The data in Table
1-4 is recommended.

TABLE 1-4

Recommended Data for Web-to-Stiffener Rivets
in Shear Resistant Beams

--r

Web Rivet Rivet
Thicknes s, in. Size Spac ing, in .

. 025 AD 3 1. 00

.032 AD 4 1. 25

.040 AD 4 1. 10

.051 AD 4 1. 00

.064 AD 4 ·90

.072 AD 5 1. 10

.081 AD 5 1. 00

.091 AD 5 ·90

.102 DD 6 1. 10

· 125 DD 6 1. 00

· 156 DD 6 ·90
· 188 DD 8 1. 00

--------. --

1.3.2.6.3 Stiffener-to-Flange Rivets in Shear Resistant Beams

No information is available on the strength required of the attach­
ment of the stiffeners to flange. It is recommended that one rivet the next size
larger than that used in the attachment of stiffeners to web or two rivets the
same size be used whenever possible.

1. 3.2. 7 Sample Problem - Stiffened Shear Resistant Beams

Given: The beam shown in Figure 1-17 made of 75S-T6 Alclad.
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stiffener moment of inertia

h = 9

I .

v

E

8550 lb.

10xl06 psi

I. .; - . . ·1

/ LFlange

L web-to-flange rivets,
AD5 at spacing p = 0.625 in.

L web thickness, t = 0.081 in.

Figure 1-17. Stiffened Shear Resistant Beam

Find: The margin of safety of the web and the load on each web

to flange rivet.

Solution: From Equation (1-16) the web shear str es s is given by

f, =
V
ht

8550
9(0.081)

= 11,720 psi

and

d =~
h 9

0.667

0.0175

9(0.081)3
3.66

From Figure 1-10, K il = 6.9. From Figure 1-11, Fs"r /il
From Figure 1-14, Filer = 12,500 psi.

12,500 psi.

Since the critical buckling stress of the web is less
stress, the most likely type of failure is buckling.
margin of safety of the web may be given by

than the yield
Thus, the

M.S. =
Filer 12500- 1 = _..::....:...:... - 1 = 0.06

11720
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The load per web-to-flange rivet is

8550
9

(0.625) = 594 lb.

1. 3. 3 Introduction to Partial Tension Field Beams in Bending

A tension field beam is defined to be one for which the web is in­
capable of supporting any compressive load, and thus buckles upon applica­
tion of any load, and the web of a stiffened shear resistant beam· is designed
so that it will not buckle. The web of a partial tension field beam is capable
of resisting compressive loads, but buckles at a load less than the ultimate
beam load. The vertical stiffener s in a partial tension field beam serve to
resist a compressive load and also increase the web buckling stress by
dividing the web into smaller unsupported rectangles.

The curves given for partial tension field beams give reasonable
assurance of conservative strength predictions provided that normal design
practices and proportions are used. The most important points are:

(1) The ratio of the thickness of the uprights to that of the web, tu/t,
should be greater than 0.6.

(2) The upright spacing, d, should be in the range 0.2 < d/h < 1. O.

(3) The method of analysis presented here is applicable only to
beams with webs in the range 115 < h/t < 1500.

In the following presentation, it is considered sufficiently accurate to take the
distance between flange centroids, h, as the web height and upright length.

The methods of analysis of the web, uprights, flanges, and rivets
of partial tension field beams are given in the following sections. The end
of a partial tension field beam must be treated differentl y and is covered in
Section 1. 3. 3.9. If a partial tension field beam has access holes, it should
be treated according to Section 1. 3. 3. 14.

1.3.3.1 Webs of Partial Tension Field Beams

The web shear flow and shear stres s of a partial tension field beam
are given to a close degree of approximation by Equations (1-20) and (1-21):

v
ht
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The diagonal tension field factor, k, of a partial tension field beam specifies
the portion of the total shear that is carried by the diagonal tension action of
the web. This factor can be found from Figure 1-18 as a function of the web
shear stress, f., and the ratios d/t and d/h. This curve is based on the
assumption that the shear panel has simply supported edges. The accuracy,
however, is sufficient for tension field beams whose webs have varying
degrees of edge restraint. It is recommended that the diagonal tension fac­
tor at ultimate load satisfy the following inequality:

k < 0.78 - (t - 0.012)1/2 (1-22)

This criterion is presented in tabular form in Table 1- 5.

TABLE 1-5

Tabular Presentation of Equation (1-22)

l---F~,-~[T---- ~----T---
.02v .025 .032

1

.0 010 .0Sl .064 .072 .081 .~91 102 .125
1
.156 .188

i2) 1/2 69 .67 .6.. \.61 .58 .:-:) .53 .52 00 .48 .44 .40 .36

I

r----------

b~~
The allowable web shear stress, F s ' can be obtained from Fig­

ure 1-19 for 75S-T6 or 24S-T4 aluminum sheet. These values are based
on tests of long webs subjected to loads approximating pure shear and con­
tain an allowance for the rivet factor, Cr. The allowance for rivet factor
is included because the ultimate allowable shear stress based on the gross
section is almost constant in the normal range of the rivet factor (C r > 0.6).
The values of F. are given as a function of the stress concentration factor,

C2' which can be found from Figure 1-20 as a function of hit, d, and If .
The higher values of C2 are largely theoretical, but a few scattered tests
indicate that the values of C 2 become increasingly conservative in the
higher ranges.

1.3.3.2 Effective Area of the Upright of a Partial Tension Field Beam

The total cross-sectional area of the uprights for double or single
uprights is designated as Au. In order to make the design charts apply to

both single and double uprights, the following effective upright areas, A u6 '

are to be used in the analysis.

For double uprights, symmetrical with respect to the web,

(1-23)
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For single uprights,

Au
A uo = --~----

1 + ( ~ )2
\ P I

where p is the radius of gyration of the stiffener and e is the distance from
the centroid of the stiffener to the center of the web. If the upright itself
has a very deep web, AUf! should be taken to be the sum of the cross­
sectional area of the attached leg and an area 12 t

u
2 (i. e., the effective

width of the outstanding leg is 12 times t ).
U

The properties of standard extruded angles commonly used as
uprights may be obtained from Table 1-6.

(1-24)

1.3.3.3 Design Criteria for the Uprights of a Partial Tension Field Beam

The uprights or web stiffeners of a partial tension field beam must
have a sufficient moment of inertia to prevent buckling of the web system as a
whole before formation of the tension field, as well as to prevent column
failure under the loads imposed on the upright by the tension field. The up­
right must also be thick enough to prevent forced crippling failure caused by
the waves of the buckled web. This forced crippling failure is almost always
the most critical.

1.3.3.4 Moment of Inertia of the Uprights of a Partial Tension Field Beam

The required moment of inertia of the upright about its base (the

surface attached to the web) is given in Figure 1-21 as a function of ht 3 and
d/h. These curves are essentially derived by equating the critical buckling
stress of the sheet between the stiffeners to the general instability stress of
the web as a whole.

1.3.3.5 Computed Stresses in the Uprights of a Partial Tension Field Beam

The lengthwise average stress in the upright at the surface of
attachment to the web, fu ' may be obtained from Figure 1-22 as a function

of k, AUf! / td, and f. as

The upright stress varies from a maximum at the neutral axis of the beam
to a minimum at the ends of the upright. The maximum stress, fumax ' may
be obtained from Figure 1-22 as a function of k, d/h, and fu as

f = f (f / f )
um!l.X u umax' u

1 - 30
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TABLE 1-6

Properties of Standard Extruded Uprights
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1.3.3.6 Allowable Stresses in the Uprights of a Partial Tension Field Bearn

The rnaxirnurn upright stress, fuux ' should be checked against an
allowable forced crippling stress, F o' which is obtained frorn Figure 1-23.
If the upright has legs of unequal thickness, the thickness of the leg attached
to the web should be used to deterrnine the ratio tuft. In the case of double
uprights, full\O.x should also be checked against the allowable natural crippling
stress of the flange.

The stress, fu' should be no greater than the colurnn yield stress,
F eo (the stress at L~fp = 0). The centroidal upright stress, foent = fu AuefAu'
should be checked against an allowable colurnn stress, Fool' Fe'" and Fool can
be found frorn the colurnn curves in Chapter 2.

For sirnplicity, the effective colurnn length of the upright, h', may
be taken as h, since this effect is rarely critical. However, the following
values of h ~ may be used if neces sary:

for double uprights, and

(1- 27)

for single uprights.

h' = h
2

(1- 28)

1.3.3.7 Flanges of Partial Tension Field Beams

The total stress in the flanges of a partial tension field beam is
the result of the superposition of three individual stresses: the primary
beam stress, fb , the cornpressive stress, f p caused by the horizontal com­
ponent of the diagonal tension in the web, and the secondary bending stress,
f

sb
' caused by the distributed vertical component of the diagonal tension.

The prirnary bearn stress is given by

f ­b - (1- 29)

The compressive stresses due to the horizontal component of diagonal tension
is given by

kqhf, = -
2A, + O. 5(1-k) th

1 - 34

(1- 30)



7
5

S
-1

'6
A

L
U

M
IN

U
M

A
L

L
O

Y
Z

4
S

-T
A

L
U

M
IN

U
M

A
L

L
O

Y

~

.4 .31 .21
.1

5
-

J

3

~ =1

:
.
5.~

~"
1

.
0
j

.
9
~

•S .7 .6

6 5 4

F
0

I
k

si

S
in

g
le

U
p

ri
g

h
ts

.0
6

.o
s

·
15

.2

c-
4

0
3
a

-:::
:t= ~ -c

:-
3

0

2
0

1

.4
1

5
jE

2
0

F
o

'
k

si

·
3

D
o

u
b

le
IS

U
p

ri
g

h
ts 10

9
~

S
-3

.=
1

0
-
c

7
-
-

9

6f
:

51
6

:1: i-
3

:E 21 J
-

2
1

.S
--

i

.7 •
1

.0
9

.O
S

.0
7

.6 .5

k

F
0

=
2

6
,

0
0

0
k

2
/3

(t
u

/t
)

1
/3

-
S

in
g

le
U

p
ri

g
h

ts

F
0

=
2

1
,

0
0

0
k

2
/3

(t
u

/t
)1

/3
-

D
o

u
b

le
U

p
ri

g
h

ts

:] 3
1 2]

tu
1

:5

1
.

0
~

.9=
1

.
S
~

.7
"1 '6j .5 .4

..=
3

.3
~ .zJ ::1 _

i

.1
S

--
-l

F
0

'
k

si

S
in

g
le

U
p

ri
g

h
ts

5 41
0 9 S 7

15

3
j:

2
--

-C
.-

2
.

5

36 451
-6

154
0

1
5

0

4
0

30 f30
20

1
20

.3.5

F
()

,
k

si

D
o

u
b

le
U

p
ri

g
h

ts
10

.2
9 S 7

.4

r:
:-

.7
t

.6

~
.
1
5

r k-.
1

[-
.0

9
~
.
O
S

~
.
0
7

E r·06

L
-
.

0
5

kF
o

=
3

2
,5

0
0

k
2

/3
(t

u
/t

)1
/3

-
S

in
g

le
U

p
ri

g
h

ts

F
o

=
2

6
,

0
0

0
1<

.2
/3

(t
u

/t
)1

/3
-

D
o

u
b

le
U

p
ri

g
h

ts

\.N lJ
1.....

F
ig

J
re

1
-2

3
.

N
o

m
o

g
ra

m
s

fo
r

U
p

ri
g

h
t

F
o

rc
e
d

C
ri

p
p

li
n

g
A

ll
o

w
a
b

le
S

tr
e
s
s



where k is the diagonal tension field factor which may be found by referring
to Figure 1-18. The secondary bending moment due to the distributed vertical
component of diagonal tension is given by

M = _1_ kf td2 C 3
sb 12 s

( 1- 31)

(1- 32)
M gb

f = --;-;;----
sb (~)

\ C
r

I

where C 3 is given in Figure 1-20. M
sb

is the maximum morr.ent in the flange
and exists in the portion of the flange over the uprights. If C3 and k are near
unity, the secondary bending moment in the flange midway between the up­
rights is half as large as that given and of opposite sign. The secondary
bending stress is then

where (Ir/cr) is the section rnodulus of the flange. The total stress in the
flange is equal to fo + f

5
+ f so .

1.3.3.8 Rivets in Partial Tension Field Beams

Three types of rivets must be analyzed in partial tension field
beams. These are web-to-£1ange rivets, web-to-upright rivets, and upright­
to-flange rivets.

1.3.3.8.1 Web-to-F1ange Rivets in a Partial Tension Field BearD

The shear load per inch acting on the web -to-flangE: rivets
in partial tension field beams is given in Figure 1-24. The rivet factor, C r ,

should be greater than 0.6 to justify the allowable web stresses used in
Section 1.3.3. I and to avoid undue stress concentration.

1.3.3.8.2 Web-to-Upright Rivets in Partial Tension Field Beam

The tensile load per inch acting on the web--to-upright ri vets
is given in Figure 1-25. This tensile load is a result of the prying action of
the buckled web. Although these loads reflect time-tested practice, they

should be considered only tentative because of the limited test data presently
available. The tensile load criteria is believed to insure a satisfactory design
as far as shear strength is concerned.

1.3.3.8.3 Upright-to-Flange Rivets in a Partial Tension Field Beam

The shear load on the upright-to-£1ange rivets In a partial
tension field beam is given by

P = fA
u u ue (1-33)

where f u is the average compressive stress in the upright and A ue is the
effective area of the upright as given in Section 1. 3. 3. 2.
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1.3.3.9 Ends of Partial Tension Field Beams

The end of a partial tension field beam must be specially handled
since the web is discontinuous at the end and the tension component of web
stress must be transferred to the flanges in the end panel.

The following treatment is based on the assumption that the basic
beam shear, q, is constant over a length 2h/3 from the end of the beam.
When the basic beam shear, q, varies over this length, the terms (q + 1. 5kq),
(q + 1. 0 kq), and (q kh/4AIj) should be replaced by the terms (q + 1. 5 kq '),
(q + 1. 0 kq '), and (q 'kh/4A

u
), respectively, where q is the actual beam shear

at the point being considered, and q' is the beam acting at a distance 2h/3
from the end of the bearrl.

1. 3. 3.10 Webs at the Ends of Partial Tension Field Beams

The web in one corner must carry a shear flow of q + 1. 5 kq. If

reinforcement is necessary, a doubler of the dimensions shown in Figure 1-26
should be added to the web, resulting in a combined shear strength of q + 1. 5 kq.
This is usually necessary in one corner only. If the applied shear flow is oppo­
site to that shown in Figure 1-26, the doubler should be attached to the lower
corner of the web. The shear flow in the web in the corner not reinforced is
q - 1. 5 kq, where q is the shear flow in the web at points removed from the end.

mh4
U

'-------------------------~
Figure 1-26. Doubler at the End of a Partial

Tension Field Beam

If the shear can act in either direction, double reinforcement may

be necessary. In general, the basic web is capable of carrying about a 60%
reversal of shear without double reinforcement.

1. 3. 3. 11 Uprights at the Ends of Partial Tension Field Beams

The following stresses act simultaneously on the end stiffener of
a partial tension field beam:

1 - 39



1. A cOlnpressive stress due to the vertical cOlnponent of web
diagonal tension. This cOlnpressive stress varies frOlll
(f - f 12) at either end to f 12 at the lllidpoint of theu Umsx Urn&x
stiffener.

2. A cOlllpressive stress due to the variable shear flow along
the end stiffener. The equivalent shear flow distribution
curve is assullled to vary linearly frolll (q - 1. 0 kq) at one
corner to (q + 1. 0 kq) at the other corner. This cOlllpressive
stress builds up frolll zero at either end of the stiffener to
kqh/4Au at the midpoint of the stiffener.

Thus, the lllaxilllulll cOlllpressive stress in the end stiffener (exclusive of
additional external loads acting) is equal to

This stress should be cOlllpared with the lower of F ~ or Fee for the upright
in cOlllputing the lllargin of safety.

1. 3. 3. 12 Rivets at the Ends of Partial Tension Field BealllS

(1- 34)

The doubler should be attached to the web in accordance with Table 1-7.

The diagonal edge of the doubler should be attached with a lllinilllUlll of two
rows of rivets with a lllinilllUlll distance between rows of four rivet diallleters.
The strength of this attachlllent in lb/in. should be equal to the thickness of the
doubler tillles 30,000 psi.

TABLE 1-7

Doubler-to- Web Rivets

Double r Gage I
.020 .032 I

I
I

.040 .051

J.064 & greate r

Rivet Size

AD-4

AD-5

DD-6

1 - 40

Rivet SpG:.cing

1.5111. on centers

2.0 In. on centers

2.5 in. on centers



....

The web-to-flange attachment adjacent to the doubler rnust be strong
enough to carry a shear flow of (q + 1. 5q) (1 + O. 414k) lb/in. The other flange
attachment rnust carry a shear flow of q(l + O. 414k) Ib/in.

The attachment of the end stiffener of a partial tension field bealTI to
the web must be strong enough to carry a shear flow of (q + 1. 5kq)(1 + O. 414k)
lb/in. in the region of the doubler and q(l + O. 414k) elsewhere.

1. 3. 3.13 Sample Problem - Partial Tension Field Beams

Given: The partial tension field beam shown in Figure 1-27.

upright - 0.75xO.75xO.094
755 - T6 angle

Flanges - 1.25 xl. 25 x O. 188
755 - T6 angle

q = 1250 lb. lin.

~ r~

~ h= 10

~ L~

\ web - 0.051 75S-T6 Alclad

i d
=8 I

f---'r----------!'i· I------------!l

Ii·I·

Figure 1-27. Partial Tension Field Beam with Single Uprights

Find: The margins of safety of web and uprights and the rivet
loads.

Solution: The method of obtaining the desired quantities is
summ.arized in Table 1-8.

1 - 41
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1.3.3.14 Partial Tension Field Beams with Access Holes

Figure 1-28 shows a partial tension field beam with access holes
of diameter, D. Such a beam may be analyzed in the same manner as one
without access holes except that the substitutions described in Sections
1. 3. 3.15, 1. 3. 3.16, and 1. 3.3.17 must be made.

I~ d --I

I~ r
h

L
Figure 1-28. Partial Tension Field Beam with Access Holes

1. 3. 3.15 Webs of Partial Tension Field Beams with Access Holes

The method of analyzing webs, given in Section 1. 3. 3.1, should
be used for partial tension field beams with access holes except that the
allowable web shear stress, F s ' must be replaced by a reduced allowable
web shear stress given by

r
l

td(d-D)+Au DC41
F ' = F J

s s_ C td2
5

where the design reduction factors, C 4 and C 5, are given in Figure 1-29.
This method gives good correlation with tests if beam parameters are in the
followi ng rang e s :

O. 020 in. < t < 0.132 in.
O.040in. < t < O. 079 in.u
7.4 in. < h < 19.4in.
7.0 in. < d < 18.0 in.
2.375 in. < D < 5.875 in.

1.3.3.16 Uprights of Partial Tension Field Beam.s with Access Holes

The method of analyzing uprights, given in Sections 1. 3. 3.2
through 1.3.3.6, any be used for partial tension field beams with access
holes except that the forced crippling allowable, F 0' should be replaced by
a reduced forced crippling allowable given by

(1- 35)

F o (1- 36)F o =

1 + D

ci
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1. 0 ,.--------

0.8

0.6

0.4

0.2

a 0 4.0

1.5.------------------------------,

1.4

1.3

1.2

1.1

1. O'---~:...-.--'-·-----..L.I-------------~I----
o 0.4 0.6 0.8

D
h

O. ! J

Figure 1-29. Design Reduction Factors Due to Access Hole
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1. 3. 3.17 Rivets in Partial Tension Beams with Access Holes

The method given in Section 1. 3. 3. 8 for analyzing rivets may be
used for partial tension field beams with holes except that the tensile load on

the web-to-upright rivets, qt' should be replaced by an increased load given by

1. 3.4 Introduction to Reaction Forces and Moments on Beams Under
Transver se Loading

(1- 37)

Figure 1-30 shows a beam under transverse loading. Two equations
of equilibrium may be applied to find the reaction loads applied to such a beam
by the supports. These consist of a summation of forces in the vertical direc­
tion and a summation of moments. If a beam has two reaction loads supplied
by the supports, as in the case of a cantilever beam or a beam simply sup­

ported at two points, the reaction loads may be found by the equilibrium

equations and the beam is statically determinate. However, if a beam has
more than two reaction loads, as in the case of a beam fixed at one end and
either pinned or fixed at the other end, it is statically indeterminate and beam
deflection equations must be applied in addition to the equations of statics to

determine the reaction loads.

Figure 1-30. Beam Under Transverse Loading

Section 1. 3.4.1 presents a method for determining reaction loads
on beams fixed at one end and pinned at another point, and Section 1. 3.4. 3
treats reaction loads for beams fixed at both ends. Beams on three or more

supports are treated in Section 1. 3.4.5.

1. 3.4. 1 Reaction Forces and Moments on Beams with One Fixed End and

One Pinned Support

Figure 1-31(a) shows a uniform beam with one fixed and one pinned
support. The following procedure may be used to determine the support reac­

tions on such a beam if its stresses are in the elastic range.

1. Split the beam at the pinned support as in Figur e 1- 31 (b) and find

M A from the equations of statics.

1 - 46



2. Consider the right section of the beam as a single beam simply
supported at both ends as in Figure 1-31(b). Find the moment
diagram for this beam as in Figure 1-31(c). A is the area of
this moment diagram and C is the centroid of this area.

----~-----------cPl

M

(a)

('0)

A

(c)

.-L.--l:..-.J!....-..L-..l--L--L.-L---1--lL.-.L-.L-....L--L---L--...L-..l_~) M B

RB

Figure 1- 31. Method of Determining Reaction Forces and Moments

on a Beam Fixed at One End and Pinned at One Point

1 - 47
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3. Find Me by the equation

2
(1- 38)

The evaluation of the first term of this equation may be facilitated
by the use of Table 1-10.

4. Evaluate R A and R e by applying the equations of statics to
Figure 1-31(d).

Once the support reactions have been determined, the moment and shear
diagrams may be constructed for the beam. If the pinned support is at the
end of the beam, M A may be set equal to zero.

1. 3.4.2 'Sample Problem - Reactions on Beam with One Fixed and One

Pinned Support

Given: The beam shown in Figure 1- 32.

500 lb.

L= 20

L IO

500 lb.

E=IOx10 7

I = 0.083~

I in. square aluIT1inuIT1 ba r

Figure 1-32. Beam with One Fixed End and One Pinned Support

Find: The reaction moments and forces on the beam.

Solution: Figure 1-33(a) may be obtained by redrawing the beam
as in Figure 1-31(b). The moment diagram may then be drawn
for the right portion; and A, a, and M A may be determined as in

Figure 1- 33 (b).

From Equation (1-38),

M A
- -2-- =

-3(25000)(10)

(20)2

1 - 48

5000
2

= -4,375 in. lb.



Now that Me is known, R A and R B may be found by applying the
equations of statics to Figure 1-33(c). Doing this gives
R A = 781 lb. and RI'l = 219.0 lb.

\500 lb.

~) M a 0 5000 in. lb.

14---- a= 10

500 lb.

500 lb.

500 lb.

2500 x 20
20

20 in.

(a)

2500D in. 21b .

(b)

1.3.4.3

'\ (c)

t::======::;:::========================l. ) M B

Figure 1-33. Solution for the Reaction Forces and Moments on

the Beam in Figur e 1- 31

Reaction Forces and Moments on Beams with Both Ends Fixed

Figure 1-34(a) shows a uniform beam with both ends fixed. The
following procedure may be used to determine the support reactions on such
a beam if its stresses are in the elastic range.

1. Consider the beam to be simply supported as In Figure 1- 34(b).

2. Find the moment diagram for this simply supported beam as in
Figure 1- 34(c). A is the area of the moment diagram and C is
the centroid of this area.

1 - 49



(a)

M

b .1

(b)

(c)

RA

Figure 1-34.

(d)

Method of Determining Reaction Forces and Moments
on a Beam Fixed at One End and Pinned at One Point

3. Find M A and Me by the equations

M A = 2A (2b _ a)

L 2

M = 2A (2a _ b)
e L 2

The evaluation of the terms in these equations may be facilitated
by the use of Table 1-10.

4. Evaluate R A and R e by applying the equations of statics to
Figure 1-34(d).

(1- 39)

(1-4'"l)

Once the end reactions have been determined, the moment and shear diagrams
may be constructed for the beam.
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The above procedure may be avoided by using Table 1-9 which gives
equations for the reaction moments for beams fixed at both ends under various
loadings. The sign convention for this table are as shown in Figur e 1- 34(d).

TABLE 1-9

End Moment Reactions for Beams with Both Ends Fixed
Under Various Loadings

....-------------------"""2------=-----------,
1. P . P

A k--l> ..tl'... L. __d B 1= ~ ~~ - 2- - - 2 -4 A fa .1. L b :g B

PabZ PaZb
PL .. , PL M A = -L-

Z
MB=-LZMA = 8 lVlp, =.: 8

wa
Z Z

M A = -------,-- (6L Z -SaL + 3a )
lZL,"-

waZ
M B = -2 (4aL - 3a Z)

1-- l_Z-=L:- -k- --;:-;---r=.:-- 1

-{ Ib /. 1 8oA~wlb. /in. :i::====='~'11'

Ai=~T:T:~B a ~I 15

wL
Z

M A = zo
wa

Z 2 Z
M A = (1 OL - - fOaL + 3a )

bOL2

3
M B = wa (5L -3a)

hn T Z
9·

A~~~~~-~B
-- a --~-----.- b =r
--------- L ,

Mb a Ma b
MA=---(3---1), MD =--(3- - 1)

L L U L L

~------------------------''---------------_._---------'
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TABLE 1-9

End Moment Reactions for Beams with Both Ends Fixed
Under Various Loadings (concluded)

r------.--------------~--.--------~-.---.------.------.-

3wL2

160

LJ x(L-x)2f(x)dx

JJ

15PL
MA = ---­

48

wL2
MA =

30

l8~(X)
A D

~. /

M A = _w_ (L3-a2L+4a~MB=lvlA
12L .

16 ~=- l' --~
Aj~w ~
~_L ~~B

B

-/

wL2

15.86
wL

2

13.52
Ivl:A ::

a
M A = Pa(l - L)

~----------------_h__:r_-----------------J
13.

AtrrmnL
a:-a~

2 L
wa

M A = -- (3L-2a) M B =
6L

I "L 2
= L 2 J x (L-x)f(x)dx

o
----_._--------------'-----------------

1. 3.4.4 Reaction Forces and Moments on Continuous Beams

A continuous beam is one with three or more supports. Such a
beam is statically indeterminate and deflection equations must be applied to
find the support reactions. The three-moment equation is such an equation.
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1. 3. 4. 5 Application of the Three Moment Equation to Solving for the
Reactions on Continuous Beams

Figure 1-35(a) shows a uniform beam that is simply supported at
three colinear points, A, B, and C. In order to obtain the reactions, the
beam is broken into two simply supported sections with no end rnoments, as
shown in Figure 1-35(b). The moment diagrams are then found for these
sections and the area A and centroid C of these diagrams are found as shown
in Figure 1-35(c). The quantities found may now be substituted into the three­
moment equation:

6AZb Z

LZ
(1- 41)

If M A and Me are known, this equation may be solved for the moment at B,
~. Knowing this moment, the support reactions at A, B, and C maybe
found by applying the equations of statics.

The terms to the right of Equation (1-41) may be found for various
simple loadings by use of Table 1-10.

(a)

L Z ---!

(b)

M M
AZ

(c)

Figure 1-35. Beam Simply Supported at Three Points
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TABLE 1-10

f 6A"fi and 6Ab
Values 0 -r:- L

Loading bAa 6AbType of
Lon Span L

( 1) W

la~~
Wa (L2 _ a 2 ) W 2)-- (L-a)(2a-a
L L

L

(2 )

-jja ,~
b

M 2 2 M (3b2 _ L 2 )+- - (3a - L )
L"VM L

L

(3) w Ib/in.

fill:ITIj wL 3 wL 3
--

44

<f W 1bl<n.
a -I- bl1

~[c2 (2L 2 _c 2 )_a2 (2L2 -a2 )J ~ rb2(2L2_b2)_d2(2L2_d2)lE2a 4L 4L L ...J

. , ~ .. .. . . .

(5~
_8_ wL 3 _7_ wL 3

6060

L

(6~ ~

_7_ wL 3 _8_ wL 3
60 60I

r- L

(7) /~ w Ib/in

A~ _5_ wL 3 _5_ wL 3
32 32

f-~ ~-t
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If a beam has a number of concentrated loads as shown in Figure
1-36, Equation (1-42) becomes

where PI denotes anyone of several concentrated loads which may act on the
left span at a distance al from support A. Similarly, P2 denotes any load in
the right span at a di stance fr om support C.

/

P2
b2

Figure 1-36. Continuous Beam Under Several Concentrated Loads

If a beam is simply supported at more than three points, the three­
moment equation may be written for each intermediate support. The equations
may then be solved simultaneously to obtain the moments at each support.
This procedure is illustrated by the sample problem in Section 1. 3.4.6.

1. 3.4.6 Sample Problem - Reactions on Continuous Beams by the Three
Moment Equation

Given: The continuous beam shown in Figure 1-37.

10 lb. lin.

support #3
support #4

span #3

support #2
support # 1

--jooo---- 1 5 ------<O+OO'----~ 20

Figure 1-37. Continuous Beam on Four.Supports
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Find: The support reactions.

Solution: The three-moment equation may be written for spans
1 and 2. Since only concentrated loads are present, the special
case given by Equation (1-42) may be used. Thus,

-PIal (L 2 2 P2 b 2 2 2
L 1 -al )---(L2 -b2 )

1 L 2

Inserting numerical values gives

o(l 0) + 2 M
2

(1 0 + 1 5) + M (20) = - 500 ( 5) (1 0 2 _ 52 ) _ 300 ( 5) (l 52 - 5
2

)
3 10 15

Simplifying gives 5M2 + 2M3 3875.

The more general form of the three-moment equation given by
Equation (1-41) may now be written for spans 2 and 3 with the

aid of cas es one and thr ee of Table 1-10.

-300(10) (152 + 102 ) _ 10(20)3
15 4

Simplifying gives 3M2 + 14M3 = -15,000.

The two equations in 1'v12 and M3 that were just obtained may be
solved simultaneously to find-that M2 = -376 and M3 = -990.

The equations of statics may now be applied as illustrated in

Figure 1-38 to find the reaction forces.
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( 1)
10 R 1 - 5(500) = -386

Therefore, R 1 = 211.41b.

-386

(2)

F10 --e>e=--- 15 --I
5 5001hi -10 ----~ 3001 hi

~=====~===========::i) M 3 = - g90

R 1 = 211.4 R2

25(211.4) -20(500)-; 15R2 -5(300)= -990

Therefore, R Z = 348 lb.

(3)

,--- 20 1;~~in.l

M3° - 99oC[C[DTill
- tR. 4

20 R4 - 19(200) = -990

Therefore, R4 = 50.5 lb.

(4) Smnming the vertical forces gives

R
1

+R2 +R
3

+ R 4 - 500- 300-200=0
2 1 1. 4 + 348 +R 3 + 50. 5 - 500 - 300 -2 00 = 0
Therefore, R 3 = 390. 1 lb.

Figure 1-38. Solution for Reaction Forces
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The beall1 ll1ay now be drawn as In Figure 1- 39.

~ 10 ---t...._- 15 -----t

-I ~ 500

211. 4

__---- 20

101b./in.

390. 1 50.5

Figure 1-39. Continuous Beall1 on Four Supports with Reaction Forces

1. 4 Introduction to Beall1s Under COITlbined Axial and Transverse Loads ­
B eall1 ColuITlns

A beaITl under cOITlbined axial and transverse loads cannot be analyzed
by sill1ply superposing the effects of the two types of loading. The ITlethod of
solution ll1ust take into account the siITlultaneous effect of these loads, and

ll1ay thus becoITle quite cOITlplex. Axial tension tends to straighten the beaITl,
thus counteracting the bending ITlOITlents produced by the transver se load. On
the other hand, since axial cOITlpression ITlay greatly increase the bending
ITlOITlent and the slope and deflection of the beall1, it is the ll10re serious type
of axial load.

Two ITlethods of analysi s ITlay be used to deterll1ine the total fiber stres s
in ll1eITlbers under cOll1bined axial and transverse loads. The first ll1ethod,
which is approxill1ate in natur e, as SUITles that the elastic curve of the deflected
ll1ell1ber is sill1ilar in forll1 to the curve for a like ITlell1ber under the action

of transverse loads alone. The ITlOITlent due to deflection is estiITlated on this
assuITlption and cOll1bined with the ITlOITlent due to transverse loads. This
approxill1ate ll1ethod is tr eated in Section 1.4. 1. The other ITlethod, which is
the exact one, ITlakes use of the differential equation of the elastic curve and
is treated in Section 1. 4. 2. The criteria for the use of these ITlethods is given
in these sections.

1. 4. 1 ApproxiITlate Method for Beall1s Under COITlbined Axial and

Transverse Loads - BeaITl ColuITlns

For any condition of cOITlbined axial and transverse loading, the
ITlaxiITlull1 stress in the extreITle fiber is given by

P
f =-- ±

'Ill'" A
M

I/c
(1-43 )

wher e P is the axial load and M is the ll1axiITluITl bending ITlOll1ent due to
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the combined effect of axial and transver s e loads. (The plus sign is for
fibers in which the direct stress and the bending stress are in the same

direction, the minus sign for fibers in which they are in opposite directions. )

If a column is comparatively stiff so that the bending moment due to the axial
load is negligible, M may be set equal to the maximum moment due to trans­
verse loads ~ alone. This may be done with an error of less than five
percent if P < 0.125 EI/L2 for cantilever beams, P < 0.5 EI/L2 for beams
with pinned ends, or P < 2El/ L 2 for beams with fixed ends.

If O. 125 El/L
2 < P < 0.8 EI/L2 for cantilever beams and

0.5 El/L 2 < P < 3 El/ L 2 for beams with fixed ends, the value of M for

Equation (1-43) may be given by';'

M t
M = -------

2(1 + KPL )
El

(1-44)

for an error of les s than five per cent where K ~s given in Table 1-11 for
various manner s of loading and end support. The plus sign is used in the
denominator if P is a tensile load and the minus sign is used if P is a com­
pressive load. Equation (-1-44) is appropriate only for beams in which the
maximum bending moment and maximum deflection occur at the same section.

TABLE 1-11

Values of a. for Equation 0-44)

Manner of Loading and Support

Cantilever, end load
Cantilever, uniform load
Pinned ends, center load
Pinncd ends, uniforn1 load

Equal and opposite end couples
Fixed ends, center load
Fixed ends, uniforn1 load

K

1/3
1/4
1/12

5/48
1/8

1/24
1/32 (for end moments)

1/16 (for centcL moments)

1. 4. 2 Exact Method for Beams Under Combined Axial and Transver se
Loads - Beam Columns

Table 1-12 gives exact formulas for the bending moment, M,
deflection, y, and end slope, 8, in beams which are subjected to

':' Griffel, William, Handbook of Formulas for Stress and Strain
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TABLE 1-12

Formulas for Beams Under Combined Axial and Transverse Loading

Case Formulas

\.

Max M::: _WLtanU/U atx::: L

-f:=iW_- x

p t- ,
I------- L ---- ,

Max y ::: -.:!:!- (I... tan U IV - L) at x :: 0
p

_ y!- (i-coS L/..!U.) at x:: 0e - p --coswU

z.

YE==t1 W w

'-- x

P -L------L------ ./

Max M::: _ WUL [L(t-see_u)/v + L tan U]at x::: L

Max y :: - ;:; [if- (I + T U Z - sec U) + L (tan U - U)J at x :::: 0

=1 =wL[__l_.~J
v p cos U U sin Z U

3.

Max M :: ~L tan + U at x ::: +- L

YI jW

p~-x

~------ L- -- ---.1

Max y :: --!- WI... (tan.l.- U _ -..!.- u) at x ::: ....!.... L
Z PU Z Z Z

W (I_COs~U \
-1 ::: -"'2"P' cos .; u I at x ::: 0

4.

Max M:: wLZ (sec ~ U _ II/U
Z

at x::: 1.../2

wL'Z (1 1 2\ 1
Max y :: -- sec - U - 1 ~ - U 1at x :: T L

PUl Z 8 I

_ wL [_ J... u +~ }t x :: 0
PU 2. sin U

5.
i\1olnent equation: x :: 0 to x :: a:

~ sin bLU sin $-.
M= U L MaxMatx=~if~<a

sin U 2U 2U

. bU . xU
:: WI... (SlOT sWL"" _ ~)

x :: a to x :: a: y PU' sin U L l

. Max M at x :: ( L - .!!.!:- )ie (I... _~ ) > a
, \ 2U 2U

if!!'!="'- > a and (I... _~)< a, Max M is at x :: a
2U ZU

Monlcnl equation: x:: a to x :: L:

WI... . aU . (L_x)U
M ::: -u 510 --y:::-Sln -L--

sin U

Deflection equation:

. aU . (L-x)L

Y
__ WL (slnTsln_-L-

Deflection equation: x:: a to x ::: L: PU sin tj - aU~Lz-xl ,

W' b
B " - -;;'\1:

. aUSln-
L aU )+ cos _ at x ::: 0

tan U L

. aU
SIn-

g :: .Y:!-(~ L_, at x::: L
p', L sin U j

6. l sin~
WL ( L x

Moment equation: x ::: 0 to x ::: L; M :: ur~ -L

L (SinuU )Max M at x :: U arc cos

Deflection equation:

x:: 0 to x :: L;

e = _~ (~ - -!=...- - +- L ) at x " 0
p U Sinu U'" 0 '

Lx _..!.... \- --;:;< 6 Lx)

B =~ (__L__ +1e-_ -.!...- L) at x = L
P U tan U uz. 3
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TABLE 1-12

ForITlulas for BeaITls Under COITlbined Axial and Transver se Loading (continued)

Case Formulas

Max M " M, sectU at x ""L

Maxy:; - ~(~)atx:;..!. L
p cos t u Z

q = _~ tan _,I U at x = 0
PL

". Mornent equation: x = 0 io x = L M = (Ml -s~ ~os U ) sin x~ M l cos x~

cosU+
MIU

sinU:atxOOL
L

sln~
+ (MZ-~11) t -(M2~Ml cos U\ sin ~ ~ M I cos x~ ~" = 0 to x = L Y = ~ [ Mj

_ U(Ml~ -s~l~oSUll at x:; 0go2-l~
p L L

3:;~rM2~MI_ U(M 2 -MlcosU)

P' L L sin U

~
P M I M 2 p

_ _-x

------- L -----

Max y :; - ~'~U Ltan ~ U "~ l'

j'e<tnl with fixed ~nds under axial COIlI­

pression and transverse center loar!

Y I W :; center load

:~~~x

Ml

At x

M::; :;~ ..!..:·~:'.:';;·J...li.-\I
2U .\ sin ~ U ;'

L . ~ .
,in, U '''' ,U J

At x =~ M = ~t{:.. (~~ - j .j
Z U \ .-i'll ~ U

wL' [ 1 -....£-,,' _l_~yus tli,
Max y = - PV l - \ lall ~ l' ) \ ,',)S tl' )

IJ 1\(':11"£) with fixed ends under axial conl­
pression and uniform transvt>rse load __L~l~.

l"'l:,"t

11 Bt>am ....:ith one end fixt>d, oth('r end
pinnf"d under a",ial conlpression and
transvE'r'le center load

WL
2 rtanU(sec~U-Il~,

2U '" L tan U - L ...J

--U-

~ I" s,'.

sin~ sin...!.....U sin~
:'>..1

1
(1 _ ~ + __L__ c<ts~ '\_ ~(L-x)U + 2 L _ sin...!..... ti cos ~ 11
" L tan U L' U, 2L tan U 2 L JJ

I

P

y I IN :; center loade-j"-'M I L R

12. Ream ...... ith one end fixt>d, otht>r f'nd SIIP_

portt"d, undt'r axial conlpression and Max M :; M = wL2r- tall lilian:~ ]
unifonTI lransvers(" load I U L tall I; . l:

R
I :'I.'1 J- '.~L - ~­
• L

sin lix
*1-MI(I_~+cotUsin~_cos~)_wJ::..:.(cotesin~_.--r:-_cos~ -l-(Lx_x2IUZ+l~:

~ 'L L L· UZ" L Sin e L Z LZ '

sin~
o lO" L 11.1 c \1

1
(cotD sin~ _ cos Ux \I-i- W ~,r__L_ll - cos '...'1 -l- cos~ - 11

L L liZ Sl n 11 L ~

1:> Sallle;ls Case 1 (cantilf'vt'r with end
load) ('"cept that P is tension

Max M :; _ WL tanh U/u at x = L

:'I.lax~·-= _ ~ {L-~tanhUlatx:;O
P U

H SalYle as CasE' l (cantilever ,-,,:ith uniform

load) f-xcept thai P is tension

Max M:; _ wL [L tanh U _ +(1 _sech Ulj/U at x:; L

Max y:; • ;~[D- (1 -} U2. - sechU)- L(tanhl! ~ C) J itt:-.. = 0

15 Sanle 'as Case 3 (pino<.'d ends, Lt"nter
load) t'xcept that P is ten,,;ion

Max M = t WUL'tdnh ~U at X" tL

Mas,y *(+ L_ ZL
U

tanhyU)atx=+ L

16. SanH' as Cast' 4 (pinned ends, uniform
load) t'xcept that P is tension

Max M:; wL2 (1 sech, Ul/U Z

M ..x y-= _ ~ r-L L ~ - 1=...Z (1 _sl':ch.J... u)1
P ~ 8 uZ 2.

17. Same as Calif' 9 (fixed ends, center load)

except that P is tension

M J = M l ;~ (COa~~h\UU- I).

Max y = ;p~ [1U - tanh ~ U

Max+M= WL,' ~l.!±~
lU \ sinh ;U cosh ;U

(I - cosh tUll ]
sin,V cosh,U

+ tanh 1U ) at x = ~ L
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TABLE 1-12

Formulas for Beams Under Combined Axial and Transverse Loading (concluded)

Case

18. Same as C .... e 10 (fixed ends, uniform
load) except that P is tension

19. Beam with end. pinned to rigid support
eo b.orb.ontal displacement 18 prevented
Uniform transverse load and unknown
axial tension

Formulas

M -M _wL
2 (t u -tanh!U ') MaX+M=~uL2(I-c,.~nUhfu)at;';'::~21L)

1 - 2 - tJ2 tanh t U I' TIl. \ "

M - wL
2

[4U(1 -("oshtU) U2 J t· - 1. L
ax y - - 8PU2 sinh !U + a x - Z

E
2

A
Z

k
6

U 9 = I U3 _ 2.U + 2. tanh ~ + U taohZ U where k:= If
w2l 8 24 4 2 2 4 2

This equation is solved for V, and P determined therefrom

4 £1 r " C 2 \ ~
When C is large (greater than 15), p::: ---czL \6} - 2

When C wL4

16EAk3
is sm.::.l1 (1,-35 than 4), p:=

When P has been found by one of the above formulas, M and Y ITlay be found by the formulas of Case 16

(Theorem of Three Moments: Subscripts with P, L, w, 1, <.lnd U rdcr to firsl and second spans. 1\1.2

acts on span I, M 2 ' on span Z)

20. Continuous beam. spans 1 and 2 unequa
and unequally loaded ( U I cosec U 1 - 1 \. + M3L2

U 12 ) 12

U2 cosec U 2 - I

U 2
2

L2,1-U2cotUZ ,"l

I;-\ u/ IJ

tan ~ U., - ~l;2.\

l'2 3 )

combined axial and transverse loading. Although these formulas should be
used if P > 0.125 EI/L2 for cantilever beams, P > O. 5 EI/L 2 for beams with
pinned ends, or P > 2 EI/L2 for beams with fixed ends, they may be used for
beams with smaller axial loads. In these formulas, U = L,;pl £1. The quan­
tity U may be found rapidly through the use of the nomogram in Figure 1-40.
The formulas for beams under a compressive axial load may be modified to
hold for a tensile axial load by making the following substitutions: - P for P;
u;-:T for U; J=Tsinh U for sin U; and cosh U for cos U. This has been done
for some of the more common loadings and the resulting formulas gi yen in
cases 13 to 18 of Table 1-12.
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1.4.3 Sample Problem - Beams Under Combined Axial and Transver se
Loads - Beam Columns

Given: The beam column shown in Figure 1-41.

2500 lb.

in. square aluminum bar

E = 10 x 106 psi

I = 1. 33 in. 4

Figure 1-41. Cantilever Beam Under Combined Axial and
Transverse Loads

Find: The maximum bending moment, M, vertical deflection,
y, and angular deflection, 8, of the bar.

Solution:

6
0.125 (lOx 10 )(1. 33) = 1,850 lb.

(30)2

According to Section 1.4.2, the exact method must be used
for cantilever beams if P < 0.125 EI!L2 as is true in this
case. From Figure 1-40,

U = L \rt-
, £1

30 'I' 2500
\(10Xl0 6 )(1.33)

0.41

From Tabte L 12, Case 2,

= _20(30.0)[30.0(1-SeC 0.41) + 30 tan 0.41J= 8200 in.lb.
0.41 0.41
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Max y =~[~ (1 + _1_ U 2 _ sec U) + L (tan U-U)J
PU U 2

2
= .-20(30. 0) f [2.2- (1 + 0.41 - sec 0.41 )J

2500(0.40) l 0.41 2 '

+ [30 (tanO.41 -0.41)J} = 2.92·in.

8 =

=

w r' L

p L cos U

20 30

2500 L. 915

L ( l-cos 2U ).,
-U\ sin 2U . J

30 !1-cosO.82

0.41\ sinO.82
)J = 0.0095 rad

1. 5 Introduction to B eaITlS in Torsion

For purposes of discussion, beaITls in tor sion are broken into two
categories: circular beaITls, which are treated in Section 1. 5. 1, and non­
circular beaITls, which are treated in Section 1. 5.2. Circular beaITls are
further divided into those with uniforITl cross sections (Section 1. 5. 1. 1)
and those with nonuniforITl cross sections (Section 1. 5.1. 2). Noncircular
beaITls are divided into open noncircular beaITls (Section 1.5.2.1) and closed
or hollow ones (Section 1.5.2.2), and the effect of end restraint on non­
circular beaITls is treated in Section 1. 5.2.3.

Section 1. 5. 3 treats the ITleITlbrane and sandheap analogies for beaITls
in torsion. Since the loading of the wires of helical springs is priITlarily
torsional, they are listed under beams in torsion and treated in Section 1.~. 4_

1. 5. 1 Circular Bearns in Tor sion

This section considers the torsion of solid or concentrically hollow
cir cular b eaITls.

1. 5. 1. 1 Uniform. Circular BeaITls in Torsion

Figure 1-42 shows a uniforITl circular beaITl in pure torsion. If
the stresses in such a beam are in the elastic range, the stress distribution
at a cross section is as shown in Figure 1-43.
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L

T

Figur e 1-42. Uniform Circular B earn in Tor sian

Figure 1-43. Stress Distribution of Circular Beam in Torsion

The shear stress at a distance r from the center is given by

f = Tr
S I

p

The angle of twist of the beam is

Inserting the value of I p for a circular cross section into Equations (1-45)
and (1-46) gives

f.
2 Tr

=
4 4

IT (r 0 - r 1 )

and

8
2 TL

=
4 4

IT (r o -r1 )G
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In order to treat solid circular shafts, r 1 may be set equal to zero In
Equations (1-47) and (1-48).

It should be noted that Equations (1-47) and (1-48) apply only to
beams with circular cross sections.

The maximum shear stress occurs at the outside surfaces of
the beam and may be computed by setting r equal to r o in Equation (1-47).
The maximum tensile and compressive stresses also occur at the outside
surface and both are equal in magnitude to the maximum shear stress.

1£ a circular beam is twisted beyond the yield point until the
outer portions are at the ultimate torsional stress, a stress distribution

such as that shown in Figure 1-44 is obtained. The maximum torque that
such a beam may sustain in static loading is given by

F st I"
T1l\BX = ---­r o

where F st is designated as the torsional modulus of rupture. This torsional
modulus of rupture is shown graphically for steel beams in Figure 1-45.

Figure 1-44. Plastic Stress Distribution of Circular Beam in Torsion
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Figure 1-45. Torsional Modulus of Rupture for Steel Beams

In many cases, the torsional modulus of rupture of a material may
not be available. These may be treated by assuming the uniform shear stress
distribution shown in Figure 1-46.

Figure 1-46. Assumed Plastic Stress Distribution
of Circular Beam in Torsion

The magnitude of the uniform shear stress may be assumed to be
equal to the yield shear stress (F,v) for conservative results or the ultimate
shear stress (FlU) for nonconserva:tive results. In the first case, the maxi­
mum torque in the beam may be expr es sed as
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T lIIax

4
3 (1- 50)

and in the second case, the maximum torque in the beam may be expressed
as

T
max r o

(1-51)

It should be noted that the possibility of crippling in thin-walled
tubes was not considered in the previous discussion. Crippling of circular
tubes is treated in Chapter 8. This tubes should be checked for crippling.

1. 5. 1. 2 Nonuniform Circular Beams in Torsion

When a circular beam of nonuniform cross section is twisted, the
radii of a cross section become curved. Since the radii of a cross section
were assumed to remain straight in the derivation of the equations for stress
in uniform circular beams, these equations no longer hold if a beam is non­
uniform. However, the stress at any section of a nonuniform circular beam
is given with sufficient accuracy by the formulas for uniform bars if the
diameter changes gradually. If the change in section is abrupt, as at a
shoulder with a small fillet, a stress concentration must be applied as ex­
plained in Chapter 10.

Figure 1-47 shows a nonuniform circular beam in torsion.

T I
J

T.... ... ...

I
I

.. x

~t- L

Figure 1-47. Nonuniform Circular Beam in Torsion

If its diameter changes gradually, its angle of twist is

L

e =-.I.. r
G

o

This equation is used to obtain the formulas for e for various beams of UUl­

form taper that are shown in Table 1-13.
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TABLE 1-13

Formulas for the Angle of Twist of Nonuniform Circular Beams in Tor sian ':'

Type of Beam An g 1 e of T wi s t

8TL ( (D Z \
h = l Z arctan

\ °3 )

r
3

I
( \ 'r nG(D Z - Dl)D3
.l----------- rr t

Dl r.: I D Z D3

t t----------- • l (D 1 ) ~-/D3+DZ\ 'D3- D1 f'\ I

- Z arctan \- + LogeL\, D)(J i
L D3 D3 - Z D3 + D 1

inside taper,
outside uniform

~- -J
,

3Z TL 1 1 1
DZ ( ,= ~

+ --- + --
)'I 3rrGD l DZ \ D 1

D1D Z D, Z
L

L

solid beam,
outside taper

8TL . / D Z )

f
"J = 3 ~ Z arctan \-

.L- , nG(D Z - D 1)D 3
l D 3

-------------
D l

I,' It D3 D Z

r-~- \ • l 'D 1 ) r/D3+ 0 z\/D3- D l \"
- Z arctan (D

3
+

LogeL\D3-DZ)\D3+01 JJJL ,
inside uniform,
outs ide tape r

-

~ I ft .l
-- --1 -rn t ZTL(D l +D Z).

D l
' . I DZ,I,

:'J =\~ - -~ •
Z Z--- - IT Gt D 1 D Zt -

L

thin tapered tube with
uniform wall thickness

.', Griffel, William, Handbook of Formulas for Stress and Strai n
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1.~.1.3 Sanl.ple Problem - Circular Beams in Torsion

Gi yen: The circular beam shown in Figur e 1-48.

Aluminum - G = 4 x 10 6 psi

hoooo in. lb.

Dl =Z.5

10000in.lb. r
D Z =3

·120

J---'-.,----- -.J l
~>------

Figure 1-48. Tapered Circular Solid Beam in Tor sion

Find: The angle of t'vvist and maxirrmm. stress in the beam.

Solution: From Table 1-13.

32 TL I 1 1 1 \0 = + T jv

3n G 0102
\ 2 °1°2 2\

°1 D Z

3Z( 10000)(20) 1 1 1 ) 0.0091 rad·=
3n(4 x 106)(2. 5)(3) (2-2 + + 32 =

.J 2.5(3)

= 0.52 0

Applying Equation (1-47) to the outside of the thin end of the beam

=
2 Tr

-------=
4

""-1 r =

2: 10000)11. {. ~:

-1 -1
~11.2S -0 \

= 3,260 psi

1. 5.2 ::Joncircular Beams in Torsion

In the derivation of formulas for circular beams in torsion, it was
assumed that plane sections remain plane and radii remain straight in the

deformed configuration. Since these assumptions no longer hold for non-
cir cular s ectio ns, the equations for cir cular sections do not hold. The
warping of plane sections of a square bar under torsion is illustrated in
Figure 1-49.

Figure 1-49. Warping of the Sections of a Square Bar in Torsion
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In this section, open beams are treated first and closed beams are
treated second. Closed bearrls are those with hollow sections, and other beams
are called open beams. Since plane sections remain plane for round beams in
torsion, the end constraint of such a beam does not effect its behavior. How­
ever, end constraint can be an important factor in the tr eatrnent of noncircular
beams in torsion and,is treated in Section 1. 5.3.3. At a sufficient distance
from the application of the load, however, the stresses depend only on the
magnitude of the applied torque according to Saint- Venant 1 s principle.

1. 5.2. 1 Noncircular Open Beams in Tor sion

This section deals with noncircular beams whose cross sections are
not hollow. Section 1. 5.2. 1. 1 gives the stress distribution in elliptical beams
in torsion, and Section 1.5.2. 1.2 treats beams with rectangular cross sections.
Section 1. 5.2.1. 3 treats open noncircular beams with thin sections with for­
mulas for thin rectangular sections. Table 1-15 in Section 1. 5.2.1. 5 gives
formulas for stress and deformation in noncircular beams with various sections.

All of the material in this section is based upon the assumption that
cross sections are free to warp.

1. 5.2.1.1 Elliptical Beams in Torsion

Figure 1- 50 shows a eros s section of an elliptical beam in
torsion and the two components of shear stress that are present. The
shear stress components shown are given by

and

(1- 53)

f
IXY

2 Tz
=----

TT a 3 b
(1- 54)

where T is the torque applied to the beam. The maximum shear stress
occurs at (z = 0, y = b) and is given by

f
smax

2T
=----

TT a b
2

(1-55)

CJ
f sxz

----+- -- +---- Z

Figure 1-50. Cross Section of Elliptical Beam in Torsion
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The angle of twist of an elliptical beam of length, L, is

8
T (a

2 + b
2

) L

n a 3 b 3 G
0- 56)

1.5.2.1.2 Rectangular Beams in Torsion

Figure 1-51 shows a rectangular beam in torsion. The maxi­
mum stress in such a beam occurs at the center of the long side and is
given by

f
5 max

T
(1- 57)

where a is a constant given in Table 1-14. The angle of twist of a rectangu­
lar beam in tension is

TL
8 0-58)

where S is given in Table 1-14.

T

Figur e 1- 51. Rectangular B earn in Tor sian

TABLE 1-14

Constants for Equations (1-57) and (1-58)

T

bit 1. 00 1. 50 1. 75 2.00 2.50 3.00 4 6 8 I 10 '"

a. 0.208 0.231 0.239 0.246 0.258 0.267 0.282 0.299 0.30710.313 0.333
I

f3 O. 141 O. 196 0.214 G.229 0.249 0.263 0.281 0.299 0.307\0.313 0.333
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The maximum stress and angle of twist of a rectangular beam
in torsion may also be computed with satisfactory accuracy (error less than 4%)
from the following equations:

f
smax

- ~ (3 + 1. 8_t )
- bt J b /

(1-59)

8
3 TL

o.b6 3t (\ 1 - __t
4
-.- )/ ]

12 b 4

(1- 60)

1.5.2.1.3 Noncircular Beams with Thin Open Sections in Torsion

1£ a rectangular beam is very thin relative to its length (b»t)
Equations (1-59) and (1-60) become

f
5 max

3T
= btl

(1-61)

and

9 =
3 TL

bt 3 G
(1-62)

From Table 1-14, it can be seen that these expressions are correct within
10 percent if bit = 8.

Although Equations (1-61) and (1-62) have been developed for
rectangular beams, they can be applied to the approximate analysis of shapes
made up of thin rectangular members such as those in Figure 1-52. If sharp
corners exist, however, large stress concentrations may result so that
Equation (1-61) is not valid. The effect of sharp corners is explained by the
membrane analogy in Section 1. 5. 3. 1. Equations (1-61) and (1-62) may be
applied directly to sections such as those at the top of Figure 1-52 if b is
taken to be the developed length of the cross section as shown.

1£ a thin section is composed of a number of thin rectangular
sections as are those at the bottom of Figure 1-52, the following equations
may be applied:

3 TL 3 TL
8

GI: bt
3 3

G(bltI3+b2t2 + ... )

f
3 T t 1 3 T t 1

=
5 max 1

I: bt
3

bIt 13 + b 2 t 2
3 + ...
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f
3 T t

z
3 T t

z=smax
Z 2:: bt 3

b 1t 1
3 + bztz

3 + ...

3Tt 3 T tn n
fs maxn = =

>-: bt
3 3 3bltl +bztz + ...

(1- 6 5)

(1- 66)

In the above equations, f is the maximum stress in the nth rectangular
smaxn

portion of the section, L is the beam length, and T is the applied torque.

If a section is composed of thick rectangular sections, the
equations in Section 1. 5. Z. 1.5 should be used. The advantage of the equa­
tions in this section is that they may be applied to specific shapes for which
a more exact formula may not be available.

t

b ---J b

,-
b Z 1J tz i b31-It3

I tz I
b i bZ

L ~
JLt ~bl -J L t 1

Figu r e 1- 5Z. Beams Composed of Thin Rectangular Members

1. 5. Z. 1. 4 Sample Problem - Noncircular Beams with Thin Open Sections
in Torsion

Given: A 50-in. -long beam with a cross section such as that
shown in Figure 1- 53 under a tor sional load of 500 in. lb.
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G = 4xlO- 6 psi

Figure 1-53. Thin Open Section

Find: The maximurrl shear stres s and the angle of twist of the
beam.

Solution: The developed length of the section is

b = 3 + 3 + 2 + n = 11. 14 in.

Equations 0-61) and (1-62) may now be applied to obtain

f s 'lie. x

and

3 T
= =
~

3(500)

(Ii. 14)(0. 125)2
= 8,610 psi

3(500)(50) 6

= 11.14(0. 125)3(4x lOb) = 0.8 rad.

1.5.2.1.5 Noncircular Open Beams with Various Cross Sections in Torsion

Table 1-15 gives formulas for the deformation and str es s of open
noncircular beams with various cross sections in torsion. The formulas for
Case 1 are based on rigorous mathematical analysis, and the remaining for­

mulas are obtained either by approximate mathematical analysis or the mem­

brane analogy and are normally accurate within 10 percent.
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TABLE 1-15

Formulas for Deformation and Stress of Various Open Section in Torsion

Form of Magnitude and Loe ~~ , . ',.'it} of

Cross Section
Angle of Twist Maximum Shear c.~. ~ SS

-_'-"',",,<y --_.
(1)

~~- 80 TL f
20 T

tbe mid-lJ = = --3- _t
4 smax

3 Ga a

Equilateral
point of each side

Triangle

(2)

<6 8
38.3lTL

f smax
18 05 T

=
Ga4 = --_.~---

~)I

Right
Isosceles

Triangle

(3)
For (3 ) (9) lnClUS1Ve, f smax

IY
16 Ix ~

cases to

TL (1 + AUT)
occurs at or very nea r one of the

o€=u2 :r \ points where the large insc ribed
8 = circle touc he s the t)f;UI'1f.2 unle~s

4 Ix G
ry, .

there is a sharp re,: nt rant angle at
some other point on the Loundary
causing high local 51 " '

Of the
points where the largest insc ribed
circle touche s the bour,,{J.~lry, f smax
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TABLE 1-15

Formulas for Deformation and Stress of
Various Open Sections in Torsion (continued)

Form of

C ros s Sec tion
Angle of Twist

I'vlagnitude and Location of

Maximum Shear Stress

where

occurs at the one where the boundary

curvature is algebraically least. (Con­

vexity represents positive, concavity

negative, curvature of the boundary.

At a point whe re the curvature is posi­

tive (boundary of section straight or

convex) the maxin,um stress is given
approximately by

Any elongated section

or thin tube.

dU = elementa ry length

along median line

t = thickness normal to

median line

A = area of section

(5 l

0
Any solid, fairly com­
pact section without
reentrant angles.

8

F

3(l+~\TL
3 AU Z )

(iF

JU t 3 d U
o

40 TL I p

GA4

where

c

where

fsmax

D

G Sc
L

i
L 1 +

lp = polar moment of
inertia about cen­
troidal axis

A := area of the section
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D = diameter of largest inscribed
circle

r radius of curvature of boundary
at the point (positive for this
case)

A area of the section



TABLE 1-15

Formulas for Deformation and Stress of
Various Open Sections in Torsion (continued)

Form of
Cross Section

I section, flange thick­
ness.

r = fillet radius

where

Angle of Twist

TL

G{2K 1+ K2 t la0
4

Magnitude and Location of
Maximum Shear Stress

At points where the boundary of a
section is concave or re-entrant,
the maximum stress is given
approximately by

Gec
L

where

TL

D = diameter of largest
insc ribed c irc le

t = b if b < d, t = d if
d<b, t l = b if b>d,
t l = d if d > b

c

_l
-ldl-

T section, flange thick­
ness uniform: r, D, t
and tl as for Case (6)

and
-'-(0.15+0.1 ~l
'I

S ::
G(Kl+K z +aD

4

where

.4

K 2 :: cd 3 [t - o. lOS ~ (1 - 19i-~-,r)1

-'- (0_15 + 0 10 E.
b

)
'1

1 - 79

c

0_ 238 D 1, h 21. 1
- -2-r- f an -- J

where D, A and r have the sarne mean­

ing as before and ~ ::; angle through
which a tangent to the boundary rotates
in turning or traveling around the re­
entrant portion, measured in radians.
(Here r is negative. )



TABLE 1-15

Formulas for Deformation and Str e s s of
Various Open Sections in Torsion (concluded)

Form of

Cross Section

(8) rbi c -

I~

La ;~~]<-v-__r__....;-J
" ,

L section

rand D as for Cases (6)
and (7)

(9)

Angle of Twist

,,"he rt"

K Z '-':d 3 [t- o

and

(l ~ :! (J 'l7 - '1 :J7h..!:.)
h b

where the summation is
for the constituent L sec­
tions computed as for
case (8)

Magnitude and Location of

Maximum Shear Stress

1.5.2.2 Noncircular Closed Beams in Torsion

Closed beams have one or a number of hollow portions in their
cross section. This type of beam is much more efficient in torsion than

open beams.

Section 1. 5.2.2.1 treats single cell closed or box beams in tor­
sion, and Section 1. 5.2.2.7 treats multicell closed beams in torsion.

1.5.2.2.1 Single Cell Noncircular Closed Beams in Torsion

This section treats box beams with a single hollow portion in

their cross section. Section 1. 5.2.2.2 treats such beams having uniform

cross section, and Section 1.5.2.2.3 treats tapered box beams. The effect
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of stiffeners and cutouts in box beams are treated in Sections 1. 5.2.2.4 and
1. 5.2.2.6, respectively.

1.5.2.2.2 Single Cell Noncircular Closed Beams with Uniform Cross
Section in Torsion

Figure 1- 54 shows a cross section of a thin box beam. The
angle of twist of such a beam of length, L, due to an applied torque, T, is
given by

TL
8 =---

4A2 G

r dU
oj t

(1-67)

In this equation, A is the area enclosed by the median line, t is the thickness
at any point, and U is the length along the median line. The shear flow in
such a tube is uniform at all points and is given by

q T
2A

(1- 68)

If the shear stress is assumed to be uniform across any thickness, it is
given by

l = _T__
t 2 At

From this expression, it can be seen that the maximum shear stress occurs
where the thickness is minimum.

(1-69)

n~ c (>~ anI j n c

Figure 1- 54. Cross Section of a Single Cell Closed Beam
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If the thickness of the tube is uniform, Equation (1-67) becomes

e =
TLU

4A2 Gt
(1-70)

and Equations (1-68) and (1-69) remain the same.

1.5.2.2.3 Single Cell Noncircular Tapered Closed Beams in Torsion

Figure 1-55 shows a tapered box beam under a torsional load, T.
Since all four sides are tapered in such a way that the corners of the box would
intersect if extended, the equations in Section 1. 5.2.2.2 may be applied to
this beam if A is taken to be the area at the cross section in question.

------=
-- --- T

Figure 1-55. Tapered Box Beam in Torsion

However, these equations no longer apply for box beams for
which the taper ratio of the horizontal webs is not the same as that of the
vertical webs since the shear flows will not have the same distribution for all
webs. Such a beam is shown in Figure 1-56. Although the equations in
Section 1. 5.2.2.2 ar e not valid for a box beam such as that shown in Figur e
1-56, they are quite accurate for the common airplane wing structure with
closely spaced ribs. The ribs divide the web into several smaller webs and
serve to distribute shear flows so that they are approximately equal in the
horizontal and vertical webs.

I
i

-~
""-

~___________________..u

------~---

Figure 1-56. Box Beam with Nonuniform Taper
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1.5.2.2.4 Effect of Stiffeners on Noncircular Closed Beams in Torsion

Thin-walled airplane structures usually contain longitudinal
stiffeners spaced around the outer walls as shown in Figure 1- 57. If the
open-type stiffener, as shown to the left in Figure 1-57, is used, the tor­
sional rigidity of the indi vidual stiffener s is so small compared to the tor­
sional rigidity of the thin-walled cell that it is negligible. However, a
closed-type stiffener is essentially a small tube and its stiffness is thus
much greater than that of an open section of the same size. Thus, a cell
with closed-type stiffeners attached to its outer walls could be treated as a
multicell closed beam with each stiffener forming an additional cell. Since
the analysis of a beam with a large number of cells is difficult and, in gen­
eral, the torsional stiffness provided by the stiffeners is small compared to
that of the overall cell, an approximate simplified procedure may be used
with sufficient accuracy.

'-1

Open-Type Stiffe71er CJosec1-Typc Sttf£encr

Figure 1-57. Types of Stiffeners

In the approximate method, the thin-walled tube and closed
stiffeners are converted into an equivalent single thin-walled tube by modi­
fying the closed stiffeners by one of two procedures. This equivalent tube
is then analyzed according to the material in Section 1. 5.2.2.2. The two
procedures for modifying the closed stiffeners are:

1. Replace each closed stiffener by a doubler plate having an
effective thickness given by

This procedure and the necessary nomenclature are illustrated

in Figure 1-58.

2. Replace the skin over each stiffener by a "liner" having a thick­
ness given by
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This rnethod and the necessary nomenclature are illustrated
in Figure 1- 59. The first of these procedures slightly over­
estirnates the stiffness effect of the stiffeners, whereas the

second procedure slightly underestirnates this effect.

v- fastener centerline

r--- d .\

s

Figure 1-58. First Method of Transforrning Closed Stiffeners

C fastener centerline

I d "'1 d

s

Original Stiffener Transformed Stiffener

Figure 1- 59. Second Method of Transforrning Closed Stiffener s

Since the corner rnernbers of a stiffened cell are usually open
or solid sections such as those shown in Figure 1-57, their torsional re­

sistance can be sirnply added to the torsional stiff ness of the thin-walled
over all cell.

1.5.2.2.5 Sarnp1e Problern - Noncircu1ar Closed Stiffened Uniforrn

Section B earn in Tor sion

Given: A 120-in. -long bearn under an applied torque of

10, 000 in. lb. with a cross section as shown in Figure 1-60.

Find: The angle of twist and maxirnum shear stress in the
bearn.
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rd = 1. 5--, t s = 1/16

~=t==k='::.I
s = 4

Stiffene r Detail

6
4 xl 0G

'--1f---- 1 x 1 x 1/8 angles at corners

16
r

Figure 1-60. Cross Section of Stiffened Single Cell Open Beam

*
t. ~ t,t ,/d ~ t C:s: ~

_ Fts - 1
'1===;::===::::::!:::====r==~- L 6...1 - 1

~d=1.5~

0.33

Figure 1-61. Doubler Equivalent to Beam Stiffeners

Solution: From Section 1. 5.2.2.4, a doubler plate equivalent
to a stiffener may be drawn as shown in Figure 1-61. The
area enclosed by the median line of the transformed section
is thus

A = (2 4 x 16) - 8 (t~ ) (d) - 4 ( 1~ ) (2)

where the last term takes into account the effect of the corner
angles. Thus,

A = (24x 16) -8 (0'2
33

) (1. 5) -4 (_1_ )(2) = ~81. 5
. 16 '

Applying Equation (1-67) to the equivalent beam gives
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TL JdtU =
104 (120) { 8d

8 =
4A2 G 4(381. 52 )(4x lOb) t e + t s

4(2) 2(24+ 16) -[8d+ 4(2)] J+ +
1 1

t s + - --
8 Ib

where the terms in the parenthesis represent integration over

the doubler, angles and skin, respectively. Thus

8 =
10

4
( 120) { __8_(1_._5_) _

4(38152 )(4x 10 6 ) (0.33 + 0.0625)
+

4(2)

(0.0625+0.125)

+ 2(24+ 16)-[8(1. 5) +4(2)] } = 5. 35x 10- 4 rad = 0.0306°
0.0625 .

From Equation (1-69)

T
f

3
= ---

2At 2(381. 5)t
=

13. 1

t

Thus, the maximum shear stress occurs at the point of mini­

mum thickness and

13. 1

0.0625
=210psi

1.5.2.2.6 Effect of Cutouts on Closed Single Cell Beams in Torsion

Typical aircraft structures consist of closed boxes with longi­
tudinal stiffeners and transverse bulkheads. It is necessary to provide m-any.
openings in the ideal continuous structur e for wheel wells, armament instal­
lations, doors, windows, etc. These cutouts are undesirable from a struc­

tural standpoint but are always necessary. A closed torque box is necessary
for most of the span of an airplane wing but may be omitted for a short length

such as the length of a wheel well opening. When a portion of the skin is

omitted for such a region, the torsion is resisted by differential bending of
the spars, as indicated in Figure 1-62, since the open section has low tor­
sional rigidity. If the torsion is to be assumed to be resisted by the two side

webs acting independently as cantilever beams, as shown in Figure 1-62(b),

one end must be built in as shown in Figure 1-62(a).

1 - 86



T
b

T
b

(b)

P--....
P'-J

T
q = bh

.---t-
h

'Jote Bottom Skin
Removed (a)

P =

Figure 1-62. Illustration of the Effect of a Cutout

The existence ot a cutout and the resultant axial loads in the
flanges also increase the shear flow in closed portions of the box adjacent
to the cutouts .

.\lulticell Closed Beams in Torsion

Figure 1-63 shows the internal shear flow pattern on a multicell
tube consisting of n cells under a pure torsional load, T, The torque applied
to this tube is gi,--en by

(1- 73 \

where A l through A,- are the areas enclosed by the medium lines of cells 1
through n. The line integral, 'ds/t, where s is the length of the median of
a wall and t is the wall thickne'-;'s, may be represented by a. Then a<,_ is
the value of this integral along the wall between cells K and L, where the
area outside the tube is designated as cell (0). Using this notation, the fol­
lowing equations may be written for cells (1) through (n):

2 GS

cell (1\ _1_ [q l a10 -i- (ql - q2) alZ] = 2G:;
A

l

c ell (2) _1_ [( q 2 - q 1) a 12 + q 2 a 20 + (q2 - q 3) a Z 3]
A

2

cell (3) _1_ [q3 - q2) aZ3 + Q3 a 30 + (q3 - q4) a34] = 2 GS
A 3

(1- 74)

( 1- 75)
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cell (n-l) __I_

An _ 1

+ (qn _ 1 - qn )an - 1 , n] = 2 G8

cell (n) -J:- [(qn - qn -1 jan -1, n - q"anO] = 2 G8
n

The shear flows, ql through qn' may be found by solving Equations (1-73)
through (1-78) simultaneously. From these shear flows, the shear stress

distribution may be found since f s = q/t.

CELL (0)

(1- 77)

(1- 78)

AZ

Cell (Z)

t Al

~ Cell (1)
___~ '':::~-::::lI~=:Z--

Figure 1-63. Multicell Tube in Torsion

Cell (n)

1.5.2.2.8 Sample Problem - Multicell Closed Beams in Torsion

Given: A multicell beam with the cross section shown in
Figure 1-64 under a torsional load of 5,000 in. lb.

Cell (0)

t 1 = 0.1875

Cell (1)

6.5

wall (1)

Cell (2)

tZ=0.IZ5

t 1,Z=O.Z50

4

wall (I,Z)

wall (3)

Figure 1-64. Two Cell Closed Beams

Find: The shear stress in each of the walls.

Solution: Assuming the cell corners to square gives

Al = (2.5)(6.5) = 16.25 in. 2

A 2 = (2.5)(4) = 10 in. 2
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a 10 = [2(6.5) + 2.5]/0.1875 = 77.3

a 12 = 2.5/0.250 = 10

a20 = [2(4) + 2.5]/0.125 = 84

Applying Equations (1-73), (1-74), and (1-75) to the given

beam gives

T= 2q 1A 1 + 2q2 A 2'

1
[q 1a 10 + (q 1 - q 2) a 12 = 2 G8,

A 1

and

Inserting numerical values into these equations gives

5000 = 2q1 (16.25) + 2q2(lO),

and

1 [q 1(77. 3) + (q 1 - q2)( 1 0)]
16.25

62(4x10 )8,

1
10

6
[(q2 - q1)(10) + q2(84)] = 2(4x 10 )8.

Solving these equations simultaneously gives

q1 = 78 lb/in., q2 = 123 1b/in. and

8 = 1.345 x 10- 4 rad = 0.00770

The shear stress in wall (1) is

q1
£ = -- =

S t
1

78

0.1875
= 415 psi

The shear stress in wall (2) is

=
123

O. 125
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The shear stress in wall (1.2) is

=
123-78

0.250
= 180 psi

1.5.2.3 Effect of End Restraint on Noncircular Beams in Torsion

The equations for noncircular beams in torsion in previous sec­
tions assumed that cross sections throughout the length of torsion members
were free to warp out of their plane and thus there could be no stresses
normal to the cross sections. In actual structures, restraint against the

free warping of sections is often present at the point of attachment of a beam.
For example, the airplane wing cantilever s from its attachment to a rather
rigid fuselage structure and is restrained against warping at its point of
attachment. The effect of end restraint is greater at points close to the
restraint than those further removed. Sections such as I-beams are more
effected by end restraint than compact sections such as circles and squares.

Figure 1-65 shows an I-beam with one end restrained under a

tor sional load, T. The maximum flange bending moment is

where

M max
T

= ~ a tanh
L
a

(1-79)

a = l:.­
2

r~·--

2 Iy E8

\ TL
(1- 80)

and 8 is the angle of twist of an I-beam with unrestrained ends given in
Table 1-15. The angle of twist of such an I-beam with restrained ends is

8 = 8 (1-
r \

a tanh ~ ')
L a I

(1- 81)

From this equation, it can be seen that the end restraint has a stiffening
effect on the beam.

1. 5. 3 Analogies for Beams in Tor sian

Two analogies for beams in tor sian are useful both for visualiza­
tion of stress distributions and magnitudes and for experimental work. The

membrane analogy, which is described in Section 1.5.3. 1, is valid for open
beams for which the shear stres s is in the elastic range. The sand heap

analogy (Section 1.5.3.2) may be used to treat open beams under torsional
'loads for which the plastic shear stres s is the same at all points on the
cross section.
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1. 5. 3. 1

Figure 1-65. I-Beam Restrained at One End

Membrane Analogy for Beams in Elastic Torsion

The equation for the torsion of a beam in the elastic range is
analogous to that for small ":'eflections of a membrane under uniform pres­
sur]. Figure 1-66 shows such a membrane. The pressure on the membrane
is designated as p. and S is the uniform tension per unit at its boundary. The
Inembrane c:.nalogy gives the following relationships between the deflected
membrtine and a bea:n of the same cross section in torsion:

(1) LineD of equal deflection on the membrane (contour lines) corrc­
sponl.! to shearing stress lines of the twisted bar.

(2) The tangent to a contour line at any point on the membrane surface
gives the direction of the resultant shear stress at the corre­
sponding point on the cross section of the bar being twisted.

(3) The maximum slope of the deflected membrane at any point with
respect to the edge support plane is proportional to the shear
stress at the corresponding point on the cross s~ction of the
twisted bar. Thus. the shear stress is greatest where the con­
tour lines are closest.

(4) The applied torsion on the twisted bar is proportional to twice
the volUIne included between the deflected membrane and a plane
through the supporting edges. If piS = 2 GEL this torque is equal
to twice the volume.
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Figure 1-66. Membrane Under Pressure

The mernbrane analogy may be used to expE'rimentaliy measure
quantities for beams in torsion. However, possibly the main advantage of
the membrane theory is that it provides a method of vi~llalizing to a con­
siderable degree Df accuracy how stress conditions vary over a complicated
cross section of a b".t" in tot"sion. For example, consider the bar with rec­
tangular cross section shown in Figure l-67(a). A membrane may be
stretchec over an opening of the same shape and deflected by a uniform
pressure. Equal deflection lines for the dd~ected membrane will take the
shape as shown in Figure l-67(bl. ':'hese contour lines tend to take the
shape of the bar boundary as it is approached as does the direction of shear­
ing stress. The shear stress is n1aximum where the contour lines are closest
(center of long side). Since the appEed torsion is proportional to the mem­
brane volume, the more elongated of two rectangular bars of equal area has
the smaller torsional rigidity. Also, it is obvious that bending a long thin
rectangular section will not appreciably change the merr.brane volume and,
thus, the torsional rigidity of a bar of this shape.

I

I
- f-- - ---. + ----f-

I
I

I
I

(a) (b)

Figure 1-67. Rectangular Bar in Torsion
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The membrane a'nalogy also makes it apparent that stresses are

very low at the ends of outstanding flanges or protruding corners and very
high where the boundary is sharply concave. For example, Table 1-16
gives the stress concentration factor for the concave side of the shape in
Figure 1-68. Multiplying the maximum stress obtained from the formula
for thin rectangular sections in torsion by this factor gives the maximum
stress on the concave side of a thin bent section.

TABLE 1-16

Stress Concentration Factor for Thin
Sections in Tor sion

__c!_t .L l,~ ~__J ~, ~~ J ~:~_1---1~--
Fac to r I ? - 1 ,I z \ Z-1/ 4 \ 2 \ 1 - 3/4

r

\

Figure 1-68. Thin Curved Section

1.5,3.2 Sand Heap Analogy for Beams in Plastic Torsion

The maximum ultimate torque that an open beam may withstand
in torsion is given by

wher e V is the volume of a sand heap with a maximum slope of unity, piled
on a plate having the same shape as the beam cross section. Table 1-17

gives the volume of sand heaps with various bases of various shapes.

(1- 82)

1. 5.4 Helical Springs

The primary stresses ln the wire of a helical spring are due to
torsion. Section 1. 5.4. 1 treats helical springs composed of round wire,

and those composed of square wire are treated in Section 1. 5.4.,2.
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TABLE 1-17

Sand Heap Volumes for Equation (1- 82)

Type Section

Rectangle

t

~----~~

~ b--J
Circle

--f--- + ---l--

t-- D

Triangle

A.= arc.:; of tri2.ngle

r = rar1iu:i o[ i71SCribcQ cirek

1 - 94
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V = t
3

(3b-=-!:.L b L t
12

V =

Ar
V = 3



1.5.4.1 Helical Springs of Round Wire

Figure 1-69 shows a helical spring ITlade of round wire under an
axial load, P. If the spring radius (r) is ITluch greater than the wire diam­
eter (0), the wire may be treated as a straight round beaITl under a tor­
sional load, Pr, as indicated in Figure 1-69. Superposing the stress due
to torsion of the wire on the uniforITl shear stress due to direct shear
\4P/n02 ), the following equation for the ITlaxiITluITl shear stress in the spring
ITlay be obtained:

f =
S!tl. !ox

16 Pr (1 +
n 0 3

o \
4r

(1- 83)

In the cases of heavy coil springs composed of wire with a relatively large
diaITleter, D, in cOITlparison to r, the initial curvatur e of the spring must
be accounted for. This is done in the following equation:

where

ITl

= 16Pr(4m-l

n 0 3 4m-4

2r
o

+ O. 615 \
m

(1- 84)

(1- 8 5)

This equation reduces to Equation (1-83) as r / 0 becomes large.

The total deflection (6) of a round spring of n free coils is given by

6 = (1- 86)

This equation neglects the deflection due to direct shear which is given by

8 PRn

Gd2

This portion of the deformation, however, is gener ally negligible compared
to the value of 6 given by Equation 0-86) and is thus generally ignored.

All of the equations in this section apply to both compression and
tension springs, and in both cases the maxiITlum shear stress occurs at the
inside of the wire.
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1. S. 4. 2

Figure 1-69. Helical Spring of Round Wire

Helical Springs of Square Wire

Figure 1- 70 shows a helical spring made of square wire under an
axial load, P. The maximum shear stress in the square wire is given by

where

f =s max

4.80 Pr

b 3

m

(4m-l + 0.615 )
··4m-4 m

2r
b

(1- 88)

The total deflection of such a spring is given by

6 (1- 90)

where n is the number of active or free coils in the spring. This equation
neglects the deflection due to direct shear as did Equation (1-86). However,
the deflection due to direct shear is normally negligible compared to that

given by Equation (1-90).

.P

Figure 1-70. Helical Spring of Square Wire
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2. COLUMN ANALYSIS

2. 1 Introduction to Column Analysis

The stresses that a structural element can sustain in compression are
functions of several parameters. These parameters are:

(l) the length of the element along its loading axis,
(2) the moment of inertia of the element normal to its loading axis,
(3) the cross-sectional variation of the element with length,
(4) the eccentricity of the applied load,
(5) the continuity of the integral parts of the element,
(6) the cross-sectional characteristics of the element,
(7) the homogeneity of the element material,
(8) the straightness of the element, and
(9) the end fixity of the element.

The effects of these parameters can be categorized by first establishing
certain necessary assumptions. For the following analysis, it is assumed
that the material is homogeneous and isotropic. It is further assumed that
the element is initially straight and, if it is composed of several attached parts,
that the parts act as integral components of the total structural configuration.

The remainder of the previously mentioned parameters dictate more
general classifications of compression elements. If a compression element is
of uniform cross section and satisfies the previously mentioned assumptions,
it is referred to as a simple column and is treated in the first part of this
chapter. On the other hand, compression members having variable cross­
sectional properties are called complex columns and are covered in the latter
part of this chapter. Stepped and latticed columns are included in the treat­
ment of complex columns.

The possible basic types of failure defined for columns are primary and
secondary failure. Primary failure occurs when a column fails as a whole
and may be defined by the fact that cross sections of the element retain their
original shape although they may be translated and/or rotated with respect tel
their original position. If cross sections are translated but not rotated, the
primary failure is of the bending type. Failures for which cros s sections of
a column are either rotated or rotated and translated are treated in the sec­

tion on torsional instability.

If a column experiences a failure due to lateral bending at a stress level
below the elastic limit of the material, it is defined to be a long column while
failures at a maximum stres s greater than the elastic limit are characteristic
of short columns.

Secondary failures occur when buckling or crippling occur in sections
of a column before it is loaded enough to produce a primary failure.

2 - 1



A column failure of a selected element is influenced by the eccentricity
of the applied load and by the end fixity of the element. Both of thes e dictate
boundary conditions that modify the solutions to the differential equations
governing column response.

In general, a column must be designed to prevent both the bending and
torsional types of primary failure as well as crippling. Crippling is likely
to occur in columns having thin portions in their cross sections. The tor­
sional type of primary failure is likely to occur at a lower load than the bend­
ing type in columns having cross sections of relatively low torsional stiffness.
Closed sections have enough torsional stiffness to insure that any primary

failure will be of the bending type so they must only be designed against this
and c rippli ng .

2.2 Nomenclature for Column Analysis

A

a

Il

b
b~

C
Cer
C

~c/p2
F aeol
F b

Fe
Feb
Fcc
Fcc

F eol

= area
=linear dimension as indicated in diagrams
= subscript, allowable

= linear dimension as indicated in diagrams

= b+h/2 in Section 2. 3.2.4
- / ~)2= coefficient of constant = (L L

= torsion - bending constant
= distance from neutral axis to the concave side of

loaded column
= subscript, critical

diameter

modulus of elasticity
= reduced modulus of elasticity
= secant modulus of elasticity
= tangent modulus of elasticity

= eccentricity of loading

= strain
= subscript, for Euler's equation

= eccentric ratio
=working concentrically loaded column stres s

= working bending stres s
= allowable compressive stress
= working compres sive stress in bending

= allowable crippling stress
= empirical constant in Johnson parabolic equation

(column yield stres s)
= maximum fiber stress for primary failure of a

column
= proportional limit in compression
= compres s·i ve yield stres s

= factor of safety
calculated str es s
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G
h
I
I p

J
K

K

k

L
L'

Lip

L "/p
(L'/P)cr

M
N

n

T
t
x,y,z
E:

IJ.
IJ.
P
L::
0"

e
cp

= calculated compressive stress
= stress at which the secant modulus of elasticity

is equal to 0.7
= modulus of elasticity in shear
= height
= moment of inertia
= polar moment of inertia
= torsion constant

spring constant
= empirical constant
= empirical constant
= length
= effective length = L/.fE,
= slendernes s ratio

= effective slenderness ratlo
critical effective slendernes s ratio

= empirical constant in straight line column equation
= empirical constant in straight line column equation

= empirical constant in Ramberg-Osgood equation
= axial load
= allowable load
= crippling load
= critical load
= Euler critical load
= radius
= torque
= thickness
= rectangular coordinates
= Ee/f1 where e is strain
= Poisson's ratio
= torsional spring constant
= radius of gyration = ./f7A
= summation

= f c If 1
= angular deflection
= angular deflection

2. 3 Simple Columns

A simple column acts as a single unit and has a uniform c r i ,!

along its length. Such columns are treated in the following mater.\.
ction

2. 3. 1 Prim.ary Failure of Simple Columns

A simple column has a primary failure when its cross se( '.ons are
translated andlor rotated while retaining their original shape, that when
the column fails as a whole without local instability. If the column s s
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sections are translated but not rotated as shown to the left of Figure 2-1, it
is said to fail by bending while pure rotation or a combination of rotation and

translation are characteristic of torsional failures.

r----..,........ - - - -,
r--J
1
I
I
1 ,

,
'--~-_........---- - --'

Figure 2-1. Modes of Primary Failure

,..., ,
" ,,', /

" ,-,," /, ,-
" 'v

2.3.1.1 Column Data Applicable to Both Long and Short Columns

A stable section (not subject to crippling) testing for various lengths
will generate data of the form shown in Figure 2-2. The stress F eol is the
stress at failure, and L' /p is the ratio of the effective column length to the
radius of gyration of the section. This L' /p ratio is called the effective
slen r1p :,",,:_ss ratio of the column.

F col

o 0
o

o

Eule r Column Curve

L' /p

(
L' \

-p- )
cr

Figure 2-2. Typical Column Failure Curve

From the figure, it is apparent that the Euler column curve is quite
accurate beyond a critical L' /p which defines the separation between long and
short columns. A great amount of test data, collected for particular materials,
is available and eliminates the need to determine whether a long or a short
column curve is applicable. A summary of column allowable curves that are
applicable to both long and short columns is outlined and presented on the fol­
lowing pages. These curves are based upon the tangent modulus equation which
is discussed in Section 2.3. 1. 11. 1. The column allowables are based on mini­
mum guaranteed properties, Basis A, or probability properties, Basis B, if
the latter are available. The pertinent basis is indicated in the figures.
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INDEX OF COLUMN ALLOWABLE CURVES

Aluminum Alloys

2014 Extrus ion .
2024 Bare Sheet and Plate.

Bare Plate .
Extrus ion .

Clad Sheet and Plate.
Clad Sheet .

7075 Bare Sheet and Plate.
Extrus ions..
Die Forging .
Clad Sheet. .

7178 Bare Sheet and Plate, Clad Sheet and Plate, and
Extrus ions

356 Casting.

Magnesium Alloys

Figure

2-3
2-4
2-5
2-6
2-7
2-8
2-5
2-3
2-9
2-8

2-10
2-11

AZ63A-T6
ZK60A-T5
AZ3lB-H24
HM21A-T8
HM31A-F
HM31A-F

Steel Alloys

Casting ..
Extrusion

Sheet· ..
Sheet . .. . .
Extrusion, Area < 1.0 in 2 ..
Extrusion, Area: 1-3.99 in 2 .

2-12
2-12
2-13
2-14
2-15
2-16

Heat-treated F tu = 180-260 Ksi.
Heat-treated Ftu = 90 -150 Ks i .

Stainless Steel

2-17
2-18

18-8

AM 350
PH 13-8 Mo
PH 14-8 Mo
PH 15-7 Mo
17 -7 PH
17-4 PH

Cold rolled with grain.

Cold rolled - cross grain.
Sheet ....
Plate and Bar .
Sheet ..... , .

Sheet and PLate
Sheet and Plate
Bar .
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2-19
2-20
2-21
2-22
2-22
2-23
2-24
2-21



INDEX OF COLUMN ALLOWABLE CURVES (Cont'd.)

Titanium Alloys

Commercially Pure Sheet .
8 Mn Annealed Sheet .

Figure

2-25
2-25

4Al-3Mo-1V

5 Al-2. 5Sn
6 Al-4 V

8 Al-1Mo-l V
13V-llCr-3Al

Solution Treated and Aged Sheet and
Plate. . . . . . . . . . . . .

Annealed Sheet, Plate, Bar and Forging.

Annealed Ext rus ion. . . '" ..
Annealed Sheet. . . . . . . ....

Solution Treated and Aged Sheet.
Solution Treated and Aged Extrus ion
Single Annealed Sheet and Plate
Solution Treated and Aged Sheet and

Plate .
Annealed Sheet and Plate.
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2014 AND 7075 EXTRUSIONS

I I I I I

Designation

....
'"~

1

2
3
4

2014-T6
2014-T6
2014-T6
2014-T62

7075-T6510
and-T6511

Thickness
and Area

.125-.499

.500-.749
> . 750, A~25

.? . 125, A~32

1
<·250' .750-1.499

.250-.499

.500-.749
1.500-2.999

Basis

B

B

B
A
B

B

B

B

'"Ul
CIl
J.<...,

U)

Q

E
:l

--'o
U

--'o
u
~

~ '",~~
50 '---+---+-1""ooc::--+---~""'-+--+----+---+--+---+---+--I----I
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~~
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Figure 2-3. Column Allowable Curves
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ZOZ4 BARE SHEET AND PLATE

'"\~V?J Material -
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-

~
1 Z024 -T42 <.250 A

z----U0Z4 -T4 501-Z.00 B

r\
2024 -T3 :s.. Z50 B -

\ ~ /3

3 20Z4 -T36 ~. 500 B
4 Z024-T6 ~Z.OO A

\ '-,,\;/ i\
5 2024-T86 <.063 A -
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Figure 2-4. Column Allowable Curves

2 - 8



12010080604020
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2024 BARE PLATE
7075 BARE SHEET AND PLA TE

\'~
~~~

Material -
Curve Designation Thickness Basis-- --

6r~~)-- 1 2024-T42 .250-3.00 A -...
2 2024-T4 .250-.500 B

3 7075-T6 .016-.039 B

'\~
-

4 7075-T6 .040-.249 B

5 7075-T6 .501-1.00 B

r\:~
-{ 250-.500 B -

(4(
6 7075-T6 1.001-2.00 B
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Figure 2- 5. Column Allowable Curves
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Material Thickness -
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1 2024-T4 <.250 B -
2 2024-T4 .250-.749 B
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4 2024- T42 L. 250, A~32 A
5 2024-T62 All A -
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Figure 2-6. Column Allowable Curves
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Figure 2- 7. Column Allowable Curves
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Figure 2-9. Column Allowable Curves
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2.3.1.2 SaITlple ProbleITl - ColuITln Data Applicable to Both Long and

Short ColuITlns

Given: The 0.6 in. square concentrically loaded coluITln
shown in Figure 2-35.

p
n"1

----.~u t ~---- P

0.6
2014- T6 aluITlinuITl alloy extrusion

Figure 2- 3 5. Pinned End ColuITln in Axial Load

Find: The critical load, P cr ' by using coluITln curves appli­
cable to both long and short coluITlns.

Solution: Since the coluITln is pinned at both ends, L" = L
For a square, I = b 4 ; 12 and A = b 2 Thus,

6 In.

= = 1(.6)2 = ').173 In.
/~

L' 6 in.
0.173 in.

34.6

2.3.1.3

FroITl Figure 2-3, curve 2, find F col = 56,200 psi. Thus,

Bending Failure of Concentrically Loaded Long ColuITlns

In the process of describing coluITln behavior in this chapter, the
siITlplest cases are covered first and then various cOITlplications are coveree.
Historically, the first type of coluITln to be successfully studied was the long
concentrically loaded one for which Euler developed an equation giving the
buckling load in terITlS of coluITln paraITleters. This is also the siITlplest case.

The Euler forITlula, which is perhaps the ITlost faITliliar of all col­
UITln forITlulas, is deri ved with the as SUITlptio ns that loads are applied con­
centrically and that stress is proportional to strain. Thus, it is valid for
concentrically loaded coluITlns that have stable (not subject to crippling) cross

sections and fail at a ITlaxiITluITl stress less than the proportional liITlit, that
is, concentrically loadf.d long coluITlns. The forITl of the Euler forITlula is
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Per Cn 2 E Per n 2 E
= or

A (L )2 A ( L' ,2'- -)
\ 0 /

P

(2 - l)

Here, PIA is the ratio of the axially applied load at failure to the cross­

sectional area of the column. E is the modulus of elasticity of the column
and L/o is the ratio of the column length to the least radius of gyration of
its section. The radius of gyration is defined to be equal to II! A, where I
is the moment of inertia of the section. The constant, C, which is called
the coefficient of constraint, is dependent upon end restraints and is dis­
cussed in Section 2.3.1. 4. In the second fonn of Equation (2-1), L' is
an effective length which takes into account end restraint conditions.

2.3.1.4 Coefficient of Constraint for End Loaded Columns

In the discussion of columns, the coefficient of constraint C often
occurs. As was mentioned before, this coefficient depends upon the manner

in which the ends of a column are restrained, which, in turn, determines
the boundary conditions that must be satisfied by the equations describing
the column.

Sometimes, the use of a coefficient is avoided by using an effec­
tive length L' instead of the actual length L in formulas derived for a

column with both ends pinned of length L. The term L' is then the distance
between points of inflection of the loaded column curve. For example, the
effective length of a column of length L that is rigidly supported at both ends
is L/2 as can be seen in Figure 2-36.

L' = L L

Figure 2-36. Example of Effective Length

The relationship between L' and L, and C is

2
( ~) = C.
\ L'

2 - 40
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By assuITling various cOITlbinations of idealized end restraints, a
table of theoretical end constraint factors ITlay be constructed. This is
shown in Table 2-1.

TABLE 2-1

Coefficients of Constraint for Idealized End Conditions

Type of Fixity c

.2.5

1.00

Type of Fixity c

Z 05

400

The end restraints of an actual coluITln are never exactly equivalent
to pinned or fixed ends, but lie sOITlewhere between the two extreITles. This
discrepancy is due to the fact that a pinned joint is never entirely frictionless
and a ITleITlber to which a colunl.n is fixed is never perfectly rigid.

<11'
u

dB

Cases for which one or both of the ends of a coluITln are fixed to
nonrigid ITleITlbers ITlay be treated by considering these ends to be restrained
by a torsional spring of spring constant u. The constant U is defined to be
dT I de where T is a torque applied to the support at the point where the col­
UITln is attached and e is the angle of twist at this point. Given this definition,

U nl.ay be calculated by applying forITlulas froITl strength of ITlaterials to the
ITleITlber to which the coluITln is attached before attachITlent. For exaITlple,
consider the coluITln shown in Figure 2-37. The torsional spring constant for
the end is found by considering the beaITl supporting the coluITln and calculating
dT I de where T and e are as shown in the ITliddle diagraITl. dT I de is a constant

for sITlall deflections so Tie ITlay be found froITl beaITl forITlulas. The coluITln
is then redrawn with the attached beaITl replaced by an equivalent tor sional
spring.

Figure 2-37. ExaITlple of Equivalent Torsional Spring

2 - 41



·...

Equations have been developed that give the end fixity coefficient, C,
as a function of w., L, E, and I for columns equally elastically restrained at
both ends and for those pinned at one end. These equations are given and
plotted in Figure 2-38. From these plots, it can be seen that C approaches
the value corresponding to a fixed end rather than an elastically restrained
end as W. increases. Likewise, C approaches the value corresponding to a
pinned end as the spring constant approaches zero.
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Figure 2-38. Fixity Coefficient for a Column with End Supports Having
a Known Bending Restraint
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At times, a column may be supported along its 1
the ends. For example, the column shown in Figure 2- "
midsection by another D1ember.

r;gth as well as at

supported at its

Figure 2- 39. Simply Supported Column with Interrnediate Support

In order to treat such a case, namely that j Ul; Lrated in Figure
2-39, we may consider the member supporting the colurnn at its midsection
to be a spring of spring constant K lbs/in. which may (' found by applying
strength of materials to the support. Charts that give fhe coefficients of
restraint of a pinned column with a single lateral sUPF" , ,t along its mid-
section or two lateral supports symmetrically placed its midsection are
available. Figure 2-40 shows a simply supported C01UUlll with one lateral
restraint and gives the coefficient of constant of such a column as a function
of column parameters. Figure 2-41 shows a simply f:1Jpported column with
two symmetrically placed lateral restraints and gives tbe coefficient of con­
straint as a function of column parameters.

The previous discussion of coefficients of constraint was-limited
to relatively simple cases. At times, however, a column may be attached ~

to members for which an equivalent torsional spring constant is not easily
found or it may be attached in more complicated ways than those previously
discussed. In such cases, certain general rule,; may be applied.

In normal practice, the coefficient of constraint is les s than two
and the effect of end fixity is smaller for short columns than for long ones.
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A center support behaves
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q =

E = Modulus of
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3. 0 J-----t-----+---A~++_c......,H+-r---

3.4

3.8

u

r

Figure 2-40. Fixity Coefficient for a Column with Simply Supported Ends
and an InterITlediate Support of Spring Constant, K
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Figure 2-41. Fixity of a Column with Two Elastic, Symmetrically
Placed Supports Having Spring Constants, K

The ends of a corr..pression member in a welded truss of steel tubes,
like those that are often used in aircraft structures, cannot rotate without
bending all of the other members at the end joints. Such a truss is shown
in Figure 2-42. It is difficult to obtain the true end fixity of a compressive
member in such a truss since the member may buckle either horizontally or­
vertically and is restrained by the torsional and bending rigidity of many
other members. It is usually conservative to assume C = 2. a for all mem­
bers. A smaller coefficient of constraint might be used for a heavy com­
pressive member restrained by comparatively light members. Likewise, a
larger coefficient of constraint may hold for a light compressive mernber
restrained by heavier members. A coefficient of constraint of one should be
used if all of the members at a joint are in compression. Steel tube engine
mounts are usually designed with the conservative assumption of a coefficient
of constraint of unity.
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Figure 2-42. Welded Truss

Stringers which act as compression members in semimonocoque
wing or fuselage structure, such as that shown in Figure 2-43, are usually
supported by comparatively flexible ribs or bulkheads. The ribs or bulk­
heads are usually free to twist as shown so that their restraining effect may
be neglected and the value of C is taken to be unity, where L is the length
between bulkheads. If the bulkheads are rigid enou§h to provide restraint
and clips are provided to attach the stringers to the bulkheads, a value of 1.5
is sometimes used for C.

~----L

P .. -- .. P

\ I
\ I
\ I
I I

Figure 2-43. Semimonocoque Structure

2.3.1.5 Distributed Axial Loads

Columns subj ected to distributed axial loads may be treated by
formulas developed for end loaded columns if a coefficient of constraint is
used that takes into account both the load condition and end fixities. Fig­
ure 2-44 shows columns under a uniformly distributed axial load of P/L
lbs!in. with various end restraints and their corresponding coefficients of
constraint. The values P, L, and C are us ed in the formulas for end loaded
columns.

P P P P

L

C = .794
P, L lb j in

1
1
1
1

C = 1. 87
P/L lb/in

C = 7.5

PI L !b/in
C = 3.55

P!L lb/in

Figure 2-44. Coefficients of Constraint for Columns Under a Uniformly
Distributed Axial Load
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2. 3. 1.6 Sample Problem - Concentrically Loaded Long Columns
in Bending

1 in. diamt'ter
round bar

7.25
7.25

Given: The concentrically loaded rectangular bar shown in
Figure 2-45 is fixed at one end and attached to a round bar
at the other end. Both bars are made of steel for which
E = 30 x 10 6 psi and G = 11. 5 x 10 6 psi.

p

40 2 x 1/2- in. bar

1
o

t
p

Figure 2 -45. Example of Constrained Column

Find; Per"

Solution: From elementary strength of materials, 8 = TL/IpG for
a torsion bar. In effect, there are two 7. 25-in. -long bars
attached to the end of the column so that the equivalent tor-

sio nal spring constant is

2JG

L

Substituting the appropriate values into the expression for u gives

7.25
= 3.12xI0 5 in._lb/rad
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The column may now be redrawn as Figure 2-46.

Figure 2-46. Free Body Diagram of Constrained Column

\-lL
E1

(3.12 x 10 5 ) (40)
= 20

From Figure 2-38, we find that C = 1. 88. Solving Equation
(2-2) for L' gives

L' = L

vIC
= 29.2 tn.

The radius of gyration of the bar is

The slenderness ratio

(. 5) 3

12
I 2(.·5) := o. 144 in.

L'

p
30. 5

O. 144
= 212

From Section 2. 3. 1. 11. 7, it is found that a steel column for
which Lip is greater than 120 is a long column. Thus, the
Euler formula, Equation (2-2), becomes

=
.f' TT 2 E

(~' ) 2

Substituting the values for the given colum.n into this equation
gives

2 6
_ (. 5 x 2 )n ( 3 0 x 1a ) =

Per
150

2
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2.3.1.7

In general, a coluITln such as this ITlust also be checked for
buckling in the plane through the bar and the coluITln. In this
case, however, the coluITln will not fail by this ITlode.

Bending Failure of Eccentrically Loaded Long ColuITlns

A theoretically correct forITlula that holds for eccentrically loaded
coluITlns is the secant forITlula:

P
A

F cOI

r~
L- 20

(2- 3)

In this forITlula, P, A, 0, L, C, and E are defined as before, and e is the

eccentricity of the load. The distance between the central axis and the con­
cave side of the loaded coluITln is designated as c. In the case of a long eccen­
trically loaded C9luITln, F eol ITlay be taken to be the value of Perl A found froITl

the Euler fon-nula in Section 2.3. 1.3. If a factor of safety, FS, is applied,

the corresponding forITlula for allowable load, p .. , beCOITles

(FS)P.. Feel (2-4)
=

A 1 + ec
sec [

L~ i (FS)P;' ]
0 2 20

V AE

The secant forITlula ITlay also be used for short coluITlns by finding F col dif­
ferently as will be shown in the Dlaterial on short coluITlns.

All physical coluITlns have SOITle accidental initial curvature due to
iITlperfections and SOITle eccentricity of loading. In these cases, an equivalent

eccentricity ITlay be used to approxiITlate the effects of the iITlperfections. Data

ITlay also be found for the equivalent eccentric ratio which is the ec/o 2 terITl in
the secant forITlula. Values for these ITlay be found in Section 2.3.1. 8.

The secant forITlula applies when the eccentricity is in the plane of ~

the bending.

Unfortunately, the secant forITlula is difficult to solve and DlUSt be
solved by either trial and error or charts.

2.3.1.8 Equi valent Eccentricity for IITlperfect ColuITlns

As was ITlentioned previously, no coluITln is perfectly straight and
concentrically loaded. In order to allow for these initial iITlperfections in a
coluITln whose loads are concentrically applied, an equivalent eccentricity of
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loading may be asssumed. The column may then be treated by methods used
for an eccentrically loaded column.

Opinion is divided as to whether the equivalent eccentricity assumed
for imperfections is dependent upon or independent of the length of a column.
If we assume that it is independent of column length, an equivalent eccentric
ratio ec/p2 ranging from O. 1 to 0.25 may be used. The mean value of such
an eccentric ratio is approximately equal to 0.2. We may also assume that
the equivalent eccentricity, e, is proportional to the effecti ve length of the
column. If this procedure is used, e may be taken to be equal to KL where K
is a constant. Values of K ranging from 0.001 to 0.0025 may be used with the
latter yielding conservative results.

2.3.1.9 Sample Problem - Long Eccentrically Loaded Columns and
Equivalent Eccentricity

Given: The round column shown in Figure 2-47 with nominally
concentric loading .

5000#

.I 50 l ~
--....... ~~==t===D==================:::::j ~-

Steel - E :: 30 x 10 6 psi

5000#

Figure 2 -47. Column Loading for Study of Eccentricity

Find: The column diameter, D, for a factor of safety of 1. 5, con­
sidering the initial imperfections of the column.

Solution: For a
o ::JITJ\:: D/4.
Try D:: 1. 215.

round section, I:: TTD4 /64 and A:: TTD2 /4. Thus,
Since the column is pin ended, L:: L' :: 50 in.

L'

a

50
1. 215

4

:: 164. 5

According to Section 2. 3.1.11. 7, steel columns for which L'/o
is greater than 120 may be treated as long columns. Thus F col

in the secant formula may be found by the Euler formula:

F col ::

-,
TT~ E

L' \2
!\ )'

;-'

::
11 2 (30 x 10 t.,)

(164.5)2
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The secant formula, Equation (2-4), may now be written as

1 + ec sec r~
0 2

l_ 2p

(FS)Pa

A

F col=-----=-=------;:==:::::::=-I (FS) P" l
\j AE J

10, 950

!(FS)Pal

Iy AE J

According to Section 2. 3.1. 8, equivalent eccentric ratio due to
initial imperfections i's between 0.1 and 0.25. To be on the con­
servative side, use an equivalent eccentric ratio of 0.25. Sub­
stituting this and column parameters into the' secant formula, the
expression below is obtained.

(1. 5) (5000)

n(1. 215)2

4

or 6450 = 6450

1+.25sec

10,950

I (1. 5) (5000) J
1/l n (1.215)2 6

(30x10)y 4

Thus, the original guess of D = 1. 215 was correct. If this were
not true, different values of D would have to be chosen until one
was found that would make both sides of the secant formula equal.

2.3.1.10 Bending Failure of Short Columns

In the previous discussion of long columns, it was assumed that the
column material was in the elastic range at the time of buckling. This assump­
tion, however, is not true for columns having an effective slenderness ratio
of less than a certain critical value for a given material. This value of the
critical effective slenderness ratio, L'/o, is discussed in Section 2.3.1.11. 7.
Since the Euler formula no longer applies for short columns, one of the for­
mulas used to fit short column data must be used to treat them.

2.3.1.11 Bending Failure of Concentrically Loaded Short Columns

Several formulas are available to treat short columns. These have
no theoretical justification as did the Euler formula, but fit column data to a
degree of accuracy depending upon the material and column parameters. The
equations most commonly used for short columns are the tangent modulus,
Johnson Parabolic, and straight-line equations.
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2.3.1.11.1 Tangent Modulus Equation

If the slenderness ratio of a column is low enough that some of
its fibers are no longer in the elastic range at the time of failure, the Euler
formula no longer holds. However, this case may be treated by defining a
tangent modulus of elasticity, E t , to be the slope of the stress-strain curve
at a given point. This tangent modulus of elasticity may then be substituted for

the modulus of elasticity in the Euler equation to obtain the tangent modulus
equation (modified Euler equation).

P
A

=
(n 2 E T )

( L \2-,
\ P /

(2 - 5)

Since E T is equal to E in the elastic range, the tangent modulus equation reduces
to the Euler equation for long columns and is thus valid for both long and short
columns.

The value of stress at which E T is found is the maximum stress

in the column. In the case of a concentrically loaded column, this is equal
to P / A. Since E, is a function of loading, the tangent modulus equation must
be solved by trial and error if E T is found from stress-strain diagrams or tables.

The tangent rnodulus equation has been solved for a number of

different materials and these solutions are shown in Section 2. 3. 1.1.

The main disadvantage of the previously described procedure
for solving the tangent modulus equation is the trial and error method required.

This disadvantage may be eliminated if an equation for the stress-strain curve
is available. Such an equation is the Ramberg-Osgood equation,

E: = CJ + 3
7

Here, E: = Ee/f l and CJ = fe/f l where e is the strain, fe is the compressive stress,

and fl is the stress at which the slope of a line from the origin to a point on the.
stress-strain curve is 0.7. E and n are constants determined experimentally

for a given material. The Ramberg-Osgood equation may be used to obtain the
following expression for the tangent modulus of elasticity.

E

1 + 3/7 nCJ n-l
(2-6)

This expres sion may in turn be substituted into the tangent modulus equation

with fe equal to F eQl to obtain
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F eol

I + 3/7

(2-7)

In the case of a colunln under concentric loading, F eol is equal to PIA. A
nondiITlensional plot of this l~quation is shown in Figure 2.-l8. Values of n,
f l , and F. that are needed for the Ranlbcrg-Osgood equation are shown in
Table 2-2.

1.2

1.0

0.8

Jl--
0.6

0.4

0.2

0 ...--......--....--......--..&...--..&...---------....---o 0.4 0.8 1.2 1.6

L'/:;

IT E/f l

2.0 2.4 2.15 3.2 3.6

Figure 2--l8. :"londimensional Plot ("Of Tangent Moduh:s Equ'ltion with
E t Obtained from the Ramherg-Osgood Equation
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TABLE 2-2

Properties of Various Materials for Ramberg-Osgood Equation

Material E, Ksi n f,. Ksi

Aluminum Alloys

20l S- T She,·t 10,700 10 oll
20l S-T Extrusion 10,700 10 37

75 S-T Ext rus ion 10,500 20 71

I Clad 2024-T3 Longitudinal 10, 000 10 38. I
Clad 2aZ4-Tol Lungitudinal 10. 000 IS 36.5

Steel

Normali~ed 29,000 20 75
F tu =- 100,000 29.000 25 80
F tu =- 125, 000 2'), 00:> 35 100

F tu =- 150,000 29,000 40 135

Ftu = 180, 010 29,000 50 165

I Titani '.lm 6AI-ol V B..tr Stoe k. ..
Longitudinal F tll =- lol5 Ksi
at room temp., 1/2 hr.
exposure to tenlperature

at room temp" raturc 17, sao 10

I
164

I
at 500 0 F 16,000 17 108
at 700 0 F 15, 000 10 I 93·4
at 900°F 13,800 9

I
85.7

I
One great advantabe of using the Ramberg-Osgood relation

is that the necessary constants may be obtained for new materials without
extensive testing.

In general, the tangent modulus theory ~ill yield conservative
results. However, this theory yields \'alues for the critical load that are too
high for very short columns for which E t may be less than 0.2 at failure.

2.3.1.11.2 Sample Problem - Use of Tangent Modulus Equation for
Cuncentr~cally Lo?dcd Short Columns

Given: The I-in. square concentrically loaded column
shown in Figure 2--!9.

Find: The maximum \·alue of P by '.Ising the tangent modulus
equation, with E! obtained from the ~amberg-Osgood relation.
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1-- 15

l~ PP w.. ~ t 24 S-T ExtruSlOn

Figure 2-49. ColuIT1n Loading Used for Illustration of Tangent­
Modulus Equation

Solution: UltiIT1ately, Equation (2-7) IT1ust be solved. This
equation is shown ~raphically in Figure 2-48. FroIT1 Table 2-2,
find E = 10.7 x 10 psi, n = 10, and f 1 = 37,000 psi for the
given material. Consulting Section 2. 3.1. 4, find that C = 2.05
for the given end constraints. Solving Equation (2-2), find that

L ~ = LIFe. In this case,

L' 15 10.55 in.
jTQ5

For a square, I=b
4
/l2 and A = b 2 .

I~I-
r-::-
1 b2

0 =
~A = 1-

\~ 12 •

In this case,

rl
.289p 1-- =

'V 12

Thus,

10.55/0.289

FroIT1 Figure 2-48,

Thus,

F eol = -A-- = 0.88 f 1

P cr = 0.88 A f 1 = 0.88(1) (37, 000)

P cr = 32,600 lb.
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2.3.1.11.3 Reduced Modulus Equation

An equation that is theoretically more correct than the tangent
modulus equation is the reduced modulus equation. In this case, a reduced
modulus of elasticity, E r , is used to replace E in the Euler equation. This
reduced modulus is a value between E and E t , one suggested value being

E
r

= 4 E E t

(IE +v'E:)2

(2-8)

It can be seen from this equation that E r approaches E as E t approaches E
so that the reduced modulus equation reduces to the Euler equation for long
columns as does the tangent modulus equation.

The reduced modulus equation is accurate for specimens in
which extreme care in manufacturing and testing is used but yields high values
of critical load for other columns. The more conservative tangent modulus
equation is preferred to the reduced modulus equation for this reason as well
as for its greater simplicity.

2.3.1.11.4 Johnson-Euler Equation

For many materials a parabola may be us ed to fit column test
data in the short column range. The equation of such a parabola may be
written as

(2-9)

where F eo and K are constants chosen to fit the parabola to test data for a
particular material. The Johnson-Euler column curve consists of the Euler
curve for high L' 10 ratios combined with a parabola that is tangent to this
curve and covers short column ranges. If Equation (2-9) is adjusted so that
it is tangent to the Euler curve, we obtain the Johnson equation

Fool

I

I
J (2-10 )

Here F is the maximum column stress which is given as PI A for concen-, col
trically loaded long columns and by more complicated formulas for eccen-
trically loaded columns. The single experimentally determined constant, Fcc'
is called the column yield stress but has little physical significance for col­
umns with stable cross sections since very short columns for which L ' I p is
less than approximately 12 fail by block compression. In cases where local

crippling and primary bending failure interact, Fcc may be taken to be equal

2 - 56



....

',"en
nder­

r the

Johnson Parabola

FeD

2

to the section crippling allowable. This case will be discus sed ITlore t~:

tensively in Section 2.3.2. A typical Johnson-Euler. curve is shown ':
ure 2- 50. The coordinates that are ITlarked show the point of tangen
the Johnson parabola and the Euler curve. Thus, the critical eifel":
ness ratio separating long coluITlns frOITl short coluITlns is /2TT JEI F'~<,
Johnson-Euler curve.

F eol

J2rrjE
F co

Figure 2-50. Typical Johnson-Euler Curve

The ITlain advantages of the Johnson-Euler curve are its
ability to fit data when there is an interaction between crippling and pri ry
bending failure and siITlplicity of cOITlputation. For coluITlns having", tic, d,
cross sections, one of the other short coluITln curves is norITlally pCTf l' d.

2.3.1.11.5 Straight Line Equation

Short coluITln curves for ITlost aluITlinuITl
other materials are best represented by straight lines.
line is shown in Figure 2- 51.

F eol

N

Fey

(~)
P er

alloys and 5 C ,1
A typical straight

L'
P

Figure 2- 51. Typical Straight Line for Short ColuITlns
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As can be seen from Figure 2-51, the straight line is not necessarily tan­
gent to the Euler curve as is the case for the Johnson parabola but this is
often the case. The straight line shown may he given by the equation

(2 - 11)

where Nand M are constants chosen to best fit column data for a given mate­
rial. As in the case of the Johnson parabola, this straight line does not
always hold for very short columns that fail by block compression so it is
cut off at Fey as shown in the figure.

The critical effective slenderness ratio may be found by
equating FOOl as found by the Euler formula to that value as found by Equa­
tion (2 -11). This procedure involves solving a cubic equation and will not
be presented here since values of the critical slenderness ratio are tabulated
in Table 2-3.

Values of the constants N, M and the corresponding critical

slenderness ratio (L' / p)or are available for a large number of aluminum
alloys and manufacturing processes. These values are shown in Table 2-3 .

•
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TABLE 2-3

Constants for Straight Line Equation

Extruded Rod, Bar and Shapes

Alloy and Temper Thickness, In. N(k...i) M(ksi I (~)
P cr

2014-0 All 9.9 0.037 160
2014-T4 All 35.2 0.251 89
2014-T6 Up thru 0.499 61.4 0.410 50
2014-T6 0.500-0.749 67.3 0.471 48
2014-T6 0.750 and over

Area 25 sq in. max. 69.7 0.496 47
Area 25 to 32 sq in. 67.3 0.471 48

2024-0 All 9.9 0.037 160
2024-T4 Up thru 0.249 43.6 0.300 65
2024-T4 0.250-0.749 44.8 0.313 64
2024-T4 0.750-1.499 50.9 0.379 60
2024-T4 1.500-2.999

Area 25 sq in. max. 58.4 0.466 56

2024-T4 3.000 and over
Area 25 sq in. max. 58.4 0.466 56

2024-T4 1.500 and over
Area 25 thru 32 sq in. 53.4 0.407 59

3003-0 All 5.4 0.015 222
3003-H112 All 5.4 0.015 222

5454-0 Up to 5.000 13.3 0.058 142
5454-H112 Up to 5.000 13.3 0.058 142
5454-H311 Up to 5.000 20.4 O. III 121

5456-0
Q)

21.6 0.120 IIIUp to 5. OO0Q)
5456-H112 Up to 5.000Q) 21.6 0.120 III
5456-H311 Up to 5.000 25.3 O. 153 106

6061-0 All 5.4 0.015 222
6061-T4 All 15.7 0.074 128
6061-T6 All 38.3 0.202 63
6061-T62 All 28.1 0.127 74

6062-0 All 5.4 0.015 222

6062-T4 All 15.7 0.074 128

6062-T6 All 38.3 0.202 63

6062-T62 All 28. 1 0.127 74
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TABLE 2-3

Constants for Straight Line Equation (Cont'd. )

Extruded Rod. Bar and Shapes (Cont'd.)

--,._--~

T-~;:'iI_ M(ksil /!jJAlloy and Tempe r Thickness. In.
_~-p- )cr

- - -- -------

6063-1'42 Up lhrll 0.500 11. 0 0.043 149
6063-1'5 Up lhru 0.500 17.5 0.076 103
6063-1'6 Up lhrll O. 124 28.0 O. 155 81
6063-1'6 0.125-0.500 28.0 0.155 81

7075-0 All 13.3 0.058 142
7075-1'6 Up thru 0.249 79.3 0.602 44
7075-1'6 0.250-0.499 87.8 0.859 46
7075-1'6 0.500-1.499 87.8 0.859 46
7075-1'6 1.500- 2.999 81.7 0.629 43
7075-1'6 3.000 -4.499([;' 85.2 0.821 47
7075-1'6 3.000-4. 499 iZ> 79.3 0.602 44
7075-1'6 4.500-5.000(1) 76.9 0.575 45

-- I----- -1------

7178-1'6 Up thru 0.249 86.5 0.686 42
7 I 78 -'1'6 0.250-2.999Q 88·9 0.714 42

.-.__. - --- -C----. __

Rolled and C a I d - Fin i s " e d Hod and Bar

'"-
Diameter

(~')crAlloy and Temper or N(ksi) M(ksi)

Thickness. In.

EC-O All 3.2 0.006 241
EC-HI2 Up to 1 in. 8.7 0.030 165
EC-HI3 Up to 1 in. 13.3 0.058 142
EC-HI7 Up to 1/2 in. 16.8 0.082 124

1100-0 All 4.3 0.010 221
1100-F 0.375 and ave)' 7.6 0.025 186

1-----

2011-1'3 0.125-1. 500 45.4 0.368 79
2011-1'3 1.501-2.000 40.3 0.308 85
2011-1'3 2.001-3.000 35.2 0.251 89
2011-1'8 0.125-3.250 48.0 0.400 77
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TABLE 2-3

Constants for Straight Line Equation (Cont'd.)

Rolled and Cold-Finished Rod and Bar (Cont'd.)
0---- - _._._-_.- --- --..- --

Diametc l'

(~)Alloy and Temper or Nlksil M(ksi}
Thickness, In_ P cr

l----- -- --------------- ---_. __ .. •.. -.-------_.._---

2014-0 Up thru H. 000 9·9 0.037 160
2014-T4 Up thru 6.750 37.7 0.278 86
2014-Tb Up lhru 6.750 64.7 0.543 54

- - ------
20 I 7-0 Up thru B. 000 9·9 0.037 160
2017-T4 Up thru B_000 37.7 0.278 B6

2024-0 Up thru 8.000 9.9 0.037 160
2024-T4 Up thru 6.500 4B.0 0.400 77

1-----

I
3003-0 All 5.4 0.015 222

l'03-HI2 Up thru 0.374 12.2 0.051 14B
>)03 -H 14 UpthruO.313 Ib.8 0.OB2 124
3003-H16 Up lhru 0.250 22.8 O. 131 112
3003-HIB Up thru 0.204 26.5 0.164 103

5052-0 All 11. 0 0.043 149
5052-F 0.375 and over 12.2 0.051 148

6061-0 Up thru 8.000 5.4 0.015 222
6061 - T4 Up thru 8. 000 18.0 0.092 128
6061 - T6 Up thru 8.000 38.3 0.202 63

I------

7075-0 Up thru 8.000 12.2 0.051 148
7075-T6 Up thru 4.000 78.7 0.729 4')

Standard Structural Shapes (Rolled or Extruded)

Alloy and Tempe r Thickness. In. N(ksil M(ksi) (~)
P c r

2014-0 All 9·9 0.037 160
2014-T4 All 35.2 0.251 89
2014-T6 All 64.7 0.543 54
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TABLE 2-3

Constants for Straight Line Equation (Cont'd.)

Standard Structural Shapes (Rolled or Extruded)

Thickness. (L 1
•Alloy and Temper In. N(ksi) M(ksi I p-L

5456-0 All 21. 6 0.120 III
5456-H112 All 21.6 0.120 III
5456-H311 All 25.3 O. 153 106

6061-0 All 5.4 0.015 222
6061-T4 All 15.7 0.074 128
6061-T6 All 38.3 0.202 63
6061-T62 All 28.1 0.127 74

6062-0 All 5.4 0.015 222
6062-T4 All 15.7 0.074 1213
6062-T6 All 38.3 0.202 63

Die Forgings

Alloy and Temper Thickness. In. N(ksil M(ksi) (L 1

P-t
l100-F Upt04in. 4.3 0.010 221
2014-T4 Up to 4 in. 35.2 0.251 89
2014-T6 Up to 4 in. 61.4 0.410 50

2018-T61 Upt04in. 48.0 0.400 77
2218-T61 Up to 4 in. 48.0 0.400 77
22I8-Tn Upt04in. 33.9 0.237 91

3003-0 All 5.4 0.015 222
3003-F All 5.4 0.015 222
4032-'T6 Up to 4 in. 50.6 0.433 75

606I-T6 Up to 4 in. 38.3 0.202 63

6151-T6 Up to 4 in. 40.6 0.220 61

7075-T6 Up to 3 in. 73.3 0.535 46
7079-T6 Upt06in. 12.1 0.522 46
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TABLE 2-3

Constants for Straight Line Equation (Cont'd.)

Drawn Tube

Alloy and Temper Wall N(ksi) M(ksi) (~)Thickness, In. P cr

2024-0 All 8.7 0.030 165
2024-T3 0.018-0.500 50.6 0.433 75

3003-0 All 5.4 0.015 222
3003-H12 All 12.2 0.051 148
3003 -H 14 All 16.8 0.082 124
3003-H16 All 22.8 O. 131 112
3003-H18 All 26.5 0.164 103

Alclad 3003-0 0.014-0.500 5.4 0.015 222
Alclad 3003-H12 0.014-0.500 12.2 0.051 148
Alclad 3003-H14 0.014-0.500 16.8 0.082 124
Alclad 3003-H16 0.014-0.500 22.8 0.131 112
Alclad 3003-H18 0.014-0.500 26.5 0.164 103

5050-0 All 6.5 0.019 185
5050-H34 All 20.4 O. III 121
5050-H38 All 25.3 O. 153 106

5052-0 All II. 0 0.043 149
5052-H34 All 26.5 0.164 103
5052-H38 All 33.9 0.237 91

6061-0 All 5.4 0.015 222
6061-T4 0.025-0.500 18.0 0.092 128
6061-T6 0.025-0.500 38.3 0.202 63

6062-0 All 5.4 0.015 222
6062-T4 0.025-0.500 18.0 0.092 128
6062-T6 0.025-0.500 38.3 0.202 63

6063-T83 All 32.6 0.159 69
6063-T831 All 27.0 0.120 75
6063-T83Z All 38.3 0.202 63
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TABLE 2-3

Constants for Straight Line Equation (Cont'd. )

Extruded Tube

A [loy and Tempe r Wall (L 1

Thickness. In.
N(ksi) M(ksi) P-t

2014-0 All 9.9 0.037

16~2014-T4 0.125-0.499 30.2 0.200 100
2014-T4 0.500 and over 35.2 0.251 89
2014-T6 0.125-0.499 61. 4 0.410 50
2014-T6 0.500-0.749 67.3 0.471 48
2014-T6 0.750 and over-

Area 25 sq in. max. 69·7 0.496 47
Area 25 to 32 sq in. 67.3 I 0.471 48

2024-0 All 9.9 0.037 160
2024-T4 0.499 and less 41.1 0.275 67
2024-T4 0.500-1.499 50.9 0.379 60
2024-T4 1.500 and over-

Area 25 sq in. max. 53.4 0.407 59

1
Area 25 to 32 sq in. 50.9 0.379 60

3003 -0 All 5.4 0.015 222
3003··F Ail 5.4 0.015 222

5154-0 All 12.2 0.051 148

6061-0 All 5.4 0.015 222
6061-T4 All 15.7 0.074 128
6061-T6 All 38.3 0.202 63

6062-0 All 5.4 0.015 222
6062-T4 All 15.7 0.074 128
6062-T6 All 38.3 0.202 63

6063-T42 UptoO.500 11. 0 0.043 149
6063-T5 Up to 0.500 17.5

I
0.076 103

6063-T6 Up to 0.500 28.0 O. 155 81

7075-0 All 13.3 0.058 142
7075-T6 Up to 0.249 79.3 0.602 44
7075-T6 0.250-2.999 81.7 0.629 43

7178-T6 Up to 0.249 86.5 0.686 42
7178-T6 0.250-2.999 88·9 0.714 42
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TABLE 2-3

Constants for Straight Line Equation (Cont'd.)

Pipe

--..-------.-----..-------.- ,-------.-.---- --···---l·-------·- ·--··-·----T--·-
Alloy and Temper Sjoc" or 'N(ksil I(~)

Thickness, In. M(ksil \ p
(0 r

~--- ._-_._----- -_.__.._---_._-_.--_.- ----_ _-- -----_ _.

3003-0 1\11 '0.4 O.(l\~ 222
3003-H112 lin.andovE'r 6.5 O.OI'! 185
3003-1118 Under 1 in. si'.e 2().S 0 164 103

I
3003-1" I in. and over S.4 0.015 222

-----.----------.-t-----.---.------------ .. - ---.---------.-- - --.-.-..-..... - ----.--

60:)I-T6
60(,1 - T6

Under 1 in. 5'iz('
lin. i111d ovpr

18.\

\8.3
0.202
0.202

-----._------------- _ .._-_._----------- ---_.- _._----_.._- --._-_._--- '-'

(,063-'I5 All 17.5 0.076 103
(,063-T6 All 28.0 0 155 81

_f)0_('_3-_1_'8~~ '---- . A_I_I__. . ~~ _3__J__~~~__._~ ~;:

Sand CCls1ings

--i\l-I-OY-a-n~~·:~I~;:-r---·-~--·~~(-kneSS,l~------ N~:-T . M<k"il 1(~)-
( r

1---------_·_--_·_-+--_._--------- .__ __

43-1" 7.6 0.025 186
122-T61 35.2 0.251 89

142-T21
142-T571
142-T77

195-1'4
195- 'If,

195-T62
19S-T7

214- F

1"1214-1"
1"214-1"

220-T4

319-1"
319-T6

---

15,7 0.074 128
35.2 0.251 89
18.0 0.092 128

The values to the right
15.7 0.074 128are based on tests of

standard spec:irncns in - 24.0 O. 141 107

diviclClal1y cast. 33.9 0.237 91
19.2 0.10 I 120

--
11.0 0.043 149
12.2 O.OSI 148
11.0 0.043 149

15.9 0.076 131
II. 5 0.047 163
14.4 0.065 134
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TABLE 2-3

Constants for Straight Line Equation (Cont1d. )

Sand Castings (Cont'd.)

Alloy and Temper Thickness, In. N(ksi) M(ksi) (~)
P cr

355-T51 12.2 0.051 148
355-T6 14.4 0.065 134
355-T61 23.4 0.136. 109
355-T7 24.2 0.143 107
355-T71 15.9 0.076 131

The value s to the right
356-T51 are based on tests of 11. 5 0.047 163
356-T6 standard specimens in- 13.7 0.061 144
356-T7 dividually cast. 18.8 0.098 123
356-T71 13.0 0.056 143

A612-F 14.4 0.065 134

Permanent Mo Id Castings

Alloy and Temper Thickness, In. N(ksi) M(ksi\ ( L'pt
43-F 7.6 0.025 186
C113-F 24.0 0.141 107

122-T551 37.7 0.278 86
122-T65 35.2 0.251 89

F132-T5 - -- - - - - --

The value s to the right

142-T571
are based on tests of

33.9 0.237 91
142-T61

standard specin1ens in-
44.1 0.352 80

dividually cast.

B195-T4 16.8 0.082 124
B195-T6 25.3 0.153 106
B195-T7 18.0 0.092 128

A214-F 14.5 0.066 135
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TABLE 2-3

Constants for Straight Line Equation (Cont'd. )

Permanent Mold Castings {Cont'd.}

Alloy and Temper Thickness, In. N(ksi) M(ksi) (~)
P cr

333-F 18.0 0.092 128
333-T5 25.3 O. 153 106
333- T6 29.0 0.188 100
333-T7 26.5 O. 164 103

355-T51 The value s to the right 25.3 O. 153 106
355-T6 are based On tests of 26.5 0.164 103
3S5-T62 standard specimens in- 44.1 0.352 80
355-T7 dividually cast. 31.4 0.212 98
355-T71 - 31.4 0.212 98
C355-T61@) 35.2 0.251 89

356 - T6 25.3 O. 153 106
356-T7 24.0 0.141 107
A356-T61@ 31.4 0.212 98
C612-F 15.7 0.074 128
750-T5 8.7 0.030 165
B750-T5 - _. --- - --

Q) Area up thru 20 sq in.

@ Area 20 thru 32 sq in.

''3',-" Area up thru 30 sq in.

®The values shown for this alloy are valid for
any location in the casting.
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2.3.1.11.6 SaITlple ProbleITl - Use of Straight Line Equation for
Concentrically Loaded Short ColuITlns

Given: The concentrically loaded rectangular bar shown
in Figure 2- 52.

p ~~ f=t=====o.5 lZ =====) ~04
6061- T4 Aluminum Alloy Extruded

Ra.r, Width = 1.0 in.

p

Figure 2_ 52. Concentrically Loaded Short Column

Find: The critical load, Per'

Solution: Since the coluITln is made of aluITlinuITl alloy, a
straight-line equation should be accurate if the column is
short. FroITl Section 2.3. 1. 4, C = 4 for columns having
both ends fixed. Since C = (L/L 'It:, L' = L/2. The radius
of gyration,

Thus,

p= A

fh2
p =v'12

6
. 144

= jbh
3

I bh
12

41. 6

= 0.144.

FroITl Table 2-3, we find that (L' I p )er = 128 for this material.
Since L' I p is less than this critical value, a straight line
equation ITlay be applied. Substituting the values of Nand M,
given for 6061-T4 extruded bars in Table 2-3, into Equation
(2-11), we obta.in
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Thus,

or

P or

A
= FOOl = [15.7 - .074(41. 6)] Ksi

2.3.1.11.7

Per - 12. 55A = 12. 55 (. 5) = 6. 2 7 kip

Per = 6,270 lb.

Critical Effecti ve Slendernes s Ratio

So far, long columns and concentrically loaded short colurnns
have been discussed. It has been mentioned that a long column is one for

which the Euler equation holds in the concentrically loaded case. This equa­
tion holds for columns having an effective slenderness ratio greater than a
value called the critical effective slenderness ratio of the column. In some
cases, this cr'itical effective slenderness ratio need not be deterrr1ined. For

example, the tangent moduhls equation, reduced modulus equation, or plotted
data may be applied to either long or short columns. In other cases, this

ratio must be known in order to decide which of two equations is to be applied
to a colurnn. A critical effective slenderness ratio must be found if the
Johnson-Euler or a straight line equation is to be used.

The critical effective slenderness ratio is, In general, a func­
tion of the column material. If the Johnson-Euler forrnula is to be used, we
obtain

r~
\j Fcc

(2 - 12)

as our critical effective slenderness ratio. If a straight line formula is to
be used, the critical slenderness ratio is the slenderness ratio for which
the Euler curve and the straight line either intersect or are tangent. A gen­
eral formula is not given here since the critical effective slenderness ratio
for each straight-line equation whose parameters are given in Table 2- 3 is ~

also gi ven there.

In general, a steel column having a critical effective slender­
ness ratio of greater than 120 or an aluminum column having one of greater
than 220 niay be immediately treated as a long column. Columns having
lower effective slenderness ratios ill.USt be checked by Equation (2-12) or

Table 2- 3 or treated by a method applicable to both long and short columns.

If Equation (2-12) is used, Fee may be assumed to be approximately equal

to Fey for a rough estimate of L' / o.
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2.3.1.11.8 Bending Failure of Eccentrically Loaded Short Columns

The column formulas in the previous section do not apply if
a column is eccentrically loaded or if initial imperfections are large enough
to have the effect of an appreciable initial eccentricity. In such cases, either
another formula must be used or adjustments must be made to existi ng equations.

The secant formula that was given in Section 2. 3.1. 7
be applied to short columns if its parameters are chosen correctly.
equation is given again below for convenient reference.

may also
This

(2-13 )

F col

ec
1 +

= ---------;:::====-­
I

sec [~ \!(FS)PaJ
20 V AE

(FS)P..

A

F COI is the maximum fiber stress at failure as before. Different references
suggest various ways of choosing F col . Reasonable results may be obtained
for very short columns if F ccl is assumed to be equal to the compressive yield
point for steel or the compressive yield stress for light alloys. In the case of
intermediate length columns, FecI should be taken to be the stress obtained
from one of the formulas for a concentrically loaded short column. If the for­
mula used for this purpose is the tangent modulus equation, E should be re­
placed by E

t
in the secant equation. The secant equation must either be

solved by trial and error or through use of a chart such as that shown in
Figure 2- 53.

Unfortunately, the secant formula is inconvenient for computa~

tion. A simpler approach may be used if the column deflection is small com­
pared to the eccentricity of loading. This assumption is true for very short
columns and to a lesser extent for intermediate length columns.

Using the previously mentioned assumption, the basic design
equation for an eccentrically loaded short column becomes

F col P
=

FS A
(2- ±-4) •

Here FeCI is the maximum column stress as computed from one of the equa­
tions for a short concentrically loaded column.

A more refined design equation based on the assumption of a
small column deflection relative to the eccentricity of loading is

=
P

+
A F"cOl IFb

(2-15)
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where F ..col is the working concentrically loaded column stress and F b is the
working compressive stress in bending.

In conclusion, the secant formula is theoretically more correct
and yields better results for eccentrically loaded short columns. However,
due to the difficulty of applying this formula, Equation (2-14) or (2-15) may at
times be applied, especially for shorter columns.

F coi
\FS)P a

A \ 1
ec
2 sec

L

i4i 3121 1iO98765432

. 0Or---r'--"T---,r--....--.....--~---r--r---........--r----r---,.-----r--.....

L' j<FS)Pa
AE

Figure 2- 53. Graphical Presentation of the Secant Column ForITlula
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2.3.1.11.9 Sample Problem - Eccentrically Loaded Short Column
in Bending

Extrtlsion

e := O. I in

round column shown inGiven:
Figure

The eccentrically loaded
2- 54.

AI-12

It:'_
P a ----~..~t:====~L::===========~------P a

1 in. diameter

6061-T4 Aluminlll11 Allc

Eccentricity of Loading,

Figure 2- 54. Column Loading Used for Illustration of Secant­
Modulus Equations

Fi nd: The allowable load, P a' if a facto r of s af ety of 1. 3
is used. Use (a) the secant modulus equation, and (b)
Equation (2-14).

Solution: (a) The secant modulus equation ITlay be written as

(FS) P a
----- :=

A

F eol

1 + ec sec I~
02 L 2p

-,--~--_.~-

j(FS)Pal
\! J
'i AE

Since the column is made of aluminum alloy, the straight-line
colUJ.TIn Equation (2-11) ITlay be used to find F eol if it is short.
From Table 2-3, find that B, D, and (L'/o)er for this material
are 15,700 Ib, 15lb, and 128 respectively. Thus,

F col := 15,700-15(~')

;:nnce the column is pin ended, L' := L := 12 in. For a circular
section, 0 := D/4 := 0.25. Inserting these values into the above
equation gives Fool := 14,980 psi. Since L" /p is equal to 48
and (L' I 0 )or is equal to 128, the assumption of a short column
is valid. All of the parameters for the secant formula are now
known exceot P. Inserting these values in the secant modulus• a
equatio n gi ve s

:=------------------------

1 + . 1(. 5)

(.25)2
sec

14, 980 r__· r-:3_p:_- l
V n~)2 (lOx 106 ) J
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Simplifying this gives

9,090
P a = --------------

1 + .8 sec [0.00975 Jl:'5':.]

Try P a = 5,000 lb. Substituting this value, we find that it

solves this equation. Thus, Po. = 5, 000. If our original guess
was incorrect, other values of Po. would have to be tried until
a value was found that solved the equation.

(b) Inserting the equation for F col from part (a) into
Equation (2-14) gives

15, 700 - 15 (L' I p) = P
FS A

or

15,700 - 15 (12/0.25)

1.3
P ,= ----r

n/4
pta. 1 )(0. 5)

n/64

Solving this for P gives Pc!, = 6,540 lb. Notice that
although this procedure eliminates the trial and error

methods used with the secant equation, it yields less con­
servative results.

2. 3. 1. 12 Torsional Failure of Simple Columns

The previous sections discussed the failure of long and short col­
umns by bending. It was assumed throughout this treatment that the sections

of the colum.n are translated but not rotated as it fails. :However, primary

failure may occur at loads lower than those predicted in the section on bend­
ing failure if the sections should rotate as well as translate as shown in Fig­
ure 2- 55.

Figure 2- 55. Section Subject to Translation and Rotation
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In general, columns whose cross sections have a low torsional
rigidity, GJ, must be examined for torsional instability. Columns having
closed sections or solid ones, such as round or square sections, have such
a high torsional rigidity that there is little possibility of them failing by tor­
sional instability. However, torsional instability must be considered in the
case of columns composed of thin sections. Failure by twisting is unlikely
for flanged columns whose cross sections are symmetrical about a point such
as 1, H, and Z sections. Twisting-type failures are most apt to occur in the
case of torsionally weak sections that are unsymmetrical or have only one
axis symmetry such as angles, tees, and thin-walled channels.

The basic equation for a column that fails by a combination of bend­
ing and twisting gives the critical stress as

F col = + (2-16 )

In this case, CST is a sectional property defined below and the parameters
are defined as usual.

The torsion bending constant is dependent upon the axis of rotation

and defi ned as

where

.~ ~2
[i Vi dA~

')A
(2-17)

w (2-18)

The parameters used above are shown on an arbitrary cross sec­
tion in Figure 2- 56. Values of the torsional bending constant are given in
graphical form for various cross sections in Figures 2-57 through 2-60.
The torsion constant, J, may be obtained in Figures 2-61 for bulb angles or
from the following equation for formed sections:

(2-19)

Here, s is the developed length of the median line.
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Figure 2-56. Parameters Used to Define the Torsion Bending Constant

If a column is not attached to a sheet, the twisting failure is by
rotation of sections about shear center of cross section. In this case, Ip

and CST are taken about this shear center. If the column is attached to a
sheet, sections may be assumed to rotate about a point in the plane of the
sheet. This procedure gives rough results but unfortunately little specific
information is available on this subject. In general, columns are stronger
when they are used as stiffeners than when they stand free. However, a
column having an unsymmetrical cross section may be weaker when it is
attached to a sheet.
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2. 3. 1. 13 Sample Problem - Tor sional Failure of Simple Columns

Given: A column with cross section and material properties
as shown in Figure 2- 62.

G:03.85xI0 6

E = 10 x 10 6 psi

L' = 100
t---t= .1

3

_______I ~.----. x

~15~
Figure 2-62. Cross Section of Column Used for Illustration of

Torsional Failure

Find: F col for failure by a combination of bending and
twisting.

Solution: Since t is small, the shear center may be assumed
to be at the corner of the angle.

The polar moment of inertia about the shear center is given by

or

{[1.5(.1)3 J+
l. 12

From Equatio n (2 -19)

J =

From Figure 2-57,

[
(.1)(3)3

12

3
= 4.5 (0.1)

3

+ (. ')(3)(i.5)2 ]}=

-31.5xl0

= (0.1/(27 + 3.48) =
36

2 - 81

6 -4
8.4 x 10



Inserting these values into Equation (2-16) gives

= (3. 85x 106 )(1. 5x 10-
3

) + (8. 46x 10-4}r1 (lOx 10 6 )

0.9 (0.9)(104 )

Thus, F col = 6,419 psi.

2.3.2 Introduction to Crippling Failure of Colum.ns

In the previous sections, the prim.ary failure of sim.ple columns
was considered. However, if a colum.n has thin sections, it may fail at a
load wen below the critical load predicted for prim.ary failure. Thus, a

column must, in general, be checked for both prim.ary failure and crippling.
Primary failure m.ay be assum.ed to be independent of crippling effects, in
which case, a failure curve such as that shown in Figure 2-63 m.ay be used.
The right-hand portion of the curve describes the stress required for primary
failure of the colum.n at various effective slenderness ratios. This curve is
cut off at the crippling stress level by the flat portion to the left.

,,
'" '"

I
Fcc

L' /p

Figure 2-63. Failure Curve Based on the Assumption of No

Interaction Between Prim.ary Failure and CrippliQ{;

If the interaction between crippling and prim.ary failure is to be
taken into account, the constant F co in the Johnson-Euler equation may be set

equal to the crippling stress Fcc. Although this procedure is more correct,
it also introduces added com.plications, and only works for colum.ns having a
crippling stres s less than the primary failure stress as L; /0 appro ache s zero.
Figures 2-64 and 2-65 show sets of Johnson-Euler curves for various materials.
The curve used in a given case is the one that intercepts the ordinate at the
value of F for that column.cc
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ALUMINUM ALLOYS

Euler Formula

Johnson Formula

Johnson-Euler Formulas
For Aluminum Columns

, L ,2
2· )

F cc \PJC
4 n

2
E

C :: re straint coefficient
E:: 10.3 x 10 6 psi

2
2 pIC')F ::nEI--

col \ L

Where:

F col :: Fcc -

7')

80

(fJ 60
;,::;

(fJ

(fJ

Q)
l-;....

50(f)

c
E.....
0

U
Q) -to-.D
ro
~
0............

<t::

30

0
u
~

20

10 t-----+----t-----t-----t---.......::~_=__t

20 40 60 80 1,"l

L'lo L/plC

Figure 2-64a. Johnson-Euler Column Curve
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MAGNESIUM ALLOYS

L ,z

\p /C )
(Fc c>2

2
4n E

coefficient of restraint
modulus of elasticity
6. S x 106

C
E

Where:

F ca

50

60

lfJ

~

lfJ 40lfJ
QJ
....

rr 2 E...,
(J) F col
c L 2
>:::

\o/E ):l
-<
0 30U
QJ

-<
.D
ro
:::
0

-<
-<

20«:

-<
0
u

I:..<

10

o ....-----'-----I-----....---....I-----'----~o 20 40 60 80 100 120 -

L'/p L!:JI"<':

Figure 2 - 64b . Johns on- Euler Column Curve
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STEELS

Steel Columns

Johnson Formula

1) j80

n
2 E

L,2

\.~/C )

L 2
2 -)F cc \plC:

restraint coeffic ient
29, 000, 000

Eule r Formula

Applies to Corrosion
and Non-Corrosion
Resisting Steels

60

F col

Fcc -F col

20

t-__:::----4........~4rt_4 \1,' he r e C
E

\(,0

60

-lO

l-lO

200

120

10:)

:::
E

L' /p L/p/C

Figure 2-65a. Johnson-Euler Column Curve
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12')180

2
( L .

" pIC )

dO

C = restraint coefficient

E = n10dulus of elasticity=
15. 5 x 10 6

F col = Fcc

Where:

20 6J

L'/c, = L/~ /C

Figure 2-65b. Johnson-Euler Column Curve

Comme rcially Pure Titanium

o
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20

30
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n Z E

L
2
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70

60

(J)

(J)

::J
H
+-'
(f)

c
E

2. 3.2. 1 Crippling Stress of Round Tubes

Steel tubes for which the diameter-to-wall thickness ratio is les.,s

than 50 need not be checked for crippling. This gives us some general idea
of the thinness required if a tube is to fail by crippling rather than by primary

instability. A theoretically correct formula for the crippling stress of a

tube is

.Fcc
Et

r (2-20)

where r is the mean radius and IJ. = Poisson's ratio. If \-..l is taken to be 0.3, as

is the case for steel and aluminum alloys, we obtain
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F = 605 Et
cc· r (2- 21)

This equation, however, is extremely unconservative for small values of
tlr and should only be used for approximations in the early stagys of design.

More conservative and accurate empirical met"b.ods are available
for the treatment of tubular columns. If Llr is less than S. 75, use the
equation

= F ce = (2-22)

where the critical stress coefficient, K, is given in Figure 2-66.

ReCOD1­

mended

fo r
design

___ --Simply Supported Edges

---- Clamped Edge s

2
1010

10

10 2r------+-----t+-~7hr_t-----+-----_;

10 3 .------+------+-----hiI''--_4t.,,1gL~~~-_i

10 4 ------.....-----.....----.......-----.........,.~--...,

K

z =

Figure 2-66. Critical Stress Coefficients for Thin-Walled Short Circular
Cylinders Subjected to Axial Compres sian

If Llr is greater than 0.75, use the equation

A
= CE t

r
(2-23)

where C is given in Figure 2-67.
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.24

.20

. 16

C .12

.08

,
~
~

"'"'""'"~
"'"-. .......

~~

.04

o
o 400 800 1200 1600

r It

2000 2400 2800 3200

Figure 2-67. Coefficient for Computing Critical Axial Compressive
Stresses of Indeterminate Length and Long Cylinders

2.3.2.2 Sample Problem - Crippling Stress of Round Tubes

Given: The tubular aluminum column shown in Figure 2-68.

t:;: .02

E:;: 10 x 106 psi

iJ.:;: .3

Figure 2-68. Cross Section of Column Used for Illustration of
Crippling Failure of Round Tube

Find: The crippling stres s if

(a) L

(b) L =
5 in.
60 in.
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Solution: (a) In this case, Llr < 0.75 so we may use Equation (2-22)

z
')

L~

rt
= 119. 5

r 10
t = .02 500

From Figure 2-66, K = 11. Substituting this value into Equation

(2-22), we find that

2 (11 ) ;! 2 (l 0 )

(5)2 (.02)
= 4,350 psi

(b) If L = 60 in., Llr > O. 75 so that Equation (2-23) may

be used

r

t
500

2.3.2. 3

From Figure 2-67, C = 0.22. Substituting this value into

Equation (2-23), we obtain

F • = O. 22 ~ = 0.22 (lOx 10
6

)(0. 02) = 4,400 psi
c~ l' 10

If the theoretically correct formula, Equation (2-20), is used for
either of these two columns,

Fee = 0.605 Et = 12,100 psi
r

This value may be seen to be much greater than those obtained

from the more accurate empirical formulas.

Crippling Stress of Outstanding Flanges

•
Two idealized cases of edge restraint of long flanges are shown

in Figure 2-69. In case (a), the flange is fixed along its edge and the equa­
tion for its crippling stress is

1.09E=----

1- u 2
(_t )2
" b

(2-24)
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The flange shown in (b) is hinged along its edge and the equation for its crip­
pling stress is

A column flange is neither rigidly fixed nor hinged along it" edge so its crip­
pling stress lies between those given by Equations (2-24) and (2-25), the latter
giving more conservative results.

t I'
I 1
;1

b

Hinged JAlong
Edge

(a) (b)

Figure 2-69. Idealized Edge Constraints of Long Flanges

2.3.2.4 Crippling Stress of Angle Elements and Con~El ..~hapes

The basic design equations for the crippling stress and load of the
angle section shown in Figure 2-70 are

~ C e..1- co =
/ FCyE (~t. 75

\ t
and

P ce = COl
J-F~yE-

A

(~ ')0. 75

(2-26 )

(2- 27)

Here b 'is equal to (h+b)/2 as seen in Figure 2-69 and C. is a constant dependent
upon the fixity of the edges, as shown to the right of Figure 2.-70.
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h,b

:2

.342 (one edge free)

.366 (no edge free)

b'r 3t

h

T=i I

b

Figure 2-70. Angle Section

The area of this angle is given by

A =
/ b' .

L \ -t ) (2-28)

Nondimensional plots of Equations (2-26) and (2-27) a:-e shown in Figures

2-71 and 2-72, respectively. These plots may be used to facilitate the
solution of angle problems. It must be noted that Equations (2-26) and
(2-27) ha'1e no significance when Foe is greater than F OY ' These cutoffs
are shown for two alloys in the following figures.
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Fcc

JFcyE

0.09

008

0.07

0.06

005

0.04

0.03

002

0.0 1

I I
75S-T6 Clad

24S - T 3

~
~ No Edge Free

~
f---'

~
V-- 0ne Edge Free

r\:: ~, ______Two Edge s Free

~
-

~~
-...:::::::-~-- r---:: -

o
o lO 20 30 40

b b th

t 2t

50 60 70 80

Figure 2-71. Dimensionless Crippling Stress of Angles vs. b' It
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1.4

0.4
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1.81----...----+---+-----.,..q~.--...."A=:----.J--.,.....q.--~

0.2

2.0 --------,------....--......---..--......"""--

0.6

1. 2 120
P ce

2 ;;::::;
t F eyE

1.0 _l 100

Fey (245- T3)
A

Fey (755-T6) -...,
'-

t
0.8 80

D h th
2l

Figure 2-72. Dimensionless Crippling Load of Angle vs. b'/t

Many complex sections, such as those shown in Figure 2- 73, may

be treated by considering them to be composed of a number of angles. The

crippling stress of these sections may be found by the following procedure:
First, break the section up into a number of angles. Secondly, find the
crippling load and area of each of the angles. Finally, find F oo for the entire

section from the following equation:
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I: Crippling Load of Angles

E Area of Angles
(2-29)

1.228

Figure 2- 73. Examples of Complex Sections

This procedure is illustrated in the following example.

2.3.2.5 Sample Problem - Crippling Stress of a Complex Shape

Given: Column with the cross sectional shape shown in Figure
2-74. It is composed of an aluminum alloy for whi.ch E = 10 7 psi

and F
CY

= 50 hps.

Lf
·863

---1. 431

lj;;==*,=~---r-------r-

.425 CD 10

1
2.457

---i~--.0255

Figure 2-74. Cross Section of Column Used for Illustration of

Crippling Failure of Complex Shape
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Find: The crippling stres s Fcc'

Solution: This section may be broken into three angle sections
as shown by the broken lines above. The calculation of the
crippling load and area of each angle section is summarized

in the table below:

A

2
1

64. () t .

) !
83.9 t ~ I
~_J

Q

----t ,
~ ; 32. S t':"

[)

Edge b+h P cc
Pcc

A
Section 10 h

Condition 2t t 2 {FcyE t 2

I 0.425 0.431 One Edge Free 16.8 1.33 1.33t 2 jFcy E 32.
.

2 0.431 1.228!NO Edge Free 32.61 1.72 1.72 t
2 .jFeyE 64.

I
3 0.936 1.228 lane Edge F rec 42.5 I 1.72 ! 1 . 72 t

2 J Fe yE 8l.

I ; I

The values of band h in this table are as shown in Figure 2- 70.
The values of Pee and A may either be found from Equations
(2-27) and (2-28) or from Figure 2-72 which shows these equa­
tions in graphical form. The crippling stress may now be found
from Equation (2-29) to be

F
OQ

=
(1. 33 + 1. 72 + 1. 72)t2~

(32.5+ 64.0 + 83. 9)t2
= 0.0264/F"yE

Substituting the material properties into the above equation gives

32,400 psi

2.3.2.6 Crippling Stress of I Beams

Figure 2- 75 shows an I section.

h

Figure 2- 75. I Section

2 - 95



The crippling stress of a coluITln of this shape is given by

(2- 30)

where k w IS given in Figure Z- 76.

1.21.0

5

7 Web Buckles First

6 Flange Buckles First

4

kw

3

t w Itf

2

.6

.7

.8

.9

Figure 2-76. kif for Equation (2-30)
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2. 4 Complex Columns

The material in previous sections treated colurnns that have uniform
cross sections and may be considered to be one piece. This section treats
of stepped and tapered columns whose cross section varies as well as of

latticed columns whose action varies from that of one-piece columns.

2.4. 1 Stepped and Tapered Columns

Columns of variable croSS section can be solved by numerical pro­
cedures. However, charts are available that vastly simplify the solution of
stepped and tapered columns.

These charts are shown in Figures 2-78 through 2-81. The use of
these charts in finding 3. critical load is self-explanatory except for the fact
that the tangent modulus of elasticity, E" must be used in place of E if the
section is stressed beyond the proportional limit. Also, the coefficients of
constraint that were discussed in Section 2. 3. 1. 4 no longer hold for stepped
or tapered columns. The columns shown in the charts have pinned ends.

2.4.2 Sample Problem - Stepped Column

Given: The concentrically loaded pin ended, stepped column

shown in Figure 2-77.

40

~I8 I
24 I

P .. ' j ,-

Ai .4 A2= .5

II .25 12 = .5

p

Figure 2- 77. Column Loading Used for Illustration of Effect of

Stepped Columns

Find: The critical load P cr '

Solution: Assume p.
r

11,600 lb. Thus, F C01l and F co12 are

equal to 11,600/0.4 psi and 11,600/0.5 psi, respectively.

Equation (2-6) gives E. as

E

n-l+ 3/7 nCT
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1 +

Since 0" = £c/£l where £ is the compressive stress which, in this
case, is F co !'

E
t

= --:E=- _

(
F n-l

3/7 n'T)
1

Inserting values of £1 and n from Figure 2-46 into this equation
gives

6
10.7x 10

F )91 + 42. 9 ( col

\37000

Inserting the values of F 1 and F , into this equation givesco 1 cO-2

E, = 1. 86 x 106 psi
·1

and

E t2 -- 6.55 x 106 psi

Thus

1. 86 x 10
6

(0.25)
=

6.55 x 10 6 (0.50)
= 0.142

From Figure 2-78, Per/Pe = 0.57 where

P e =

Thus,

P = p
C!" e

= 0.57 TT
2 (6. 55x 106 )(0.5)

(40)2

or P cr = 11,600 psi. The original guess is thus correct. If it
were not, other values would have to be tried until the cor rect
value was found.
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Figure 2- 79. Critical Loads for Unsymmetrical Stepped Columns
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2.4.3 Latticed Columns

Although it is customary to assume that a latticed column acts as
a single unit and develops the full strength of the section, a column is actually
less stiff if the buckling occurs in a plane normal to that of the lacing. This
fact is unimportant if a column is designed so that buckling occurs in a plane
normal to that of the lacing, but it must be taken into account for columns

that are laced on all sides.

In order to take the effect of lacing into account, a reduced modulus
of elasticity, KE, may be used in place of E in the equations for simple columns.
Equations giving K as a function of column parameters are given in Figure 2-82
for various lattice configurations.

In designing latticed columns, care must also be taken to insure
that buckling of the individual members does not occur between points of attach­
menL In general, the slenderness ratio of a longitudinal member between

points of attachment should be less than 40 or two-thirds of the slenderness
ratio of the column as a whole, whichever is lower.
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Culurnn Configuration

K

K

I + 4. 93 1=c-__

ALZc~52esin8

AZ

x

K

K

I +
4.93 1 + 4.931

AzLZtane

CD

2

Z: 1 I )

CD0

CD 1

L

0 1I

moment of inertia of entire column with respl-cl to axis

of bending

length of entire column

moment of inertia of a channel section about a central axis

parallel to the yaxis

moment of inertia of a vertical batten plate section about a
central axis parallel to the x axis

Figure 2-82. Values of K for Various Lattice Configurations
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3. BAR ANALYSIS

3. 1 Introduction to Bar Analysis

Bars are thin structural members. This chapter gives procedures for
determining the resistance to yielding of bars under static 10 cids as well as
their resistance to fatigue failure under varying loads. Tensile loading of
bars is considered in detail, and information applicable to the compressive,
bending, and torsional loading of bars appearing in other chapters is ref­
erenced in this chapter.

3.2 Nomenclature for Bar Analysis

A
f t

f ta

ftm

Fty

f se

K

K.
Kt
n

. 1 . 2cross-sectlona area, In.
= tensile stress, psi

alternating stres s, psi
= mean stress, psi
= "lield stress in tension,

endurance limit in torsion
= stres s concentration factor
= effective stress concentration factor

theoretical stress concentration factor
= factor of safety
== load, lbs

alternating load, lbs
= mean load, Ibs
= notch sensitivity factor

3. 3 Static T ensile Loading of Bar s

The basic formula for stress In a member of cross-sectional area A
under a static tensile load P is

it = P
A

(3-1 )

This equation, however, is somewhat limited. In order for it to be valid,
the member must be centrally loaded, the section at which CJ occurs must
be well removed from the point of application of the load, and no stres s

raisers may be present near the section where CJ occurs.

Bars are normally designed so that tensile loads are applied cen­
trally. If this is not the case, they may be considered to be beams under
combined tensile and bending loads and treated with the material in
Chapter 1. Although the end portions of a bar are as critical as the cen­
tral ones, they are not considered here since information about them more
properly belongs in a treatment of connections, for example, the chapter on
lug analysis in this work. According to St. Venant 1 s principle, stress

3 - 1



patterns become regular at a distance from the point of application of a load.
In this case, the stresses become uniform at a distance from the point of
application of an axially applied tensile load. Stress raisers will be con­
sidered here and when they are present, Equation (3-1) no longer applies.

If a stress raiser is present in a bar loaded in tension,

(3-2)

where K is a stres s concentration factor. Equation (3 -2) indicates that the
stress at the discontinuity is K times the stress that would occur if no stress
raiser were present. The stress concentration factor may be determined
theoretically by the theory of elasticity, the photoelasticity method, etc.,
where it is designated as K t • These values are not normally accurate, how­
ever, and are not in general used directly as will be discussed later. The
following figures give values of the theoretical stress concentration factor
for various cross-section and discontinuity shapes.

The theoretical stress concentration factor may be quite high as can
be seen in the following pages; however, this value is usually in agreement
with experiment. To account for this discrepancy, an effective stress con­
centration factor K is defined to be the one that holds in the actual situa-

e
tion encountered. The notch sensitivity factor, q, is used to relate the two
and is defined by Equation (3-3):

q = (3 - 3)

The value of the notch s ensitivity facto r is a function of the material and the
size and shape of the discontinuity.

For ductile materials that are statically loaded to near their limit, the
yielding in the vicinity of the discontinuity may nearly eliminate stress con­
centration there, so that Kc is approximately equal to one and q is quite low.

Brittle homogeneous materials are not as capable of localized yielding,
so that K e is approximately equal to ~ and consequently q is approximate1y .
equal to one according to Equation (3-3). Cast iron of less than 45, with its
flakes of graphite, however, is effectively saturated with stress raisers, so
that the addition of another discontinuity seems to have little effect on its
fatigue strength. Thus q is approximately equal to zero for cast iron.

The design equation for a bar under a static tensile load P that is not
to be subjected to large- $cale yielding is thus

F ty = K c ( ~ )

3 - 2
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For a ductile or cast iron bar, K" ITlay be assuITled to be equal to unity and
A is the reduced area at the section where the discontinuity occurs. For a
bar of brittle hOITlogeneous ITlaterial, K" ITlay be assuITled to be equal to K t

and A is either the cross-sectional area of the bar without the discontinuity
or the reduced area at the cross section where the discontinuity occurs.
Which of these areas is to be used is shown in a forITlula under each chart
of K t in Figures 3 -1 through 3 -12.
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Figure 3-1. Stepped Round Bar with Radial Fillet
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The previously described procedure yields conservative results for
brittle homogeneous materials and the opposite for cast iron and ductile
materials. If a low margin of safety is desired for ductile materials and
cast iron, a value of q equal to 0.2 is ~sually sufficient to account for the
effects of stress raisers.

The previously discussed material on bars in static ter.sile loading
is summarized in Table 3-1.

TABLE 3-1

Design of Bars Under Static Tensile Load

i \

Design Equati-On F ty = K e (~)

Material Type Ke A

ductile 1.0 reduced area of cross section
at the discontinuity

homogeneous Kt as found in Fig- either reduced or total area of
brittle ures 3-lthru3-12 cross section as indicated by

formulas in Figures 3-1 thru 3-12.

cast iron 1.0 reduced area of cross section
at the discontinuity

3.4 Sample Problem- Bar Under Static Tensile Loads

Given: A circular bar is to be made of a homogeneous brittle material

for which F ty = 45, 000 psi. It is to support a static tensile load of
50, 000 lbs with a fact or of safety of 1. 5. It is to have a U -notch of
the section shown in Figure 3-13.

D

f
---11__ P

2"

'--------'__l

roo. 1"
P = 50, 000 lbs

P .....----

Figure 3-13. Bar with U -Notch under Static Tensile Load

3 - 15



Find: The diameter

Solution: Inserting the safety factor into Equation (3-4) gives

1.5

45000

1.5
P
A

= 30, 000

From Section 3.3, K e = Kt . Thus,

30,OOO=Kt pP:" .

Kt
Since P = 50, 000, .6 =-­

A
hFrom Figure 3-2, h = .2, r = . 1 thus, = 2.
r

and furthermore,

A= TT (D_.4)2

4

Thus,

4 K t
0.6 = -----

TT (D-. 4)2

Assume D = 1. 05. Thus,

h
D

= .2
1. 05

= . 190

From Figure 3-2, Kt 2. O. Substituting these values gives

4K~

TT(D_.4)2

4 (2.)

2TT (1.05 - .4)
= 0.6

Thus, D is equal to 1. 05 in. If the assumed value of D does not
satisfy the equation, other values must be tried until a value of
D satisfying this equation is found.

3.5 Cyclic Tensile Loading of Bars

The case to be considered now is that for which an alternating axial
load is applied to the bar. A diagram of this loading is shown in Figure 3-14.
The mean load is designated as Pm' and the alternating component is des­
ignated as p ...
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''----------------------- time

Figure 3-14. Cyclic Loading of Bar

For a brittle homogeneous material, a stress concentration factor
must be applied to both the alternating and the mean stress in equations
for failure under alternating loads since a static load is affected by stress
concentration. Thus, the Soderberg relation becomes

1 =
n

(3 - 5)

where Sm and So.
factor of safety.
the basic design

are equal to Pm/A and p •.IA, respectively,
In this cas e, K e may be taken to be equal

equation becomes

and n is the
to K t , so that

1
n

=
AF ty

+
Af

86

(3 -6)

where the A is either the reduced area at the discontinuity or the full area
of the bar as given in Figures 3-1 through 3-12.

For a ductile material, a stress concentration factor need only be
applied to the alternating stress in equations for failure since ductile
materials under static loading have an effective stres s concentration
factor of one. In view of this, the Soderberg relation becomes

1
n

= + (3-7).

where f tm and f ta are equal to Pm/Am and Pa/A.. , respectively, and n is the
factor of safety. Here, Am is the reduced area of the bar, and A a may be
either the reduced or the full area of the bar as given in Figures 3-1 through
3-12. Thus, the basic design equation for ductile rods under alternating
tensile loads is

1
n

= + (3 -8)
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where K e is equal to q (Kt - 1) + 1. Here, K t is the theoretical stress con­
centration factor as obtained from Figures 3-1 through 3-12, and q may be
obtained from Figure 3-15 for steel. For aluminum, magnesium and titanium
alloys, fatigue data is scattered to the extent that a value of one is suggested
for q.

h

1.0

0.9
0"

;..." 0.8
0....
'-' 0.7ro

w..
>- 0.6....
.~

>
.~....

0.5.~

til..
:.,

Ul 0.4
...c
u....
:) 0.3
Z

0.2

O. 1
o

~ tl-

I X ...-:-
Quenched and Tempered Steels

I /
I "--I I-- Annealed or Normalized Steels

/
/
I

0.020.040.060.080.100.120.140.160.18

Notch Radius r, Inches

Figure 3-15. Average Notch Sensitivity Curves. Applicable Particularly
to Normal Stresses; Used Also for Shear Stresses
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Since cast iron is insensitive to stress raisers, stress concentration
factors need not be applied in any forITlula governing alternating stresses.
Thus, the Soderberg equation ITlay be used in its basic forITl

1
n

= + (3-9)

where f tm and fta are equal to Pm / A and p .. / A, respectively, and A is the
reduced area of the rod. Thus, the design equation for cast iron bars
under an alternating tensile load becoITles

1
n

=
AF ty

+ (3 - 10)

The previous discussion of bars under alternati ng tensile loads is
sUITlITlarized in Table 3-2.

TABLE 3-2

Design of Bars Under Cyclic Tensile Load

Material Type Design Equation Explanation of TerITls

1
Pm K. Po.ductile - = + Am = reduced area of section

n Am F ty Aa f•• K e = q (K t 1) + 1 where q is-
obtained froITl Figure 3-15 for
steel or set equal to 1 for
aluminum, magnesium, and
.titaniuITl alloys, and where K t

is obtained from Figures 3-1
through 3-12. A. = reduced
or full area of section as given
in Figures 3 - 1 through 3 - 12.

.

1 K t Pm Kt p.
hOITlogeneous - = + Kt = theoretical stress concen-

brittle
n AF ty A f. o tration factor as obtained from

Figures 3-1 through 3-12. A =
reduced or full· area of section as
gi ven by Figures 3-1 through 3-12.

cast iron 1 =
.Pm

+
p •

A= reduced area of section.- AFtyn AF..
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P = 20, 000 lbs +
la, 000 sin wt. ibs

3.6 Sample Problem-Bar Under Cyclic Tensile Load

Given: A stepped circular bar with a fillet of .02 in. radius is to
support a cyclic tensile load that is given as P = 20, 000 lbs +
10, 000 sin wt. lbs. This bar, as shown in Figure 3-16, is made
of an annealed steel for which F ty = 45, 000 psi and f se = 35, 000 psi.
Use a factor of safety of 1. 5.

r = . 08"

i f
D P ....,.--- d

_!__'---~.-Jl-----J__t
---.- P = 20, 000 lbs +

L.l" 10,000sinwt.ibs

Figure 3-16. Bar Under Cyclic Tensile Load

Find: The diameter d.

Solution: From Section 3. 5, the basic design equation for a ductile
material is

1 =---- + (3 -11 )

Pm, P , and n are equal to 20, 000 lbs, la, 000 lbs. and 1.5,
a

respectively. By checking the explanation of terms in Section 3. 5
and checking the figure referred to there, we find that both As.

and Am are the reduced area nd2 / 4. This explanation of terms
also tells us that K e = q (K t - 1) + I, where q is gi yen by Figure
3-15. Consulting this figure, q = .89 and thus K e = . 89 (Kt - 1)+1.

The above values may now be substituted into the basic equation
to obtain

1
1. 5

20000
=-------

nd
2

(45000)---::r
+

[. 89 (Kt - 1) + 1] 100aa

nd
2

-4- (35000)

Simplifying this equation gi yes

0.66
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Try d = 1. 33. Since diD and rid are equal to .870 and. 0601,
respectively, K t = 1. 75 according to Figure 3-1. Substituting
this in the above equation gives 0.6 = 0.6. Thus the guess for
diameter is correct. If it were not, other diameters would
have to be chosen to see if one satisfies the equation.

3.7 Compressive Loading of Bars

Bars that are subjected to compressive loads may be considered to
be columns. The behavior of columns may be obtained by referring to

Chapter 2.

3. 8 Bending Loads on Bars

Bars that are subjected to bending loads may be considered to be
beams and treated with the material on beams in bending appearing in
Chapter 1.

3.9 Torsional Loading of Bars

Bars that sustain a torsional load may be studied by using the infor­
mation on beams in torsion in Chapter 1 or that on shafts in torsion in
Chapter 10.

3.10 Lacing Bars in Columns

The function of lacing bars in a column composed of channels or other
structural shapes connected by them is to resist transverse shear due to
bending. Although these lacing bars resist shear as a group, each indi­
vidual bar is loaded in either tension or compression if its ends may be
considered to be pinned. For example, the type of loading on each of the
lacing bars in Figure 3-17 is indicated by a "T" on that bar if it is in tension
or by a "C" if it is in compres sion.

p

Figure 3-17. Example of Lacing Bars
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These lacing bars may be studied by the information given early in this
chapter if they are in tension, or they may be considered as individual
columns and studied by the information given in Chapter 2 if they are in
compression. In addition to the strength of lacing bars as individual mem­
bers, their effect on overall column behavior must be considered. This
effect is treated in Chapter 2.
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4. TRUSSES

4. 1 Introduction to Trusses

A truss is a structure cOITlposed entirely of two-force ITleITlbers; that is,
the HleITlbers that have two equal and opposite forces applied at two points.
Thus, since the ITleITlbers do not exert- any torque on each other at the joints,
they are considered to be pin connected. However, welded and riveted joints
ITlay be considered to be pinned joints if the ITleITlber is so long cOITlpared with
its lateral diITlensions that the connection can exert little restraint against
rotation.

Section 4. 3 discusses statically deterITlinate trusses, and Section 4.4
treats statically indeterITlinate trusses.

4. 2 NOITlenclatur e for Trus s es

A = cross-sectional area of truss ITleITlber
E = ITlodulus of elasticity
L length of truss ITleITlber
P = force in truss ITleITlber
R = reaction force
u force in trus s ITleITlber due to a unit load
X = force in redundant ITleITlber of a truss

6 = deflection

4.3 Statically DeterITlinate Trusses

4. 3. 1 Introduction to Statically DeterITlinate Trus ses

The forces carried by the ITleITlbers of a statically deterITlinate truss
ITlay be deterITlined bypassing sections through certain ITleITlbers and applying
the equations of statics. The ITlethod of joints (Section 4. 3. 2) consists of
choosing these sections so that they cOITlpletely surround a single joint. If the
sections that are chosen do not surround a single joint, the procedure used is
referred to as the ITlethod of sections (Section 4. 3. 4). This ITlethod is espe­
cially useful if it is desired to deterITline the load in only certain ITleITlbers.
In ITlany cases, a cOITlbination of the ITlethod of joints and the ITlethod of sec­
tions ITlay be advantageous in the analysis of a given truss.

Before either of these ITlethods ITlay be applied, the reaction forces
on the truss should be deterITlined by the equations of statics.

Deflections in statically deterITlinate trusses are treated in Sec­
tion 4. 3. 6.
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4.3.2 Application of the Method of Joints to Statically Determinate
Trusses

If a truss as a whole is in equilibrium, each joint in the truss must
likewise be in equilibrium. The method of joints consists of isolating a joint
as a free body and applying the equilibrium equations to the resulting force
system. Since the forces in the members at a trus s joint inter sect at a com­
mon point, only two equations of equilibrium may be written for each joint in
a planar truss. Thus, only two unknowns may exist at a joint and the pro­
cedure is to start at a joint where only two unknowns exist and continue pro­
gressively throughout the truss joint by joint. This procedure is illustrated
in Section 4.3.3.

4.3. 3 Sample Problem - Application of the Method of Joints to Statically
Determinate Trusses

Given: The truss shown in Figure 4-1.

B c D

60 0
60~ 60° 60°A __------- ------ .....~------ ... E

G! F~ 1000 lb.

2000 lb. I
.. \.. 30-+---30---.. 1

Figure 4-1. Planar Truss

Find: The forces in all of the members.

Solution: Applying the equations of statics to the entire truss gives
R1 = 1667 lb. and R2 = 1333 lb. Free body diagrams may be drawn

for the joints in the order shown in Figure 4-2 and solved for the­
forces in the members. Surnmarizing, if tensile forces are taken
as positive, the forces In the members are

P Ae = -1925 lb. P CF = -382 lb.
P AG = 962 lb. PCG = 382 lb.

Pec = -1925lb. POE = - 1 541 lb.

PeG = 1925 lb. PDF = 1541 lb.
P co = -1541 lb. PH = 770 lb.

P fG = 17341b.
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R l 1667
P AB P BC

P AB 1925 lb. PBG = 1925 lb.

( 1 ) PAG 962 lb. (2) PBC = -1925 lb.

P AG
PABOO -1925 PBG

PB = 1925 PCG R2 = 1333

P DE
6a' 60° PCG 382 lb. P DE = -1541 lb.

(3)
G P FG 17341b. (4)

P EF =PAG =962 PFG 770 lb.

2000
P

EF E

(5)

D
P CD-----..

PDF 1541 lb.

-1541 lb. (6)

PFG = 1734

P EF = 770

1000

P CF = -382 lb.

Figure 4-2. Free-Body DiagraITls of the Joints in the Truss Shown in Figure 4-1

4.3.4 Application of the Method of Sections to Statically DeterITlinate
Trusses

The ITlethod of sections consists of breaking a truss up by a section
and applying the equilibriuITl equations to the resulting portions of the truss.
This ITlethod is preferable to the ITlethod of joints if the force on SOITle interior
ITleITlber is desired, since the neces sity of calculating the forces on other
ITleITlbers ITlay be eliITlinated. This advantage of the ITlethod of sections is
illustrated in Section 4. 3. 5.

4. 3. 5 SaITlple ProbleITl - Statically DeterITlinate Trusses by the

Method of Sections

Given: The truss shown in Figure 4-1.

Find: The force in ITleITlber FG.

Solution: FroITl statics, R l = 1667 lb. and R2 = 1333 lb. By draw­
ing a section through ITleITlbers BC, CG, and FG, the free body
shown in Figure 4-3 is obtained. SUITlITling ITlOITlents about point C
gives P FG (30 sin 60°) -1667(45) + 2.000(15). Solving gives P FG = 1734 lb.
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A ... P
FG

l~oooR 1 1667

I.. 30 -,
Figure 4-3. Free-Body Diagram of Part of the Truss Shown in Figure 4-1

4.3.6 Deflections in Statically Determinate Trusses

The basic equation for the deflection of statically determinate
trusses is

6 = L PuL
AE

(4- l)

In this equation, L, A, and E are the length, cross-sectional area, and
modulus of elasticity of each of the members of the truss. P is the force
due to applied loads of a member of the truss, and u is the force in a mem­
ber of the truss due to a unit load applied in the direction of the desired
deflection at the point whose deflection is desired. The application of this
equation is illustrated in Section 4. 3.7.

4.3.7 Sample Problem - Deflections in Statically Determinate Trusses

Given: The truss shown in Figure 4-4.

loon lb.

- 1414

la ----;J.20

500 lb.

-2000

I.

..-=--=----=:..::...::~__-1~:-.-----....:1:..::0:..::0:..::0'---------.... C

Area of IlH"n1bers

E= IOxl0 7 psiforali
rnenlLers

Figure 4-4. Cantilever Truss
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Find: The vertical deflection of joint D.

Solution: The forces in the members may be found to be:

PAS = 3500 lb., Pee = 1000 lb., P eD = 14141b., PeE = -21211b.,
P CO = -1414 lb., and POE = -2000 lb. The truss may be redrawn
with a unit load in the direction of the desir ed deflection at joint
D as shown in Figure 4-5. The forces in the members are again
calculated with the results shown in Figure 4-5. Equation (4-1)
may now be solved as shown in Table 4-1.

A uAB = 2 Ib/lb B uBC = 0 Ib/lb
~';;";"'-------,_------- ..... C

UDE = 1 Ib/lb

Figure 4-5. Cantilever Truss with Unit Load Applied at the
Point Whose Deflection is Desired

TABLE 4-1

Solution of Equation (4-1) for the Truss Shown in Figure 4-4

Mem- P, lb. u,lb./lb. L in./lb. PuL In.-, ,
ber AE AE

AB 3500 2 10/(2)(10x106 ) = .5x10- 6 3.50 x 10- 3

BC 1000 0 20/(l)(10x 106 ):= 2 x 10- 6 0

BD 1414 1.4.4 14.14/(1)(10 x 106 ) = 1.414x 10- 6 2.82 x 10- 3

BE -2121 -1.414 14.14/(2)(10 x 10 6 ) = .707xl0- 6 2.12 x 10- 3

CD -1414 0 14.14/(1)(10 x 10 6 ) = 1.414x 10- 6 0

DE -2000 - 1 20/(2)(10 x 106 ) := 1 x 10- 6 2.00 x 10- 3

6 =I PuL
9'.44 x -3= 10 in.

AE
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4.4 Statically Indeterminate Trusses

4.4.1 Introduction to Statically Indeterminate Trusses

If a trus s is statically indeterminate, deflection equations must be

applied in addition to equilibrium equations to determine the forces in all of

the members. Section 4.4.2 treats trusses with a single redundancy, and
trusses with multiple redundancies are tr eated in Section 4.4. 4.

4.4.2 Statically Indeterminate Trusses with a Single Redundancy

Trusses with a single redundancy may be treated by removing one
member so that a statically determinate truss is obtained. This member is
replaced by the unknown force exerted by this member, X a • One equation
may be written for the deflection of the statically deter.minate truss due to

the applied loads including X, and another equation may be written for the
deflection of the removed member due to the unknown force, X. These two

equations may then be solved simultaneously to find X. Once X has been
found, the forces in the other members of the truss may be obtained by the
equations of statics. This procedure is illustrated in Section 4.4.3.

4.4.3 Sam.ple Problem - Statically Indeterminate Trusses with a

Single Redundancy

Given: The truss shown in Figure 4-6.

·30000 lb.

E = lOx 106 psi

10
AAB =

1
10

J =

25

= 2 in. 2

= 2 in. 2

1 5 · 21. In. A
Dc

AAC = 1. 5 in. 2

.:. 25~
Figure 4-6. Statically Indeterminate Truss With a Single Redundancy
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Find: The force on ITleITlber AC,

Solution: The truss ITlay be redrawn with ITleITlber AC replaced
by the force resisted by this ITleITlber, X, as shown in Figure 4-7.
The force in any ITleITlber of the truss, P, ITlay be obtained by the
superposition of the force due to the vertical loads alone, Po' and
that due to the horizontal loads alone. This latter force ITlay be
given as Xu where u is the force in a ITleITlber of the truss due to
a unit horizontal load applied at points A and C. Thus,

P = Po + Xu

By substituting this expression for P into Equation (4-1), the hori­
zontal deflection between points A and C is

P"uL

AE
(4- 2)

are cOITlputed in Table 4-2.The terITlS L P" uL and>' u 2 L
AE L..J AE

6 = -0.5645 + 47.63 x 10- 6 X

Thus,

FroITl the deflection equation for bar AC,

6 = = -X(50) z 3.33 x 10- 6 X

1. 5(iO x 10 6 )

Solving the last two equations siITlultaneously gives

X = 12730 lb.

30000 lb.

B

A F-----~

15000 lb.

_------''9 C

15000 Ib

Figure 4- 7. Truss FroITl Figure 4-6 Redrawn With MeITlber

AC ReITloved
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TABLE 4-2

COITlputation of SUITlITlations in Equation (4-2)

Man- u Ib/lb.
L

in. lIb.
PouL u 2L

in. lIb.Po, lb. --- in.
ner AE AE AE

AB -32000 1. 785 1. 600 x 10- 6 -0.0915 5. 11 x 10- 6

AD 26900 -3.0 1. 795x 10-:- 6 -0. 1450 16.15 x 10- 6

BC -32000 1. 785 1. 600 x 10- 6 -0.0915 5. 11 x 10- 6

BD 20000 _2.23 0.67 x 10- 6 -0.0292 3.32 x 10- 6

CD 26900 -3.0 1. 795x 10-6 -0. 1450 16.15 x 10- 6

L
PouL

-0.5150 L u
2

L ",,6. lIb---- -- =47. 63 xlO In
AE AE

4.4.4 Statically IndeterITlinate Trusses with Multiple Redundancies

The analysis of trusses with ITlore than one redundant is siITlilar
to that for a truss with one redundant. The first step is to reITlove redundant
ITleITlbers or reactions in order to obtain a statically deterITlinate base struc­
ture. The deflections of the statically deterITlinate base structure in the
directions of the redundants ITlay then be calculated in terITlS of the redundant
forces, and equated to the known deflections. For exaITlple, consider the
truss in Figure 4-8. MeITlbers a and b ITlay be reITloved to obtain a statically
deterITlinate base structure. The final force, P, in any ITleITlber ITlay be
obtained by superposing the forces due to the applied loads and redundant
forces. Thus,

(4- 3)

where Po is the force in a ITleITlber of the statically deterITlinate base struct~re

due to the external load and ue. and u b are the forces in a ITleITlber of the stat­
ically deterITlinate base structure due to unit loads applied in ITleITlbers a and b,
respectively. Applying this equation to ITleITlbers a and b, respectively, gives

and

6e. = \' _P_u_e._L

!J AE
(4-4)

6 -\'
b - LJ. (4- 5)
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where L, A, and E are properties of the members of the statically determinate
base structure and P is the force in a member of the base structure. Substi­
tuting Equation (4- 3) into Equations (4-4) and (4- 5) gives

and

Po uaL

AE

2
,\U L

+ X ;, 0.

"L...l AE

2
+ X '\ ul> L

b D AE

(4- 6)

(4- 7)

Figure 4-8. Statically Indeterminate Truss With Two Redundancies

In addition,

-X L
0. 0.

0& = ---
A E

&

and

Equations (4-6) through (4-9) may be solved simultaneously to obtain the
forces in the redundant members. Once this has been done, Equation (4-3)
rnay be applied to obtain the forces in the other members.

(4-8)

(4- 9)

'\ Pou"L°0. = L --A-E-- I u 2L
+ X -0.--

& AE I
u ubL

+ X -"---
b . AE I u u L

" n+ . " + X n " , ----
~ AE

and

Poul> L

AE

\' ~unL+ .. , + X n L----
AE

(4- 10)

4 - 9



Also,

-x L,. ,.
0,. =

A E,.

Oil
-Xl;> L b

=
AbE

and

These equations may be solved simultaneously to obtain the forces in the
redundant members.

4 - 10
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5. FRAMES AND RINGS

5. 1 Introduction to Frames and Rings

Frames and rings are statically indeterminate structures.
such a structure composed of prismatic elements joined rigidly at
intersection while the element or elements of a ring are curved.

A frame is
points of

Section 5.3 treats the method of moment distribution for solving frame
problems. Section 5.5 treats symmetrical rectangular frames under vertical
loading. Section 5.7 gives formulas for simple recta,ngular, trapezoidal, and
triangular frames under various simple loadings. Circular rings and arches
are treated in Section 5.9.

5.2 Nomenclature for Frames and Rings

A

A
m

a

b

c
D
DF
d

d

E
FEM

H
h
I
K
L

M

P
R
s

T
V
V

W
w

x,y,z

x

6..
13
9

= cross-sectional area
area under the moment diagram of a simply supported beam

linear dimension

= linear dimension
= linear dimension
= diameter

distribution factor

= linear dimension
= distance to centroid of load

modulus of elasticity
fixed end moment

= horizontal reaction
height
moment of inertia

= stiffness factor = IlL
= length
= moment

applied concentrated load
radius

= length of upright of a trapezoidal frame
tensile force

shear force
vertical reaction

= applied concentrated load
= applied distributed load

rectangular coordinates
= angular distance from the bottom of a circular ring

= increment or difference

angle
= rotation of the tangent to the elastic curve of a moment

at its end
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angle
= rotation of the chord joining the ends of the elastic curve

of a member
moment of the M" portion of the moment diagram of a
member (Figure 5-1) about point A

5. 3 Solution of Frames by the Method of Moment Distribution

This section treats frames composed of prismatic members whose joints
do not translate. All members of such frames are assumed to be elastic.

The five basic factors involved in the method of moment-distribution are:
fixed- end moments, stiffnes s factor s, distribution factor s, distributed moments,
and carry-over moments.

The fixed-end m.oments are obtained by the use of the following equations:

2EI
L

(5- 1)

and

where:

(5- 2)

= the moment acting on the end of member AB labeled as A
= the moment acting on the end of member AB labeled as B

the modulus of elasticity of member AB
the moment of inertia of member AB

= length of member AB
= rotation of the tangent to the elastic curve at the end of

the member
rotation of the chord joining the ends of the elastic curve
referred to the original direction of the member

= static moment about a vertical axis through A of the area

under the M" portion of the bending moment diagram
= static moment about an axis through B

This terminology is illustrated in Figure 5-1.

If both ends of the meITlber are completely fixed against rotation and
translation, the member is called a fixed-end beam and eA , ea, and WAS are
all equal to zero. Thus, the last terms of Equations (5-1)- and (5-2) are
equal to the so-called "fixed-end ITloments." Denoting the fixed-end ITloments
as FEM,

(5- 3)
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and

2
FEMaA = -2- [2(0,,)A - (°

0
)8]

L
(5-4)

Fixed-end moments for various simple types of loading were calculated and
are given in Table 5-1.

Equations (5-1) and (5-2) may be represented by one general equation
by calling the near end of a member "N" and the far end" F." The stiffnes s
factor of member NF is given by

(5- 5)

Thus, the fundamental slope deflection equation becomes

(5-6 )

Any Loading

L

E~astic

Curve

A~:::::::::::==Y--------":;::::=---YI

Figure 5-1. Illustration of Terminology for Method of Moment Distribution
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TABLE 5-1

Fixed-End Moments for Beams

2
~ (6L 2 - 8aL + 3a 2 )
l2L2

wa 2 2-- (4aL-3a )
l2L2

9.
Min-lb.

At=a <m
L

lAO.~.~
__~B ~Bf

_b :~ 2 2

FEMBA =

Mb

L
Ma
L

(3~ - 1)
L

(3 ~ - 1)
L
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TABLE 5-1

Fixed-End Moments for Beams (continued)

II.

PI-- a ]B
12. P P P

AE~=Y At~±~+~1B
L

a
FEMAB = Pa(l -L) l5PL

FEMBA = MAFEMBA -= -FEMAB
FEMAB =

48
13.

14A[~~JBAFWW
L

wmB
,

wa 2 w '5 2 3 _
FEMAB = -- (3L-2a) =MB=-MA MA = --(L -a L+4a ) MB - -MA6L IlL

15AE&¥11 16~E+¥3w
.~B fB

wa2 a a 2
M A = --(10-15L+ 6 Z) 2

..,
30 L M - wL 3wLL..

MB= ----
wa 2 a

A-
3D 160

MB= - ---zo(5 - 4 L)

17~
18. w - t xl

~
1

nL
MA =

L 2 J x(L-x)2f(x)dx

wL2 wL2
0

MA = M B =13.52 15.86 -=l- JL 2MB =
L

2 x (L-x)f(x)dx

0

The conditions to be met at a joint of a frame are: (1) the angle of
rotation be the same for the ends of all members that are rigidly connected
at a joint, and (2) the algebraic sum of all moments be zero. The method
of rnorner::t distribution renders to zero by iteration any unbalance in moment
at a joint to satisfy the second condition.

A distribution factor which represents the relative portion of the un­
balanced moment which is reacted by a member is us ed to distribute the
ul1lF.lanced moment. This distribution factor is given for any member bm by
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DFbm = (5- 6)

where the summation includes all members meeting at joint b.

The distributed moment in any bar bm is then

M bm = - DFbmM

This equation may be interpreted as follows:

The distributed moment developed at the "b" end of member bm as
joint b is unlocked and allowed to rotate under an unbalanced moment, M,
is equal to the distribution factor DFbm times the unbalanced moment, M,
with the sign rever sed.

The "carry-over" moment is obtained by applying Equation (5-6) and

considering 8m = ~om = 0 as in Figure 5-2. The "carry-over" moment is
equal to half of its corresponding distributed moment and has the same sign.

(5- 7)

Mom = 4 EK1)m 8)0 (5- 8)

and

M mo = 2 EK"o 8)0 (5- 9)

Thus,

M mb = ~ (5- 10'2~m

--
.J-m -=-::....;- -_--_·----''---------:=..) Mbm

Figure 5-2. Illustration of Carry-Over Moment

The sign convention for moments in the method of moment distribution
IS to consider moments acting clockwise on the ends of a member as positive.
This convention is illustrated in Figure 5-3.

M

M

M

(------t

Figure 5-3. Positive Sense for Bending Moments
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The following procedure is for the process of moment distribution
analysis:

(1) Compute the stiffness factor, K, for each member and record.

(2) Compute the distribution factor, DF, of each member at each
joint and record.

(3) Compute the fixed-end moments, FEM, for each loaded span
and record.

(4) Balance the moments at a joint by multiplying the unbalanced
moment by the di stribution factor, changing sign, and recording
the balancing moment below the fixed-end moment. The u'n­

balanced moment is the sum of the fixed-end moments of a joint.

( 5) Draw a horizontal line below the balancing moment.
algebraic sum of all moments at any joint above the
line must be zero.

The
horizontal

(6) Record the carry-over nlOment at the opposite ends of the
member. Carry-over moments have the same sign as the
corresponding balancing moments and are half their magnitude.

(7) Move to a new joint and repeat theproces s for the balance and
carry-over of moments for as many cycles as desired to meet
the required accuracy of the problem. The unbalanced moment
for each cycle will be the algebraic sum of the moments at the
joint recorded below the last horizontal line.

(8) Obtain the final moment at the end of each member as the alge­
braic sum of all moments tabulated at this point. The total of
the final moments for all members at any joint must be zero.

(9) Reactions, vertical shear, and bending moments of the member
may be found through statics by utilizing the above mentioned
fi nal moments.

The use of this procedure is illustrated in Section 5.4. It should be
noted that simpler methods may be found for the solution of rectangular,
trapezoidal, and triangular frames in Sections 5.5 and 5.7.

5.4 Sample Problem - Solution of Frames by the Method of Moment
Distribution

Given: The frame shown in Figure 5-4.
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5000 lb.

Figure 5-4. Frame

10000 lb.

Find: The end moments and draw the moment diagrams for this frarne.

Solution:

(1) From Equation (5-5), the stiffness factors of the members are:

2

25
= 0.08

K sc
lsc 3. 5 O. 1=-- =--
L sc 35

K eE

ICE 5
O. 125=-- -- =

L.~ 40
'. L

2

25
0.08

These are recorded in line of Table 5-2.

TABLE 5-2

Solution of Frame Shown in Figure 5-4

1
2

3
4

5
6
7

8

9

AB BA BC DC CB CE CD EC

K IX 0.08 o. 1 [>< O. 1 O. 125 0.08 V<DF 0.44 0.56 0.33 0.41 0.26
FEM -104 +104 -18 0 +25 - 50 0 +50

-38 -48 +8 +10 +7
-19 +4 +3 - 24 +:,

-2 - 2 +-8 +10 +6
-1 +4 +3 +5

_2 _2
F===

I: -124 +62 ~62 +6 +17 - 30 +13 \+60
bo=
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(2) From Equation (5-6), the distribution factor s of the members are:

K BA 0.08
DFBA 0.44

K BA + K BC 0.08+0.1

K ac O. 1
DFac = 0.56

KB~ + K BC 0.08+0.1

K ea O. 1
DF cB = 0.33

K CB + K CD + Kc~ 0.1 +0. 08+0.125

K CE O. 1
DFc~ = 0.41

K cs + K CD + K CE 0.1+0.08+0.125

DF cD

K CD O. 1 0.26= =
K eB + KeD + K CE 0.1+0.08+0.125

These distribution factor s are recorded in line 2 of Table 5-2.

(3 ) From Table 5 - 1, cas e 3,

FEMAB
wL 2 -2000(25)2

-104,000 ft. lb.= --
12 12

and

2 2000 (25)2
FEMsA

-wL
= 104,000 ft.lb.

12 12

From Table 5 - 1, case 2,

2
- 5000(20)(15)2

FEMsc
-Pab

-18, 000 ft. lb.=
L2 (35)2

and

2
5000(20)2(15)FEMcs

-Pa b
25, 000 ft. lb.=

L 2 (35)2
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From Table 5-1, case 1,

FEMeE
PL -10000(40) = 50,000 ft.lb.---
8 8

and

FEMEC
-PL 10000(40) 50,000 ft. lb.= --- =

8 8

Since member CD is unloaded,

FEMCD = FE~c = 0

These results are summarized in line 3 of Table 5-2.

(4) The unbalanced moment at joint B is

L:FEM = 104 - 18 = 86

The moments at joint B may be balanced by multiplying this unbalanced
moment by the distribution factor and changing sign. The result is
recorded in line 4 of Table 5-2.

(5) A horizontal line may be drawn below the balancing moments in
line 4 of Table 5-2. The algebraic sum of all the moments at
this joint above this line is zero; that is,

-104+18+38+48=0

(6) The carry-over moments at the opposite ends of the member s
are recorded as shown in line 5 of Table 5-2. These carry-over
moments have the same sign as the corresponding balancing mo­
ments and are half their magnitude.

(7) Steps 4, 5, and 6 may be repeated for joint C to obtain the rest
of the values shown in rows 4 and 5 of Table 5-2. The process
for the balance and carry-over of moments may be repeated for­
as many cycles as desired to meet the required accuracy of the
problem. The unbalanced moment for each cycle will be the alge­
braic sum of the moments at the joint recorded below the last
horizontal line. This process is shown on lines 6, 7, and 8 of
Table 5-2.

(8) The final moment at the end of each member may be obtained

as the algebraic sum of all moments tabulated in the fir st
seven lines of Table 5-2. This summation is shown in line 9

of Table 5-2.
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Now that the moments in each of the Hlembers at the joints are known,
the moment diagrams may be drawn for the member s with the aid of the
equations of static equilibrium. These moment diagrams are shown in
Figure 5- 5.

M(ft. lb. )

100,000

65000

50, 000

-50, 000

E

-100, 000

-124, 000

M(ft.lb. )

13, 000 L D

c~
Figure 5-5. Moment Diagram for Frame Shown in Figure 5-4

5. 5 Rectangular Frames

This section considers symmetrical rectangular frames that are either
pinned or fixed at the ends of both of their uprights.

Figure 5-6 shows a symmetrical rectangular frame both of whose up­
rights are pinned under some arbitrary vertical loading. Such a frame is
statically indeterminate and an equation, in addition to those of statics, must
be applied to determine the moments in its members.

L

Figure 5-6. Symmetrical Rectangular Frame Under Arbitrary Vertical
Loading With Both Uprights Pinned
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The free-body diagram of this frame may be drawn as shown in Fig­
ure 5-7.

The horizontal reaction is given by

where

H

K =

3 A
m

hL(2K + 3)
(5- 11)

(5-12 )

and Am is the area under the moment diagram for a simply supported beam
under the same loading as the horizontal member of the given frame. Once
the horizontal reactions have been found by Equation (5-11), the moment

diagrams of the frame members may be found by the equations of statics.

I
, h

L~
11

H--
tv 1 tV2
I.. L ·1

Figure 5-7. Free-Body Diagram of the Frame in Figure 5-6

Figure 5-8 shows a symmetrical rectangular frame both of whose
uprights are fixed under some arbitrary symmetrical vertical loading. Such
a frame is statically indeterminate with two indeterminates, and two equa­
tions, in addition to those of statics, must be applied to determine the mo­
ments in its member s.

I.. L -I
Figure 5-8. Symmetrical Rectangular Frame Under Arbitrary Symmetrical

Vertical Loading With Both Uprights Fixed
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The free-body diagram of this frame may be drawn as shown in Fig­
ure 5-9. The horizontal reaction is given by

where

H=

K

3A
1lI

hL(K+2)
(5- 13)

(5- 14)

and Am is the area under the moment diagram for a simply supported beam
under the same loading as the horizontal member of the given frame. The
reaction moment on the ends of the uprights is given by

M
A m

L(K+2)
(5-15)

where K and A are defined as before. Once the horizontal reactions and
m.

reaction moments have been found by Equations (5-11) and (5-13), the
moment diagrams of the frame members may be found by the equations of
statics. This procedure is illustrated in Section 5.6.

h

L

Figure 5-9. Free-Body Diagram of the Frame ln Figure 5-8

It should be noted that solutions for rectangular frames under various

simple loadings are given in tabular form in Section 5.7. The use of this

material, when applicable, is much simpler than using the material in this
section.
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5.6 Sample Problem - Rectangular Frames

Given: The symmetrically loaded frame shown in Figure 5-10.

I.
Figure 5-10.

L = 20 -------.l

Rectangular Frame

Find: The bending moment diagram.

Solution:

IZ h
K=--

II L

5( 10)

3(ZO)
0.834

To find Am' consider the simply supported beam shown in Figure 5-11
and draw its moment diagram. The area under this moment diagram
may be found to be

A = 45800 in. Zlb.
m

Substituting this and K into Equations (5-13) and (5-15) gives

and

3A
H = m

hL(K+Z)

3(45800)
=---'-----'---

10(ZO)(0.834+Z)
= Z4Z lb.

A
m

M = ----
L(K+Z)

-45800

ZO (0. 8 34+Z)
= 795 in.lb ..

A free-body diagrarn rnay now be drawn for the frarne and the vertical
reactions cornputed as shown in Figure 5-lZ. The equations of statics
rnay now be-applied to sections of this frame to obtain the rnoment

diagram shown in Figure 5-13.
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M

Z500

'----'-- M = 50 0 x

15

Figure 5-1-1. DeterITlination of Am

h = 10

H =Z4Z
1---.... ,

~M = -795

Iv = 500

..
M= -795~ H= Z4Z

IV = 500

Figure 5-12. Free-Body DiagraITl of FraITle in Figure 5-10

116Z5

-795 -795

Figure 5-13. MOITlent DiagraITl for FraITle in Figure 5-10
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5. 7 Formulas for Simple Frames

This section presents formulas for determining the reaction forces and
moments acting on simple frames under various simple loadings. The re­
action forces and moments acting on frames under more complicated loadings
may often be obtained by the superposition of these simple loadings.

Cases 1 thro'ugh 9 of Table 5-3 give reaction forces and moments on
rectangular frames, both of whose uprights are pinned; and such frames with
both uprights fixed are treated by cases 9 through 18 of this table. Table 5-4
gives reaction forces and moments on trapezoidal frames. The first four
cases treat such frames with both uprights pinned at the ends, and cases 5
and 6 treat trapezoidal frames with fixed-ended uprights. Table 5- 5 gives
reaction forces and moments on triangular frames.

5.8 Sample Problem - Formulas for Simple Frames

Given: The trapezoidal frame shown in Figure 5-14.

.~

I
5-115

1 in. 4

r 7.5 7.51
I 1000

/~/;~---LI2:=-r---\.--r
\. 10

-(

L5
Figure 5-14. Trapezoidal Frame

Find: The reaction forces and bending moments.

Solution: From the diagram at the top of Table 5-4,

1. 5 ( 5/ 5 )
1 \ 15 ;

1. 12

G := 3 + 2F = 3 + 2(1. 12) 5.24

II = 1 in. 4 5 in. h 10 in.a = =
12 '- 1.5 in. 4 b = 15 In. s 5;Sin.
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TABLE 5-3

Reaction Forces and MOITlents on Rectangular FraITles ':'

MA = M B = 0 if uprights a re pinned

12

d

K

distance to centroid of load
unless otherwise used

(1) P
Pb

L

3PL
Bh(2.K+3)

For Spec tal Cvse: a = b = L/2.

(2)

P
Z

3PL
oh(2.K+3)

\Vb [6ac T b (3 L - 2b)]
-i.hL (ZK +3)

wb(b+Zc)

2L

For Special Case: d

wL

2

)

IN L"
4h(~K +3)

':' Griffel, WilliaITl, Handbook of ForITlulas for Stress and Strain
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TABLE 5-3

Reaction Forces and Moments on Rectangular Frames (continued)

(3)

4Lh(2K+3)

wb
- V A

2

( dL _ ~~ _ d
2

)

d = L
3

r1
a = 0, b = L,

V
_ wL

B- ­
2

wbd

2L

3wb

wL
VA =

6

For Special Case:

H B - 8h (2K+3)

(4)

VA
-M

L

3(b-L/2)M
Lh(2K+3)

(5)
-Pa

.L

rP

a

Pa [ bK(a + h) f l-'J

2h h
2

(2K+3)

L
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(6)

TABLE 5-3

Reaction Forces and Moments on Rectangular Frames (continued)

Z Zw(a -b )
4h

+ K[w(aZ_bZ)(ZhZ_aZ_bZ)]

8h3 (ZK+3)

H A = H F + w(b-a)

For Special Case: b = 0, a = h

wh
4

')

_whL.

ZL n

(7) - V p = :!!- (Za+b) (b-a)
-' 6L

K X 10

h(ZK+3)

Where:

W ?
X lO = Z [-30h-b(a Z_b Z)

IZOh (a-b)

+ZOhZ(aZ_b Z) + lSb{a4 -b 4 ) _ 12(a S-b S)]

H ~ H w(b-a)
A - B + Z

For Special Case: b = 0, a = L

-wh Z
VA=-V B = --

3L

'H B = wh (-lK+S)
10 2 K+3

n
wh

2
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TABLE 5-3

Reaction Forces and Moments on Rectangular Frames (continued)

(8)

Where:

+
KX7

(ZK+3)h

(9)

X 7 : w [3(4d 5 +C 5 )-15h(3d4 +c 4 )
IZOh2(d-c)

+ ZOllZ(Zd 3
+C 3 ) - 15cd Z(Zh-d)ZJ

For Special Case: b;:: c ;:: 0, a;:: d ;:: hn
wh [1 7K lH B ;:: + J
IZ IO(ZK+3)

3 [K(Zab+a Z) + h 2 M

Zh3 (ZK+3)

-M
L
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TABLE 5-3

Reaction Forces and Moments on Rectangular Frames (continued)

(10 ) P

3Pab
H A = HB = ZLh(K+Z)

Pab [ 1MA o· -L zrK+2)

(b-a) --:

":L(6K+l)J

PLab [ (b-a) I
MB = ~(K+2) + ZL(6K+l} J

For Spec tal Case: a.= b = LIZ

VA=VB=Pll

3PL
HA =H p = 8h(K+2)

M PL
A = M p, = :(I\+,;)

ill
(l l)

.j A C
wed + ~ - Xz.

L L(6K~i)
\J B = we - \! A

Where:

3(X l + ';,(2.)
H - -----

B - Zh(K+2)

Xl - Xz
Z(6K+l)

Xl - Xz
+

2(6K+l)

C-wc [2.4d
3

_ 6bc Z 3c Z 4 Z ") 1 dZ JX - -- --- --- + -- + C -~ ...
1 - Z4L L L L

x = ~ [2.4d
3

_ 6bc Z + 3c 3 + 2.cZ _ 48dZ + Z4dLl
2. 2.4L L L L 'J
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TABLE 5-3

Reaction Forces and Moments on Rectangular Frames (continued)

For Special Case: a = \J, c = b = L, d = Liz

n
wL

wL2

HA = HB = 4h(K+Z)

wL
Z

MA = MB = IZ(K+2)
-----~~~------+----------'---------------

(1Z)

Where:

wc
Z

3(X 3 +X4)
HA =HB = Zh(K+Z)

X3+ X 4 X3=-~..1
MA = Z(K+Z) Z(6K+I)

VA

c 2
+ -- +

9

5lc 3

810L

v
·'4

wc [d
3

+ c
2 + 5lc

3

?L L 18 81'JL

For Special Case: a = 0, c= b = L, d = L/3

V;L[ 1 l
VA = 6 1- 10(6K+l) J n

wL2 (5 1)
M B lZ0 K+Z - 6K+l
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TABLE 5-3

Reaction Forces and Moments on Rectangular Frames (continued)

(13 )

-6(ab+LZK)M

L 3(6K+l)

HA = HE = 3(b-a)M
ZLh(K+Z)

M
A

= M {6ab(K+Z)-Lla..: 7K +3)-b(5K-l)] i

ZL
Z

(K+Z)(6K+1) 1

( 14)

a
Pa r -b(h+b+lJK) - h + -,-~ J
Zh L b(K+2) b(K+1)

ME Pa [-b(h+b+bK)_ h 3aK ]
Zh h(K+2) + - 6(K+l)
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TABLE 5-3

Reaction Forces and Moments on Rectangular Frames (continued)

( IS)

c.-

w(aZ-c Z) _ X s . X6(K-l)

Zh Zh + Zh(K+Z)

(3K+l)[ w{aZ_cZ) - X ]
Z s X6r 1 3K J

M B ::: -----=..Z.=(-6-K-+-l=-)----= - zL K +2 + 6K+ 1

Where:

X s ~ [d3 (4h-3d) - b 3 (4h-3b)J
lZh

X6 ~ [a 3(4h-3aj- c 3 (4h-3c)]
lZh

For Special Case: c::: 0, b::: 0, a::: d ::: h

VA
.,whZK

-VB L(6K+l) [1.
HE

wh(2K+3)
:::

8(K+2)

HA::: HB - wh

MA
::: -whZ [30K+7

+ K~2 ]24 6K+l
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TABLE 5-3

Reaction Forces and MOInents on Rectangular FraInes (continued)

HA = HB _ w(a-c}
2

-(3K+d[ w(a
2
+~c - 2c

Z
) - X s]

Z(6K+1}

( 16)

I b

d 1
L a

c -l
t

w(a 2 +ac - 2c 2 }
HB =

12h

Xs
2h +

- X9 [_1_ + ~J -XsZ K+Z 6K+1

( )[
w (~Z +ac - 2c 2 )] X

3K+l 6 - S

2(6K+l}

Xs [13K ]
2 K+2 6K+l

Where:

Xs
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TABLE 5-3

Reaction Forces and Moments on Rectangular Frames (continued)

For Special Case: b = c = 0, a = d = h

wh(3K+4)
40(K +2)

HA = wh
HB -

2

MA
wh2

[ 27K+ 7 3K+7 J=
2(6K+l) +60 K+2

M B = wh
2

[ 27K+7
- K~2 J60 2(6K+l)

M B+ -- ­
L

w( 2a+c)(a -c)
6L

H - H w(a-c)
A - B-

2

2 2
( )[

w(2a - ac - c )
- 3K+l, 6

(17) 2 2
w(2a -ac -c )

12h

Xli
- -- +

2h

X 12(K -1)

2h(K+2)

2(6K+l)

X lZ [ 1 + 3K ] X
- -Z- K+Z 6K+l - 11

(3K+l)[W(ZaZ~<lc _c
2

) - Xli]

2(6K+l)

X IZ [1 ,3K]
- -2- K+Z - 6K+l
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TABLE 5-3

Reaction Forces and Moments on Rectangular Frames (continued)

Where:

w
2

bOh (a-c)

For Special Case: b = c = 0, a = d = h

2
-3Kwh
4L(6K+l)

wh(7K+ll)
40(K+2)

n
wh

2

_wh
2

[ 87K+22 3 J
M A 120 bK+l + K+2

wh2 :- 21K+b 1 l
M B 4() L bK+l - K+2 J
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TABLE 5-3

Reaction Forces and Moments on Rectangular Frames (concluded)

(18) -6bKM
hL (6K+l)

M

3bM[2a(K+l )+b]

2h3 (K+2)
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TABLE 5-4

Rectangular Forces and Moments on Trapezoidal Frames ':'

G = 3 + 2f

MA = M B = 0 if uprights

F (
5 \

b )

are pinned

(1)

(2)

1+---- L ----..

wb

2

P(a+d)

L

P (. 3ccl)- a ~

2h \ bG

_wh 2

VA - VB = 2L

H B :h (1 ..- {G)

':' Griffel, William, Handbook of Formulas for Stress and Strain

5 - 29



.','

TABLE 5-4

Rectangular Forces and Moments on Trapezoidal Frames (concluded)

(4 )

(5)

VA VB =
wb

2

HA HB wb [ 4+~F 12h a +

MA M B
wb 2

12(2+F)

(6) -Ph
-VB= L (l-Z)

HA - HB
-P
-

2

M A - M B
-PhZ

2
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TABLE 5-5

Reaction Forces and Moments on Triangular Frames

(1)

(2)

P

b=j

K =

MA = M B =0 if uprights

are pinned

Pc

L

Pc [~+ d~a+c) ]
L L 2a (K+1)

VA wa (1 - .tL ) VB = wa - VA

= wa
2 (4b + _1_ )

8h \ L l+K

(3)

5 - 31
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TABLE5-5

Reaction Forces and Moments on Triangular Frames (continued)

-Pc
L

pc[.!:..+ d(h+c) ]
h L 2h2 (K+1)

H
B

= Wh(4b + _1_ )
8 L K+1

[a+d] + 2(2L+b)(a+c) +3ac}

VB = Pc [1 - d (a2d ) ]
L 2a

~ed [[-b(3K+4) -2L]
6La h(K+1)

Pcb +
Lh

(6)

- Ped [(a+d)(3K+4) - 2(a+c)]
6a 2 (K+1)
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TABLE 5-5

Reaction Forces and Moments on Triangular Frames (continued)

(7)

(8)

wa 2
[b (lO+9K) + 2L + a]

24Lh(K+1 )

MA
-wa2 (3K+2)

24 (K+ 1)

MB
waZ

24(K+ II

3M
VA = -VB = --

2L

-KM
2(K+1 )

3M(a- bK)
2hL(K+l)

(9)

d

-r-
c

P

M
2(K+1)

- VB = -PLC [1 d(h+d) ]
-~

H B = Pc {b + d [(h+dH-3bK-4b-2L)
Lh 6h2 (K +1) _

+ 2(2L+b)(h+c) + 3acJ}

-~ed [(h+d)(3K+4) - 2 (h+c) J
6h (K+l)

Qed
2 (h+2e+d)

6h (K+l)
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TABLE 5-5

Reaction Forces and Moments on Triangular Frames (concluded)

(10)

_3wh Z

8L

wh
[b(3K+4)+a]

8L(K+l)

-wh2 (3K+Z)
24(K+l)

24(K+I)

From Table 5-4, case 2,

= P(a+d)
VA

L

1000(5+7.5)

25
500 lb.

Va P - VA = 1000 - 500 = 500 lb.

H
A

=H =~(a+ 3cd)= 1000 f 5 + 3 (7.5)(7.5)] = 357 lb.
a 2h \ bG 2(10) L 15(5.24)

A free-body diagram may be constructed for a section of the frame leg,
as shown in Figure 5-15. Equating the sum of the moment to zero gives

., xl

VA = 500

Figure 5-15. Section of Frame Leg
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At the left frame joint,

M = 2 14x = 2 14 ( 5) = 10 70 in. lb.

A free-body diagram may now be drawn for a section of the horizontal
portion of the frame to the left of the load as in Figure 5-16. Equating
the sum of the moments to zero gives

M = 1070 - 500x2

By considering symmetry, the moment diagram of the given frame
may be drawn as shown in Figur e 5- 17.

~MO= 1070

1500
Figure 5-16. Section of Horizontal Portion of Frame

M = 214x

Figure 5-17. Moment Diagram for Trapezoidal Fr arne

5.9 Circular Rings and Arches

Table 5-6 gives formulas for the bending moments, tensions, shears,
and deflections of closed circular rings and circular arches of uniform cross
section loaded in various ways. Cases 1 through 21 treat closed rings, and
cases 21 through 24 treat arches. By superposition, the formulas given by
Table 5-6 can be combined to cover a wide variety of loading conditions.

These ring formulas are based on the following as sumptions: (1) The
ring is of such large radius in comparison with its radial thickness that the
deflection theor"y for straight beams is applicable. (2) Its deflections are due
solely to bending, the effect of direct axial tension or compression and that
of shear being negligible. (3) It is nowhere stressed beyond the elastic limit.
(4) It is not so severely deformed as to lose its essentially circular shape.

Since many of the formulas in Table 5-6 consist of a large number of
terms, each of which may be large in comparison with the end result, calcu:'"
lations should be made with extreme care in order to ensure accurate results.
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TABLE 5-6

Formulas for Closed Circular Rings of Uniform Cross Section

M

M O Mat x = 0, y = -R

TO Tat x = 0, y = -R

Vo Vat x = 0, y = -R

I moment of inertia of ring
cross section

a cos x e cos ~

b sin x f sin ~

c cos 8

d sin 8

increase in horizontal diameter

increase in vertical diameter

( 1)
P

5 - 36

x angular distance from bottom of

ring

b
M PR(O.3183- Z

Max + M = 0.3182 PR at x = 0

4t
Max-M=-0.1217PRatx=y

T -Ph
2

V
-Pa

Z
'1

.6.Dh 0.137ER-
£1

."
.6.D v = 0.149~



TABLE 5-6

Formulas for Closed Circular Rings of Uniform Cross Section (continued)

if(O<x<l3~

(2)
M = PR[0.3183(d-el3 + a - ade) - a+e]

T P[0.3183a(S-de)-a]

v P[0.3183b(de-I3)+b]

if (B < x < n)

13 < 90·
M PR[O. 3183 (d - eS + as - ade)]

(3)

M

T P[0.3183u(l3-se)J

V P[0.3183b (de-I3)]

3
.6.C

h
= PR [0.6366 (d - el3) + ~ (de -13) ]

EI

3 d 2
.6. D = P R [0 . 6366 (d - el3) + e + - - 1 ]

v EI 2

M = M A(0.6366a -~) if (0 < x < n/2)

M = M~O.6366a +~) if (n/2 < x < TT)

Max+M

Max - M -MA /2 just below MA

T 0.6366 MA aiR

V = - 0 . 6366 MA al R

.6.~ = .6.D v = 0
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TABLE 5-6

Formulas for Closed Circular Rings of Uniform Cross Section (continued)

if (0< x < 13 )

T 0.6366 M o ad/R

MA [0.3183 (2ad+8) - 1 ]

v

M

M

if (8 < x < TT )

(4 )

T

v -0.6366 MA bd/R

MAR2

El (0.63668 - d)

M R Z:r (0.6366f3+c-l)

if (0 < x < n 12)

T p(0.3183a+b)

v = P (a - O. 3183 b)

if (n 12 < x < TT)

PR(0.3183a+b - 0.8183)M
(5)

2P M PR (0.1817+0.3183 a)

T 0.3183Pa

~D
v

v = -0.3183 Pb

PR3
- o. 1366 £1

fl2= 0.1488 EI
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TABLE 5-6

Formulas for Closed Circular Rings of Uniform Cross Section (continued)

if (0 < x < S )

if (S < x < n / Z)

T 0.3183 PaeZ

v -0.3183 PbeZ

PR f O.3183(ae Z -dB -e)+ d- ~J

M PR [0. 3183 \ae Z - dB - c) + b - f J

P(O. 3183 ae Z + b)T

M

8 < 90°

(6)

v ZP(a-0.3183be)

if (n / Z < x < n)

M PR [0.3183 (ae Z - dS- e) + ~ J

T

v

p(O. 3183 ae Z)

- 0 . 3 183 Pb e Z

""PR [~ (dZ + 1) - O. 6 366 (dB + c) J
EI

PR""
[d - ~ (de +S )-0. 6366(dB+-e )+0. 7854J

EI

if (0 < x < S )

T P(0.3183adZ +b\

V P(a-0.3183bdZ)

(7)
M PR[O. 3183 (dS + C" + ad Z - 1) - a + b ]

ZP
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TABLE 5-6

Form.ulas for Closed Circular Rings of Uniform. Cross Section (continued)

if (S < x < TI )

0.3183 PR(ds+c+as2 -1)

T

v

0.3183 Pas
2

-0.3183 Pbs2

PR) r (d2 +2) :;1
E1 L---2- + O.6366(dS~c-l)-2dJ ifS>90°

PR
3

[0.6366 (dS+c - 1) - d 2 /2]ifS < 90 0

£1

PR)
E1 [(dc+8)/2+0.6366(dS~c-1)-d]

M
(8)

if(O<x<S)

PR [0. 3183(£ ~+e-d8-c-adZ+ af~) - f+dl

T 0.3183 Pa (f 2_ d 2)

V 0.3183 Pb(dZ-f?')

if (8 < x < ~)

M PR[0.3183(f$+e-d8-c-adZ+arZ)-f+b]

T P[0.3183a(f~-d2)+bl

V P[0.3183b (d 2 _f
2

)+aJ

if (~< x < TI)

M O. 3183 PR~f ~+e-dS-c-ad2+af 2 )

T 0.3183 Pa(f2_ d 2)

V O. 3183 Pb (d2 - f 2)
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TABLE 5-6

Form.ulas for Closed Circular Rings of Uniform. Cross Section (continued)

PR)
[(d2 +fZ)/2 + O. 6366(f~. +e-df-c)+I-Zf1

EI

D.D v
PR3

[(fe +~ - dc-e) /2+0. 6366(ff)+e- ds-c)+d- f]
EI

at x = 0, 213, 4B .•..

PZR (± -t)at x = 0, 213, 4S •..•

PR (1
Z \[3 - cotS) at each load

P
Zd

if (0 < x < 0 )

max T

n1ax - M

max+M

p

P

P

P ---t-+--......--+-+--.. P

(9)

T .£ cotS at loads
Z

Radial displacement at each point load =

"PR [Ie t dc) 1 J-- .l<' - outward
2EI Zd 2 13

Radial displacement at x = 0, 213, 4S ....

2

\13
1
d

inward
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TABLE 5-6

FornlUlas for Closed Circular Rings of Uniforill Cross Section (continued)

3dc

4
~\J- 4 )

M M
O

- wR Z [db - O. 10bld3 (l-a)]

T -wR(0.1061d 3 a+dbl

(10) w

if (0 < x < e)

T
o

3-0.1061 w Rd

ZwR sinS
v wR (0. 1061d 3 b - da)

T

M

if(G<X<TT)

M
O

+ wR Z [0.1061d
3
(l-al-(d

Z
+b Z)/Z]

-wR (CJ. 1061 d 3 a + b 2 )

6D
v

v
3

wR (0.1061 d b - bal
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TABLE 5-6

Formulas for Closed Circular Rings of Uniform Cross Section (continued)

(11 ) w

w

,

w R 2 [ O. 3 183 \.~ + ed
2

+ 3 ~c ) - gi J
o

if (0< x <8\

M

T

v -w Rba

if (0 < x < n - 8 )

T -w Rdb

v - w Rda

= _wR
4

[ -0.3183 (Zf3d2 + 3dc+el +d
2 -e d +

E1

+~+~-CJ
3 3

5 - 43
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TABLE 5-6

Forll1ulas for Closed Circular Rings of Uniforll1 Cross Section (continued)

(12)

wR

-wR (0. 02653)

if (0 < x < n /2 )

2
M M

O
- T

O
R(1-a\ - wR b/2

T T Oa - wRb/2

V -TOb-wRa/2

if (n /2 < x < n )

M

T

V

M - T R(l-a) -wR 2 b/2 - wR 2 (I_ b )3/6o 0

T a - wRb/2 + wRb(l-b2 )/2o
-T b - wRa/2 + wRa (l-a2 )/2o
0.1228 wR4 /(EI)

6D = -0.1220 wR 4 /(EI)
v

-SC) +c -I}.

(13 )
w

[
( 2d

wR 0.3183 \. 3 +

if (0 < x < S )

_ 1.. +
2

c -

3dc + 'i.- )
4 4

M

T

v

2 2
M O - TORO-a) - wR (l-a )/2

TOb - wRb (I-a'
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TA.:3LE 5-6

Formulas for Closed Circular Rings of Uniform Cross Section (continued)

if (a < x < TT)

Z '
M = M

O
- TOR(l-a\-wR (l_c)<;'-l-+c-i.al/z'

T = TOa+wRa(l-c)

'I = -TOb - wRb(l-e)

(14)

M
O

= wR3 [0.3183 (!t +~ _ Be _ l3de
- \3 9 4 Z4

TO = wR [0.3183 {d-Sd + c -I]

.Ildc Z
+--

36

Ii if (0 < x < B)

II 3r 3 l/~]M:: M
O

- TOR (l-al+wR ill-al /6-(I-e)(1-a) , ..

I T = TO + wRZa(I-Zc~a)(1-a)/2

V = -TOb-~RZb{I-2e+aHI-a)n

if (6< x < n)

3 2(-2 C )M= MO - TOR(I-a)-",R (I-c) 3+ 3 -a /2

T =TOu + wR2"'(1_c)2i2

V = -TOb - wR2b\l-e)Z/Z
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TABLE 5-6

Formulas for Closed Circular Rings of Uniform Cross ~ection (continued)

(l5)

z
Ma=wR [c-0.318~\9c-8'-11

'0 = wR[O.3183(d-c 1 +c-I]

it (0 < x < B )

Z
M = M 0 - TOR (1- a\ - v. R (1- a - db)

T = TOa + wR (db+a - l)

v = -TOb. wR(db-bl

if (8 ...: x . '1)

v = -Tab + wR(cb-b)

t-

ADv = ZwR
4 (lL£.. + 0.31838 +..s. _O. 1183d _;)

E1 4 Z -
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TABLE 5-6

Formulas for Closed Circular Rings of Uniform Cross Section (continued)

(16)

if (0 < x < 13)

M = PR to. 15915 (~+c-f~-e+a(dZ-fZ)-b(dc+l3+fe+~)

-x(d+f)] - (d-fl!Z+b}

if (13<x< ZTT -~)

M = PR to.15915(db+c-fO-3+a(dZ-fZ)-b(dc+I3He+~)

-x(d+f)] + (dH)!Z}

if (ZTT - q< x < ZTT)

M = PR to. 15915 (~+c-f~-e+a(dZ-fZ)-b(dc+13He+~)

-x(dH)] + (d+3f/2+b}

if (0 < x < 13) or (ZTT - ~ < x < 2TT)

T = P(0.15915 (ad2 - afZ-bdc-b13-bfe-b~)+b]

V = P (0. 15915(-d-f-bd2 +bf2 -adc-a13 -afe-aq)+a]

if (13 < x < ZTT - q)

T = O. 15915 P(ad2-af2-bdc-bl3-bfe-b~l

V = O. 15915 P(-d-f-bd2+bf2-adc-al3 -afe-a~)
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TABLE 5-6

Formulas for Closed Circular Rings of Uniform Cross Section (continued)

(17)
if (0 < x < s)

M = MA[0.3183(ad-bc+s/2-X!2)-~]

T = -0.318M
A

(bc-ad1!R

V = -0.3183MA(bd+ac+~)!R

if (S < x < 211)

M = M ALO.3183\bd-bc+S/2-x!Z) +~]

T = -0. 31b, MA(bc-ad)/R

V = -0.3183MA(bd+ac+~)/R

.~----------------+-------------------

T = w R (xb - a ( 2 -llb )

)

Max-M = -O.642wR'- at x = 74.6°

M = w R 2 (1 +a /2 - n b t xb )

wR 4

E1
-0.18765

Max t M =M = 3wR 2 / 2o

V = wR(xa tb/2-1l a\

4
0.4292 wR

E1
w lb. per unit length of
circumference

(1 d)
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TABLE 5-6

Formulas for Closed Circular Rings of Uniform Cross Section (continued)

( 19) w lb. per unit length
of circumference

TTwR TTwR

wR(dL~)

if (0 < x < S)

T TOa+wRxb

V -TOb+wRxa

if @ < x < 1f )

T = ToatwR(xb-::b)

v = -TOb + wR(xa -ITa)
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TABLE 5-6

Formulas for Closed Circular Rings of Uniform Cross Section (continued)

M O =: -0.0113ZPR

(ZO)

length of circumference

max+M =: 0.01456 PR at x =: 66.8°

max-M =: -0.01456 PR at x=: 113.Zo

P(0.15915xb - 0.07958a)

M PR(0.Z3868a + 0.15915xb - 1/4)

T

TO -0.07958P

if (() < x < TT 12 )

P
2

lb. per unitTTR

p

Z

V P(0.15915:ica - O.07958b)

if(rr/Z<x<n)

M PR(O.23868a + 0.15915xb - biz + 1/4)

T P (0. 1 59 15xb - O. 079 58 a - biZ)

V P(0.15915xa - O.07958b - a/Z)

if(Jj<x<n)

M =: PR[0.23868a-b/Z+0.15915(xb+Sd+c-achJ

P[0.15915\xb-acZ) - 0.07958aJ

O. 15915 P (xa- b 12+bc2)v

T

M

if (0 < x <13 )

PReO. Z3868a - d/Z+0.15915(xb+Sdtc-ac Z)

T =: p[o. 15915(xb-acZ)-O. 07958a - b/2 J

V p[o. 15915 (xa-b/Z+bc Z)-a/2)

.6.Dh
PR3

[O.3183~d$+c)-(d2+1)/4)--
E1

.6.Dv
PR3

[0.3183 (d8+c)+(dc+el/4 - d/2 -n/8)=:
E1
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TABLE 5-6

Formulas for Closed Circular Rings of Uniform Cross Section (continued)

(22) Ends Pinned

1
where u = -- and A cross sectional area

AR 2

VA
P
2 " d~f )

(23) Ends Pinned

(lA = H B
wR

2

(u as for case (22))

VA = wRd

VB 2wR-VA
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TABLE 5-6

Formulas for Closed Circular Rings of Uniform Cross Section (concluded)

(24) Ends Fixed

P

p 2(de+~dn-dc) - d2_ f2_a(dL_fL) ]
-- r __rL 2 -.----
2 L 2d

13 + de - ---'- + a (l3+dcl
13

(a as for case (22))

V :: E.. (13 ,p-cdt-ef -Zfe )
A 2 \ 8 - cd

18 e - d ) PR i c-e-pf -Sf)
VA Rd + HR \ -8- + 2 \ 6

(25) Ends Fixed
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5. 10 Sample Problem - Circular Rings and Arches

Given: The circular ring shown in Figure 5-18.

70 lb.

800 in. lb. -+--+--+---- --+'-+--+- 800 in. lb.

,70 lb.

Figure 5-18. Circular Ring

Find: The bending moments in the ring.

Solution: The bending moment in the ring may be obtained by super­
posing that due to the concentrated loads (~) and that due to the applied
bending moments (M ). From Table 5-6, case 1, the bending moment

1lI

due to the concentrated loads is

M p = PR(O. 3183 - b/2) = 70(10)(0.3183 - sinx/2) = 223 - 350 sinx

From Table 5-6, case 3, the bending moment due to the applied
moment is

or

M
lli

= M
A

(0.6366 a - ~) = 800(0.6366 cos x - ~)

if (0 < x < n 12)

510 cos x - 400

M
lli

= M A (0.6366 a + ~) = 800(0.6366 cos x +~) = 510 cos x + 400

i f (TT I 2 < x < n)

The bending moment due to the combined loading is
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Thus,

M = (223 - 350 sinx) + (510 cosx - 400)
177 - 350 sinx + 510 cosx
if (0 < x < TT /2)

or

M = (223 - 350 sinx) - (510 cosx + 400)
= 733 - 350 sinx + 510 cosx

if (TT / 2 < x < TT)

In the above expressions, x is the angular distance froD1 the bottoITl

of the ring.
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I? ANALYSIS OF PLATES

6. 1 Introduction to Analysis of Plates

This chapter covers the analysis of plates as commonly used in aircraft
and missile structures. In general, such plates are classified as thin; that is,
deflections al'e small in comparison with the plate thickness. These plates
are subjected to compression, bending, and shear-producing loads. Critical
values of these loads produce a wrinkling or buckling of the plate. Such buck­
ling produces unwanted aerodynamic effects on the surface of the airplane. It
also may result in the redistribution of loads to other structural members,
causing critical stresses to develop. Thus, it is essential that the initial
buckling stress of the plate be known. In addition, if the buckling stress is
above the proportional limit, the panel will experience ultimate failure very
soon after buckling.

The critical buckling of a plate depends upon the type of loading, the
plate dimensions, the material, the temperature, and the conditions of edge
support.

This chapter considers the various loadings of both flat and curved plates,
with and without stiffeners. Single loadings are considered first followed by a
discussion of combined loadings. Examples are given to show the use of the
analysis methods presented.

6.2 Nomenclature for Analysis of Plates

e
E

E.
E t

E., E t
f
F

FO.7,FO.85
Fer

For.
F p1

For
F r
FR

plate length
stiffener area
plate width
effecti ve panel width
core thickness, signifies clamped edge
compressive buckling coefficient for curved plates
strain
modulus of elasticity
secant modulus
tangent modulus
secant and tangent moduli for clad plates
ratio of cladding thickness to total plate thickness
stress
secant yield stress at O. 7E and O. 85E
critical normal stress
critical shear stress
stress at proportional limit
compressive yield stress
crippling stress
free (refers to edge fixity)
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....

g
k

kG
k.

k"
K
L'
n
p
P
r
R
-
R
ss
t

t.
t w
t l
w
W

Y
Zb.

f3
Sg
€

Tl
Tl
A
\I

\I

"\l p

P

number of cuts plus number of flanges (Section 6.3. 3)
buckling coefficient
compressive buckling coefficient
shear buckling coefficient
equivalent compressive buckling coefficient
sandwich panel form factor
effecti ve column length
shape parameter, number of half waves in buckled plate
rivet pitch
total concentr ated load
radius of curvature
stres s ratio
sandwich panel parameter
simply supported
thickness
skin thickness
web thickness
total cladding thickness
unit load
total load, potential energy
deflection ~

2 2-length range parameter b (1-\1" )2/ r t
ratio of cladding yield stress to core stress
crippling coefficient
ratio of rotational rigidity of plate edge stiffeners
plasticity reduction factor
cladding reduction factor
buckle half wavelength
inelastic Poisson's ratio
elastic Poisson's ratio
plastic Poisson's ratio
radius of gyration

6.3 Axial Compression of Flat Plates

The compre.ssive buckling stress of a rectangular flat plate is given by
Equation (6-1).

F (I" = TlTl
2

12(1-\1" )

( l )2
b'

(6-1 )

The relation is applicable to various types of loadings in both the elastic
and the inelastic ranges and for various conditions of edge fixity.

The case of unstiffened plates is treated first and then stiffened plates
are discussed.
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The edge constraints which are considered vary from simply supported
to fixed. A simply supported edge is constrained to remain straight at all
loads up to and including the buckling load, but is free to rotate about the
center line of the edge. A fixed edge is constrained to remain straight and
to resist all rotation. These two conditions define the limits of torsional
restraint and are represented by € = 0 for simply supported edges and € = co

for fixed edges.

Plates are frequently loaded so that the stresses are beyond the pro­
portional limit of the material. If such is the case, the critical buckling stress
is reduced by the factor il, which accounts for changes in k, E, and v. This
allows the values of k, E, and v. to always be the elastic values.

The second reduction factor in Equation (6-1) is the cladding factor Tl".
In order to obtain desirable corrosion resistance, the surface of SOIne aluminum
alloys are coated or clad with a material of lower strength, but of better cor­
rosion resistance. The resultant panel may have lower mechanical properties
than the basic core material and allowance must be made. Values for the
factor il are given in the appropriate sections.

6.3. 1 Buckling of Unstiffened Flat Plates in Axial Compression

The buckling coefficients and reduction factors of Equation (6-1)
applicable to flat rectangular plates in compression are presented in this section.

Figures 6-1, 6-2, and 6- 3 show the buckling coefficient k o as a func­
tion of the ratio alb and the type of edge restraint; and, in the case of Figure
6-2, the buckle wave length and number of half waves. Figure 6-4 shows k o
for infinitely long flanges and plates as a function of the edge restraint only.
The edge restraint ratio € is the ratio of the rotational rigidity of plate edge
support to the rotational rigidity 6f the plate.

The condition of unequal rotational support can be treated by
Equation (6-2).

(6- 2)

The coefficients k
q

ar:.d k
02

are obtained by using each value of € independently.

Figures 6- 5, 6-6, and -6-7 present k e for flanges. A flange is con­
sidered to be a long rectangular plate with one edge free.

The plasticity reduction factor il for a long plate with simply sup­
ported edges is given by Equation (6- 3).

il = [( :. ) (

3 E t .l

)J{O. 500 + 0.250 [1 + (~iJf

6 - 3
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Figure 6-1, Compressive-Buckling Coefficients for Flat Rectangular Plates
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For a long plate with clamped edges, the factor is given by Equation (6-4).

(6-4)

The value of the inelastic Poisson ratio 'J is given by Equation (6-5).

- ('J - 'J ) (~)
peE

(6- 5)

The tangent and secant moduli can be determined from the Ramber g­
Osgood relation as shown in Equations (6-6) and (6-7).

( E) _ (3) ( F \ n- 1-- -l+\__ n __ I

E t 7 F 0.7'

(6-6 )

(6- 7)

Values of E, F O. 7' and n must be known for the material under consideration.
Figure 6-8 shows the characteristics of stress-strain curves used to deter­
mine the shape factor n.

The cladding reduction factor is given by Equation (6-8).

Tl= 1+3$f (6-8)
1 + 3 f

This relation is valid for the range F el < Fer < F p1 . For the plastic range

when Fer> F p1 Equation (6-9).

1
Tl =

1+3f

(6 .....9) .

The potential energy factor W is given by Equation (6-10).

)[(_1) + ( 2- ) (S-\J
! 4 ,4, E )s .

(6- 10)
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Figures 6-9 and 6-10 present values of k o for plates restrained by stiffeners.
This data is included here instead of in the section on stiffened plates because
the stiffeners are not a part of the plate. To be noted is the effect of torsional
rigidity of the stiffener on the buckling coefficient of the plate.

6
a

,-
F x F x b/2

5 J
t

~ A r

F x at

4 0 0

k c
.05 .2

. 1 . 5

. 15 1.0

.2 2.0

3 .25 5.0
.3 00

432

alb

12~----""----""'------""'------""o

Figure 6-9. Compressive-Buckling Coefficient of Flat Plates Restrained
Against Lateral Expansion. Poisson's Ratio Equals O. 3;

=
(~)
( 1+ AT!)
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6.3.2 Buckling of Stiffened Flat Plates in Axial Compression

The treatment of stiffened flat plates is the same as that of un­
stiffened plates except that the buckling coefficient, k, is now also a function
of the stiffener geometry. Equation (6-1) is the basic analysis tool for the
critical buckling stress.

As the stiffener design is a part of the total design, Figures 6-11
and 6-12 present buckling coefficients for various types of stiffeners.

The applicable critical buckling equation is indicated on each figure.

A plasticity reduction factor Tl is applicable to channel and Z­
section stiffeners as given by Equation (6-11).

(6 - 11 )

Figures 6-13 and 6-14 present values of the buckling coefficient
for longitudinally stiffened plates. The curves' of Figure 6-13 are in terms
of the plate geoill.etry and the param.eter E1/bD for the plate. The curves of
Figure 6-13 were based on the assumption that the stiffener section centroid
was located at the midsu:dace of the plate. If the stiffener is located on one
side of the plate, as is usually the case, an effective value of (EI/bD) must
be determined. Figure 6-15 presents a plot of the function l/Znq vs Alb for
one, two, or an infinite number of stiffeners to be used in Equation (6-12).

2
( E1 ') (Az )

bD Je
1 +

I I (6-12 )=
(E1 )

1 + (Z~~A)\];1)'

The value of (A Ib) us ed for Figur e 6 -15 must be the s arne as that us ed in
Figure 6-13. This may require an iterative approach as (EI/bD)e may occur
at a different value of g in Figure 6-13 than does (E1/bD) at the alb of the n
originally used to enter Figure 6-13.

Figure 6-16 presents curves for finding a value for k for plates
with transverse stiffeners. It is noted that the stiffeners are allowed to have
torsional stiffness in these plots, whereas in Figure 6-13 for axial stiffeners,
GJ = 0 for the stiffeners. See Figure 6-10 in Section 6.3.1 for an indication
of the effect of stiffener rigidity on the plate buckling coefficient.
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6.3.3 Crippling Failure of Flat Stiffened Plates in COITlpression

For stiffened plates having slenderness ratios L" /p ~ 20, con­
sidered to be short plates, the failure ITlode is crippling rather than buckling
when loaded in cOITlpression. The crippling strength of individual stiffening
eleITlents is ~onsidered in Chapter 2, ColuITln Analysis. The crippling strength
of panels stiffened by angle-type eleITlents is given by Equation (6-13).

(6 -13)

For ITlore cOITlplex stiffeners such as Y sections, the relation of Equation (6-14)
is used to find a weighted value of two

t..., = (6-14)

where a
1

and t
1

are the length and thickness of the cross-sectional eleITlents of
the stiffener. Figure 6-17 shows the ITlethod of deterITlining the value of g used
in Equation (6-13) based on the nUITlber of cuts and flanges of the stiffened panels.
Figure 6-18 gives the coefficient I3 g for various stiffening eleITlents.

If the skin ITlaterial is different froITl the stiffener ITlaterial, a
weighted value of Fey given by Equation (6-15) should be used.

F eya + F ~yw [(t/ t s ) - 1]
F oy = ------------

(t / t s )

Here, t is the effective thickness of the stiffened panel.

(6-15)

The above relations as SUITle the stiffener -skin unit to be forITled
ITlonolithically; that is, the stiffener is an integral part of the skin. For
riveted construction, the failure between the rivets must be considered. The
interrivet buckling stress is determined as to plate buckling stress, and is
given by Equation (6-16).

(6-16)

Values of E:, the edge fixity, are given in Table 6 -1.
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TABLE 6-1

End-Fixity Coefficients for Interrivet Buckling

Fastener Type
(F ixity - Coeffic ient)

€

Flathead rivet 4

Spotwelds 3.5

Brazier-head rivet 3

Countersunk rivet 1
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After the interrivet buckling occurs, the resultant failure stress
of the panel is given by Equation (6-17).

F tr =
F t (2bet t.)+ Ff.tA.t

(2 bet t. ) +A,t
(6- 17)

Here the value bet is the effective width of skin corresponding to the inter­
rivet buckling stress Ft. The failure stress of short riveted panels by
wrinkling can be determined. The following quantities are used:

Fret crippling strength of stringer alone (see Chapter 2,
Column Analysis)

F" wrinkling strength of the skin

F r crippling strength of a similar monolithic panel

F fr strength of the riveted panel

The wrinkling strength of the skin can be determined from
Equation (6-18) and Figure 6-19. Here, f is the effective rivet offset dis­
tance given in Figure 6-20. This was obtained for aluminum rivets having
a diameter gr eater than 90% of the skin thicknes s.

F" -
k,. TT 2 Tl T1 E

12(1-\12)
(6-18)

Now, based on the stringer stability, the str ength of the panel can be calcu­
lated. Table 6-2 shows the various possibilities and solutions.

TABLE 6-2

Riveted Panel Strength Determination

Stringer Stability Panel Strength

F > F w
- -

f st
- - stable Ffr = F w

- - - Fwbst s + Ffst A st
Ff st

< F w - unstable F fr =
bst s + A st
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It is noted that in no case should Far > Ft. Thus, the lower of
these two values should be used.

The use of the coefficient kIf is based upon aluminum alloy data
for other materials. The procedure is to use Equation (6-19) ·for the panel
crippling strength.

(6-19)

6.4 Bending of Flat Plates

I
The bending of flat plates Vn aircraft structures can be caused by both

in-plane forces or 'by normal for'ces. The quantities of interest in the anal­
ysis and design of such plates are the magnitude and location of the maxirnum
stress and the maxirnurn deflection.

The following sections present plots and'tables allowing the calculation
of these quantities.

6.4.1 Unstiffened Flat Plates in Bending

The general buckling relation for plates subjected to in-plane bend­
ing is given by Equation (6-20).

2
12(1-\i

e
)

(6-20)

Values of bending coefficient, k b , are given in Figure 6-21 for
various edge restraints and the nurnber of buckles versus A/b, the buckle
wave length ratio, and in Figure 6-22 for various edge restraints versus
the ratio a/b.

For plates loaded with uniforrnly distributed norrnal force, the
rnaxirnurn stress and rnaxirnurn deflection can be represented by sirnple
relations by the use of a series of constants which depend upon the plate
geornetry and loading. Tables 6-3 through 6-8 present loading coefficients
for use with Equations (6-21) through (6-25).
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TABLE 6-4

Loading Coefficients for Corner and Edge Forces for Flat Simply
Supported Rectangular Plates Under Various Loadings ':'

(a) Uniform Loading

K K1

b/a Vx{max. ) Vy{max. ) R

1 0.420 0.420 0.065

1.1 0.440 0.440 0.070

1.2 0.455 0.453 0.074

1.3 0.468 0.464 0.079

1.4 . 0.478 0.471 0.083

1.5 0.486 0.480 0.085

1.6 0.491 0.485 0.086

1.7 0.496 0.488 0.088

1.8 0.499 0.491 0.090

1.9 0.502 0.494 0.091

2.0 0.503 0.496 0.092

3.0 0.505 0.498 0.093

4.0 0.502 0.500 0.094

5.0 0.501 0.500 0.095

co 0.500 0.500 0.095

Remarks

L= aforVxandVy
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TABLE 6-4

Loading Coefficients for Corner and Edge Forces for Flat Simply
Supported Rectangular Plates Under Various Loadings (continued) :::::

(b) Distributed Loadings

K K 1

b/. Vxl Vx2 Vy Rl R2 ReITlarks

1.0 0.126 0.294 0.210 0.026 0.039 Use L;:; a for V
xl'

Vx 2
1.1 o. 136 0.304 0.199 0.026 0.038

1.2 0.144 0.312 0.189 0.026 0.037 Use L = b for V y

1.3 o. ISO 0.318 0.178 0.026 0.036 Because the load is not
symmetrical, the reactions

1.4 O. 155 0.323 0.169 0.025 0.035 R 1 are different from the
reactions RZ. also V xl

1.5 o. 159 0.327 0.160 0.024 0.033 is different than Vx2. The
same applies to case V -3.

1.6 0.162 0.330 0.151 0.023 0.032

1.7 0.164 0.332 0.144 0.022 0.030

1.8 0.166 0.333 0.136 0.021 0.029

1.9 0.167 0.334 o. 130 0.021 0.028

2.0 0.168 0.335 0.124 0.020 0.026

3.0 0.169 0.336 0.083 0.014 0.018

4.0 0.168 0.334 0.063 0.010 0.014

5.0 0.167 O. 334 0.050 O. 008 0.01 I

~ o. 167 0.333 -- -- --

y

Notes:

In this case only, the formula (V) for the corner force
R can be used when substituting a for b
Vx(max.) and Vy{max.) are at the middle of sides
b and a respectively as shown in the figure for this table

(b) Distributed Loadings (Cont'd.)

K K I

alb V x1 V x2 V y R I R2 Remarks

00 - - - - 0.250 - - - - Use L = a for Vxl'
V

x2
5. 0 o. 008 o. 092 o. 250 0.002 0.017

4. 0 o. 013 o. 112 o. 251 0.004 0.020 UseL=bforV y

3. 0 0.023 o. 143 0.252 0.006 0.025

2. 0 o. 050 O. 197 o. 251 0.013 0.033

1.9 o. 055 o. 205 o. 251 0.014 O. 034

I. 8 0.060 o. 213 O. 249 o. 016 o. 035

I. 7 0.066 0.221 o. 248 O. 017 O. 036

1.6 0.073 0.230 o. 245 0.018 0.037

1.5 0.080 0.240 0.243 0.020 0.037

1.4 0.088 o. 250 0.239 0.021 0.038

\.3 0.097 o. 260 O. 234 o. 023 o. 039

1."2 0.106 0.271 o. 227 o. 024 o. 039

1.1 0.116 0.282 o. 220 0.025 o. 039

\.0 0.126 0.294 o. 210 0.026 o. 039

V X2 -b/2 Vx/1 '"b/2 /Vy

y

x

':'Griffel, William, Handbook of Formulas for Stress and Strain
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....

TABLE 6-4

Loading Coefficients for Corner and Edge Forces for Flat Simply
Supported Rectangulrtr Plates Under Various Loadings (concluded) ':'

(b) Distributed Loadings (Cont'd.)

K K 1

b/a Vx(max. ) Vy(max. } R Remarks

\.0 0.147 0.250 O. 038 Use L = a for V x

\. 1 0.161 O. 232 O. 038

\.2 0.173 0.216 0.037 Use L ~ b for V y

1. 3 0.184 0.202 O. 036

1.4 0.193 O. 189 0.035

1.5 0.202 O. 178 O. 034

1.6 0 208 0.108 O. 033

\.7 0.214 0.158 0.031

\.8 0.220 0.150 O. 030

\.9 0.224 0.142 O. 029

2.0 0.228 O. 135 O. 02E>

3.0 0.245 0.090 0.019

00 0.250 -- --

y

x

(b) Distributed Loadings (Cant 'd. )

K KI

alb V x(rnax.) Vy(max. ) R Remarks

00 -- 0.50 -- UseL=aforV x

3.0 0.027 0.410 0.010
UseL=bfarV y

2.0 0.057 0.365 0.023

1.9 0.062 0.358 0.024

\.8 0.098 0.350 0.026

1.7 0.074 0.342 0.028

1.6 0.081 0.332 0.029

1,'5 O. 090 0.322 0.031

1.4 0.099 0.311 0.033

1.3 0.109 0.298 0.035

\.2 0.120 0.284 0.036

1.1 0.133 0.268 0.037

1.0 0.147 0.250 0.038

t
w

..d1fillilltitllillltilb. --..-i
,~----+--_------"-1/R

--I----i-!~----1----~~----x

R

y

':'Griffel, William, Handbook of Formulas for Stress and Strain
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'.,'

TABLE 6-6

Loading Coefficients for Flat Elliptical Plates Under Uniform Load ':'

Edge Supported Edge Fixed
Uniform Load Over Uniform Load Over

Entire Surface Entire Surface

Manner of
Loading K K 1 K K 1

1.0 0.70 1. 24 O. 171 0.75

1. 1 0.84 1. 42 0.20 0.90

1.2 0.95 1. 57 0.25 1.04

1.3 1. 06 1. 69 0.28 1. 14

1.4 1. 17 1. 82 0.30 1.25

1.5 1. 26 1.92 0.30 1. 34

1.6 1.34 2.04 0.33 1. 41

alb 1.7 1. 41 2.09 0.35 1. 49

1.8 1. 47 2.16 0.36 1. 54

1.9 1. 53 2.22 0.370 1. 59

2.0 1. 58 2.26 0.379 1. 63

2.5 1. 75 2.45 0.40 1. 75

3.0 1. 88 2.60 0.42 1. 84

3.5 1. 96 2.70 0.43 1. 89

4.0 2.02 2.78 0.43 1.9

L b b

Locations of F max. at center F max. at end of

stress and Y max. at center shorter principal
deflection axis. Y max. at

center

a

'--""-*-

';'Griffel, William, Handbook of Formulas for Stress and Strain
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Equation (6-21 )(a), (b) pertains to rectangular, square, triangu­
lar, and elliptical plates.

y = KwL4
(a)

Et 3

K wL2
F = 1 (b)

t 2

Equation (6-22)(a), (b) pertains to corner and edge forces for
simply supported rectangular plates.

(6- 21)

R=Klwab (a)

v = KwL (b)

(6-22 )

Equation (6-23)(a), (b) pertains to partially loaded rectangular
plates with supported edges.

KwL 3
(a)y =

Et 3
(6-23 )

F=
KIW

(b)

t 2

Equation (6-24)(a), (b), (c) pertains to circular plates.

KWa
2

Y =
Et

3

F =
KIW

t 2

e =
K

2
Wa

Et3

(a)

(b)

(c)

(6-24)

Equation (6-25)(a), (b), (c), (d), (e) pertains to circular plates
with end moments.

y =

6 - 52

(a)



....

F
KIM

=
t 2

8
K 2 Ma

=
Et 3

F
KIM

=
at2

8
M=

K Et 3
2

(b)

(c)

(d)

(e)

(6-25)

Equation (6-25) (d) and (e) applies to trunnion-loaded plates only.
(See Table 6-8).

These equations have been developed with a value of 0.3 for Poisson's
ratio; however, they may be applied to materials with other values without
significant error.

6.4.2 Beam-Supported Flat Plates in Bending ,;,

The treatment of unstiffened flat plates in Section 6.4.1 included
considerations of the edge restraints. These were considered to be rigid in
most instances. This section presents methods of analysis which consider
the bending of the support beams. Figure 6-23 shows an idealized view of a
beam-suppol"ted plate. The loading may be either concentrated at the center
of the plate or di stributed uniformly.

Figure 6-23. Beam-Supported Plate

':'Griffel, William, Handbook of Formulas for Stres s and Strain
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Table 6-9 is used in conjunction with Figure 6-24 to find the maxi­
mum of either the plate or sup-porting beam. The rigidity ratio, H, is given
by Equation (6-26).

H =------ , where II' = (6-26)

Table 6-10 is used with Figures 6-25 and 6-26 to find the maxi­
mum stress in the plate and the beam.

6.5 Shear Buckling of Flat Plates

The critical shear-buckling stress of flat plates may be found from
Equation (6-27).

F ors TiTi 2
12(1-\)e)

(6-27)

Figure 6-27 presents the shear coefficient k
B

as a function of the size
ratio alb for clamped and hinged edges. For infinitely long plates, Figure
6-28 presents k s as a function of Alb. Figure 6-29(a) presents kS<Xl for long
plates as a function of edge restraint, and Figure 6-29(b) gives k s IkS<Xl as a
function of b I a, thus allowing the determination of k

ll
•

The nondimensional chart in Figure 6 ..dO allows the calculation of in­
elastic shear buckling stresses if the secant yield stress, F O• 7 ' and n the
shape parameter is known (Table 6-11).

The plasticity-reduction factor Ti and the cladding factor Tl can be
obtained from Equations (6-28), (6-29), and (6-30).

Ti =
E

(6 - 28)

1
Ti = ---

1+3f

for F ers >FJll

Ti = 1 + 3f13 for F
e1

< F
erB

< F Jl1

1 + 3f

[ 1+3f ( ~s 'J]+{r1+3f (~S )J[{-+}( ~t )+ wll~
\, .... \ I 11~-

6 - 54

(6-30)
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TABLE 6-11

Values of Shape Parameter n for Several Engineering M ('rials. _. __ ._-_.-

n Mater ial
-----

One-fourth hard to full hard 18 -8 stainless steel, '0/ltL
3

One -fourth ha rd 18-8 s tainle s s steel, graiEcross

'-
One-half hard and three-fourths hard 18-8 stainless ..':"~ l

5
graincross

--
Full hard 18-8 stainless s te el, cross grain

10 2024-T and 7075-T aluminum-alloy sheet and extrusion
2024R-T aluminum-alloy sheet

"--'-

2024-T80, 2024-T81, and 2024-T86 alun1inum -alloy ,'heet
20 to 25 2024-T aluminum-alloy extrusion

SAE 4130 steel heat-treated up to 100,000 psi ultinlate stress
-_._-

35 to 50
2014-T aluminum-alloy extrusions
SAE 4130 steel heat-treated above 125,000 psi ultimate '.tress

co SAE 1025 (mild) steel
---
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6.6 Axial Compression of Curved Plates

The radius of curvature of curved plates determines the method to be
used to analyze their buckling stress. For large curvature (bZ/rt < 1), they
may be analyzed as flat plates by using the relations in Section 6.3. For
elastic stresses in the transition length and width ranges, Figure 6-31 may
be used to find the buckling coefficient for use in Equation (6- 31).

k TT Z Ec
Fat" = ----"""Z-

lZ(l-'J
Z

)

I, 000 ,.....----------.,

r/t = 300

(_t ,Z
'b J

1,000

r It = 500

(6- 31)

100

10

100

10

1000
I '------I-----"'----~

10 100 1000 I 10 100
Zb I, 000..-----------., Zb

r/t= 1,000

100

10

I L-__...J. ..L-__......

I 10 100 1000

Zb

Figure 6-31. Buckling Coefficient Grouped According

to -r / t Values for Curved Plates

For sharply curved plates, (bZ/rt> 100), Equations (6-3Z) and (6-33)
can be used.

( ~r \Fe,. = TiCE ) (6- 3Z)

(6- 33)

Figure 6-3Z gives values of C in terms of r/t. Figure 6-33 gives Ti

in a nondimensional form. Here the quantity ee,. = Ct/r.
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n = (E 8 IE) [(E t IE) (1-ve 2) I ( 1- v 2 )F
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6. 7 Shear Loading of Curved Plates

Large radius curved plates (b 2 /rt < 1) loaded in shear may be analyzed
as flat plates by the methods of Section 6. 5. For transition length plates

(l < b 2 / rt < 30), Figure 6- 34 can be used to find k. for us e in Equation (6- 34).

For (b 2 /rt > 30), Equation (6-35) may be used.

(6-34)

F e~'
(6- 35)

Curved plates under shear loading with stiffeners can be analyzed by
using Figure 6-35 for the value of the buckling coefficient k.. Both axial
stiffeners and circumferential stiffeners are treated.

6.8 Plates Under Combined Loadings

In generc;l, the loadings on aircraft elements are a combination of two
or more simple loadings. Design of such eleIT1ents must consider the inter­
action of such loadings and a possible reduction of the allowable values of the
simple stresses when combined loads are present. The IT1ethod using stress
ratios, R, has been used extensively in aircraft structural design. The ratio
R is the ratio of the stress in the panel at buckling under combined loading to
the buckling stress under the simple loading. In general, failure occurs
when Equation (6- 36) is satisfied. The exponents x and y must be determined
experimentally and depend upon the structural element and

16-36)

the loading condition.

6.8.1 Flat Plates Under Combined Loadings

Table 6-12 gives the combined loading condition for flat plates. Fig­
ures 6-36 and 6-37 give interaction curves for several loading and support
conditions. It is noted that the curves present conditions of triple cOIT1binations.
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(b) Long clamped plates

Figure 6-34. Shear Buckling Coefficients for Various Curved Plates (continued)
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Figure 6-34. Shear Buckling Coefficients for Various Curved Plates (continued)
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Figure 6-34. Shear Buckling Coefficients for Various Curved Plates (concluded)
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TABLE 6-12

COITlbined Loading Conditions for Which Interaction Curves Exist

Theory Loading Combination Interaction Equation Figure

Biaxial compression For plate s that buckle in 6.37
square waves, R + R = 1x y

Longitudinal compres- For long plates, R c +R s
2 =1 6.36

sion and shear

Longitudinal compres- None 6.37
sion and bending

Elasti c
2 2 6.36Bending and shear R b + R s = 1

Bending, shear, and None 6.36
transverse compression

Longitudinal compression None 6.37
and bending and trans-
verse compression

Inelastic Longitudinal compression R c
2

+R 2 1=s
and shear

Figure 6-38 presents buckling coefficients for right angle isosceles
triangular plates loaded under shear and cOITlpression. Equation (6-37) is the
interaction equation for shear and norITlal stress on this type of plate.

(
2F

~_s_

F ers + + F crs -

2
+ u) + F (6- 37)

along the
loading.
supports.

The + and - subscripts refer to either tension or cOITlpression
altitude upon the hypotenus e of the triangle caused by pur e shear
Table 6-13 contains values of k , k + and k for various edgec s S -

TABLE 6-13

Buckling Coefficients for Right-Angle Isosceles Triangular Plates Loaded
Independently in Uniform COITlpr ession, Positive Shear, and N egati ve Shear~

Edge Supports
(a) kc k k ss+ -

All edges simply suppo rted 10.0 62.0 23.2

Sides simply supported.
15.6 70.8 34.0

hypotenuse clamped

Sides clamped. hypot -
18.8 80.0 44.0enuse simply supported

aHypotenuse b in Figure 6.38
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6.8.2 Curved Plates Under Combined Loadings

(6- 39)= 1R 2 + Rs x

For curved plates under combined axial loading and shear with
10 < Zb < 100 and 1 < alb < 3, the interaction relation of Equation (6-39)
may be used.

This may be used for either compression or tension with tension being
denoted by a negative sign.

6.9 Buckling of Oblique Plates

In many instances, the use of rectangular panels is not possible.
Figures 6-39 and 6-40 give buckling coefficients for panels which are oriented
oblique to the loading. Figure 6-39 covers flat plates divided into oblique

parallelogram panels by nondeflecting supports. Figure 6-40 covers single
oblique panels.

6.10 Sample Problem - Plate Analysis

Find: The buckling stress of a flat plate under uniform longitudinal
compression, simply supported on all four sides.

Given: a = 12 in. , b = 4 in, t=0.100in.

Material: Bare 2024-T3 Sheet Material Properties: E
v

F
CY

= 10.7x106 psi
= 0.33
= 34, 000 psi

Solution: For = Tl Tl
(_t ,2
\ b j

From Figure 6-1 for alb = 3, k c = 4.00.

Tl = 1.0 for no cladding

Tl = 1. 0 for elastic buckling

= (4. 0)(11 2 )( 1O. 7) 10
6

(1 00 )
2

12[1 _ (.33)2] , 2 '

F = 24, 600 psior

As this is below the compression yield strength, no allowance for

elasticity need be made.
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20

F x

15

k c x

10

5

o'-----...J-------JL..---_-L. .L.- ~

o 1 2 3 4 5

alb

(a) Loading in x-direction

25

20

15

10

5

1

~deg

2

alb

3 4 5

(b) Loading in y-direction

Figure 6- 39. Compressive-Buckling Coefficients for Flat Sheet on
Nondeflecting Supports Divided into Parallelogram­
Shaped Panels. All panel sides are equal.
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20
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il-r2]i~::: .. Cc ci~:: J .'

i " ~/ ~~ .+ ~

8 -"
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15 . 45° 15
30°

k c 0°
k s

8 =45°
10

10
8.98

1

alb
2 3

1 2 3

(a) Compressive loading (b) Shear loading

Figure 6-40. Buckling Coefficient of Clamped Oblique Flat Plates

6. 11 Buckling of Sandwich Panels

The use of sandwich construction for skin panels of aircraft has become
commonplace. Panel construction consists of primary and secondary skins
separated by a core which is usually some form of honeycomb or expanded
foam material. The critical buckling stress of such a composite can be cal­
culated from Equation (6-40).

Fer = C KFcrr (6 - 40)

The quantity F orr is the buckling stress of the two faces if they were not con­
nected by the core. Use the total thickness of the faces. The coefficient C
is obtained from Figure 6-41 and K is a form factor given in Equation (6-41).

(6-41 )

The data in Figure 6-41 is given as a family of curves of parameter R which
is given in Equation (6-42).

Go or!!
R=--- (6-42)
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7. MEMBRANES

7. 1 Introduction to Memb ranes

A membrane may be defined to be a plate that is so thin that it may be

considered to have no bending rigidity. The only stresses present are in the
plane of the surface and are uniform throughout the thicknes s of the membrane.

Section 7. 3 of this chapter treats of ci rcular memb ranes, and Section 7. 5
deals with square and rectangular membranes.

7.2 Nomenclature for Membranes

a

r

t

= longitudinal dimension of membrane
= diameter
= modulus of elasticity
= calculated stres s

= calculated maximum stress
= coefficients given in Figure 7-9
= pressure
= outside radius of circular membrane

cylindrical coordinate
= thickness of membrane

= rectangular coordinates

= deflection
= center deflection of circular membrane
= Poisson! s ratio

7. 3 Circular Membranes

Figure 7 -1 shows two views of a circular membrane with the clamped
edge under a uniform pressure, p.

The maximum deflection of this membrane is at the center and is given by

3
O.662R jpR

Et

The deflection of the membrane at a distance, r, from the center is

°= 0c [ 1 - . 09 ( -it f -O. 1 (+ )5
]

7 - 1

(7 -1)

(7 -2)



Figure 7-1. Circular Membrane with Clamped Edge

The stress at the center of this membrane is

f = (7 - 3)

while that at the edge is

f = 0.328 (7-4)

7.4 Sample Problem - Circular Membranes

Gi yen: The circular membrane shown in Figure 7-2

Find: The center deflection and the stresses at the center and at the
edge of the membrane.

Solution:

..E­
E

4

(~) =
10

10 x 10 6

7 - 2

4

( O~ 51 ) 506



.','

0.1 inch

P 10 psi

E IOxl06

Figure 7-2. Circular Membrane with Clamped Edge

From Section 7.5.3.2, a square plate, for which p/E (b/t)4 is greater
than 250, may be considered to be a membrane. Assuming th; S 0 be
approximately true for a circular plate with D used in the relation
instead of b, the given plate may be treated as a membrane.

From Equation (7-1), the center deflection of the given membrane is

3

6 := o. 662 R Jp R
e Et

:= 0.662 (7.5) 10 (7.5)

107 (0.1)
= 0.21 in.

From Equation (7- 3), the stres s at the center of the membra ne is

f := 0.423 "I 500 psi

From Equation (7-4), the stress at the edge of the membrane is

f := ~
2 2

0.328 E P R
t 2

0.328 10 7 (10 2 )(7.5 2 )

(0. 1)2
5,870 psi

7. 5 Rectangular Membranes

For purposes of analysis, rectangular membranes may be di vided into
two classes: long rectangular membranes where the ratio of length to width
(a/b) is greater than five, and short rectangular membranes where this ratio
is less than five.

7 - 3



7. 5. I Long Rectangular Membranes

Figure 7-3 shows a long rectangular membrane (alb> 5) clamped
along all four sides.

thickness t

Figure 7-3. Long Rectangular Membrane Clamped on Four Sides

The deflection and stress at the center of such a plate are approxi­
mately the same as those in a long membrane clamped along the two long sides.
Such a membrane is shown in its deflected position in Figure 7-4.

thickness - t

Figure 7-4. Long Rectangular Memb'rane Clamped on Two Sides

The maximum stres s and center deflection of the membrane in

Figure 7-4 under uniform pressure p are given by Equations (7-5) and (7-~).•

p2 E b 2 1/3
f max = [ J2 2

24 ( 1 -j.l ) t

2 1/3
6 I [ 24 (1 -j.l ) P b J- = -
b 8 Et

(7 - 5)

(7-6)

These equations are presented graphically in Figures 7-5 and 7-6 for iJ = 0.3.

7 - 4
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A long rectangular plate may be considered to be a membrane if
piE (b/t)4 is greater than 100.

7.5.2 Sample Problem - Long Rectangular Membrane

Given: The membrane shown in Figure 7 -7.

p = 15 psi

E = 10 x 106 psi

w. = 0.316

Figure 7- 7. Long Rectangular Membrane

Find: The maximum stres s and center defl ection

Solution:
4

I b )1-
\ t

15
6lOx 10

4

(~.o:) = 150

Since this quantity is greater than 100, the given plate may indeed

be considered to be a membrane.

From Equatio n (7 - 5),

= 10130

From Equation (7-6),

= [
1/3

]

6
b

1 13
= l [24(1-U

2
) pb]

8 Et

= 0.0185

=
1 [ 24 (l - 0 . 3 16 2 )( 1 5) (10)

8 10 7 (0.1)

7 - 7

1/3

]



Thus,

[) = 0.0185 b = O. Ot85 (10) = 0.185 in.

For quick calculations, the graphs in Figures 7-5 and 7-6 could
have been used. However, this procedure would give answers
that are not theoretically exact since these graphs are based on
a Poisson1s ratio of 0.3 rather than 0.316.

7.5.3 Short Rectangular MeITlbranes

7.5.3.1 Theoretical Results for Short Rectangular MeITlbranes

Figure 7-8 shows a short rectangular ITleITlbrane (alb < 5) claITlped
on four sides under a uniforITl pressure p.

y

a

thickness t

Figure 7-8. Short Rectangular MeITlbrane ClaITlped on Four sides

The deflection at the center of such a rneITlb rane is

~
Et

where nl is given in Figure 7-9.

(7 - 7)

The stresses at various locations on short rectangular ITleITlbranes
are given by the following equations for which the values of the coefficients
nz through n7 are given in Figure 7-9.

7 - 8
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Figure 7-9. Coefficients for Equations (7-7) Through (7-13)
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Center of plate (x = biZ, y = a/Z)

f" = nZ (7 -8)

f =y

2
p2 E ,I a )'

\t (7 -9)

Center of short side (x = biZ, y 0)

3/ 2 / a \2

D 4 Vp E" t )

Center of long side (x = 0, y = a/Z)

(7-10)

(7 - 11 )

,I a
\t)

2

(7 -lZ)

f =y 12
.2

D P E ( ~)
7 \t

(7 -13)

It should be noted that the maximum membranes stres s occurs at the center
of the long side of the plate.

7.5.3. Z Applicability of Theoretical Results for Short Rectangular
Membranes

Figures 7-10 and 7-11 give the deflections of plates with variou~

length-to-width ratios obtained from the equations in Section 7.5.3.1 and

compare these deflections with experimental values for 10-inch-wide alumi­
num plates.

For square plates (alb = 1. 0), the thick plate theory should be used
for values of (p/E)(b/t)4 from 0 to 100. If 100 < (p/E)(b/t)4 <Z50, no theo­
retical method compares closely with test although the membrane theory should
be used for conseryative results. If (p/E)(b/t)4 is greater than Z50, the mem­

brane theory produces results that compare closely with experiments for square
plates.

7 - 10
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A rectangular plate (alb> 1. 0) may be considered as a membrane if
(p/E)(b/t)4 > 100, with results becoming more conservative as alb decreases.

7. 5.3. 3 Sample Problem - Short Rectangular Memb ranes

Given: The membrane shown in Figure 7-12

24

p=15pSl

t = O. 1 in.

E = lOx 10 6 psi

y

Figure 7-12. Short Rectangular Membranes

Find: The center deflection and stresses

Solution:
4

(f) (~ ) 15

10
7

4

(0
1.°1 ) = 150

Since this value is greater than 100, the given plate may be treated
by membrane equations, according to Section 7. 5. 3. 2.

From Figure 7-9:

a 24
=

b 10
2.4

O. 130
0.230
0.080
0.026

n5 0.077
n6 = O. 311
n7 = 0.090
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From Equation (7-7), the deflection of the center of the membrane is

O. 130 (24) 15 (24)

107 (0.1)
= 0.222 In.

From Equation (7-8) through (7-13), the stresses in the membrane
are as follows:

Center of plate (x = 5, y = 12)

0.230

0.080 ( 15) 2 ( 107) / 24 ') 2 =
\CJ.l

11,650 psi

4,050 psi

Center of short side (x = 5, y'= 0)

Vez E (~ )

2

f = n4 = 0.026 ~\ , 5)
2

( , 0
7

) (0
24

, / = 1, 315 psix

3 2
3 ~j512('07)( 24 )2f = 2 I' a ) 0.077y n 5 P E \t = 3, 900 psi

O. 1

Center of long side (x = 0, y = 12)

f = n6 '.i2E(~)2 = 0.311 3/(15)2(107 ) (_~ )2 0
15,750 psi

x \.. O. 1

~ .2
3

2
f = n 7 p2 E ( ; ) = 0.090 (15)2(10 7 ) /~ \ = 4,550 pSiy \ O. 1 )

The greatest stres s is 15, 750 psi at the center of the long side.
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8. PRESSURE VESSELS

8.1 Introduction to Pressure Vessels

For purposes of analysis, pressure vessels may be divided into two
classes, thick and thin. Thin pressure vessels are those for which the ratio

of the least radius of curvature of the wall to its thickness is greater than ten.
These thin pressure vessels are further subdivided into simple ones which
are discussed in Section 8. 3. 1 and stiffened ones which are discussed in Sec­
tion 8.3.2. Thick pressure vessels are discussed in Section 8.4. Section 8. 5

gives a brief discussion of anisotropic pressure vessels and in particular
glass filament vessels.

8.2 Nomenclature for Pressure Vessels

A = cross-sectional area

A = na/2 for stiffened cylinder

2
A r = r

b
(_e f 2

(l-IJ. 2) + r-,
b t r A

r

a
a

B

b

b
b

eo

= mlnlmum cross-sectional area of ring

= cross section of stringer
= one-half the major diameter of semi-

elliptical head
= distance between rings
= inside radius of thick sphere or cylinder

= ~a/2 for stiffened cylinder
= one-half the minor diameter of semi-

elliptical head
= stringer spacing
= outside radius of thick sphere or cylinder

= subscript, bending
= distance between adjacent edge of stringers

= constant
= subscript, compressive
= distance from neutral axis of skin- stringer

combination to outer fiber of skin

= distance from neutral axis of skin- stringer

combination to outer fiber of stringer

= subscript, crippling
= subscript, critical

= Ell It for stiffened cylinder
= mean diameter

= Ast/bt for stiffened cylinder
= inside diameter
= outside diameter

8 - 1



E

E r1ng
Es
Et
e

F bmer
F bS

F bst

F bt

Fee

F eeP

Fell

Fer

Fey

F
max

F mer

F mermax

F mmer

F mt

Fr

F r !!l8.X

F see

F socp

F"m..x

F smer

F st!!lor

F t

F t max

f.
I

= modulus of elasticity
= modulus of elasticity of ring
= secant modulus of elasticity
= tangent modulus of elasticity
= eccentricity of ring attachment to skin
= meridional bending stres s
= bending stress in skin
= bending stress in stringer
= circumferential bending stress

crippling stress of unpressurized cylinder
= crippling stres s of pressurized cylinder

proportional limit in compression
= critical stres s
= compressive yield stress
= maximum stress
= meridional or axial stress

maximum meridional stress
meridional membrane stres s
circumferential membrane stress

= radial stress
= maximum radial stress
= crippling shear stress of unpressurized

cylinder

= crippling shear stress of pressurized cylinder
= maximum shear stress
= meridional shear stress
= meridional stres s in stringer
= tangential or circumferential stress
= maximum circumferential stress
= calculated shear stress
= moment of inertia

F mllrmax
= stress ratio = -------

pd/2t

= polar moment of inertia

=
F

stress ratio = __"_m_,,_x _

pd/2t

= moment of inertia of sheet- stringer combina­
tion per inch of circumference

F tlllllX= stress ratio =----,---,--
pd/2t

subscript, inside

K for stiffened cylinder
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=

111

llIer
N lIIllIer

n

o

p
p

p

p

p

P

Pi
Po

Q

= buckling coefficient for sphere
= buckling coefficient for cylinder
= cylinder length

= bending moment
= critical bending moment
= discontinuity moment

= bending moment of skin-stringer combina­
tion per inch of circumference

bending moment of skin-stringer combina­
tion per inch of ci rcumference at midspan
between rings

= bending moment of skin- stringer combination
per inch of circumference at ring

= subscript, membrane
= subscript, midspan
= subscript, meridional

= meridional membrane stres s times wall

thickness (F llI\1lert)

= tangential membrane stress times wall

thickness (FlIItt)

= distance from midplane of flat head to joint

head thicknes s

= subscript, outside
axial load

= reaction force

= pr
2

[1 ~ t' ] for stiffened cylinders
t'E 2(t+t.)

= pressure difference (Pi - po)
= subscript, polar
= subscript, pres surized
= internal pres Sure
= external pres sure

3
A r E rin & a

= for stiffened cylinder
32 Dr 2

= discontinuity force
= radius curvature

= radius to centroid of minimum area of ring

= applied bending moment/ critical bending moment

= applied compres si ve load/ critical compressive load
= meridional radius of curvature

applied transverse shear load

critical transverse shear load

=
applied torsional moment

critical torsional moment
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r

r

r
r 1

r k

s
s
st
T
T
T
t

= tangential or ci rcunlferential radius of curvature
= nlean radius
= radius to the inside of the skin of stiffened

cylinder
= cylindrical or polar coordinate
= subscript, radial
= subscript, ring
= inside radius of dished head
= knuckle radius in dished head
= subscript, shear
= subscript, skin
= subscript, stringer
= head thickness
= torque

pr12 for stiffened cylinder
= wall thickness
= subscript, tangential or circunlferential

=

=

=

=

pressure
radial deflection of cylinder due to internal
pressure
subscript, yield
rectangular coordinates

= half the apex angle of a cone

jK+ l for stiffened cylinder
4D

=
=

=

=

t + ts
for stiffened cylinder

I + (I -!J. 2 )t sit
= thicknes s of flange attachnlent to skin

= Ast/b for stiffened cylinder
radial deflection of head due to Q o and M o

radial deflection of cylinder due to Q o and M o

radial deflection of head due to internal

t

y
x,y,z

a

a

=

= angle of contact of saddle support

= 11K - 4: I for stiffened cylinder

= increnlent or difference
= paranleter in Figures 8-45 through 8 -49
= radial deflection of shell
= radial deflection of shell nlidway between rings
= radial deflection of shell at ring
= plasticity reduction factor
= angular rotation of head due to Q o and M o

= angular rotation of cylinder due to Qo and M o

J3(1_!J.
2
)/r

2
T 2
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=
=
=

4r-----~-
)3 (1_IlZ)/rZtZ

Poisson's ratio

elastic Poisson's r (E. ) ] Eratio LII p E - I + Il E
s

= plastic Poisson's ratio (generally 0.5)
= parameter in Figures 8-41 through 8-44

angle between cylinder axis and normal to
head at head-cylinder junction

8.3 Thin Pressure Vessels

This section deals with pressure vessels for which the ratio of mlmmum
radius of curvature of the wall to its thickness is greater than ten. These thin
pressure vessels are further subdivided for purposes of discussion into simple
and stiffened pressure vessels. A simple pressure vessel is defined here as
one that does not have stiffeners while a stiffened one may have rings and/ or
stringers stiffening its walls.

8. 3. 1 Simple Thin Pressure Vessels

This class of pressure vessel includes unstiffened vessels for which
the ratio of the minimum radius of curvature of the wall to its thickness is
greater than ten.

Membrane stresses in simple thin pressure vessels are considered
first here and then the problem of discontinuity stresses at the junction of a
cylinder and its head is considered. The material in these first sections is
based on the assumption that failure by buckling under external pressures does

not occur. The possibility of buckling is treated in Section 8.3.1.3. The
previously mentioned sections cover stresses due to pressure loads alone.
Section 8.3.1. 4 deals with stresses due to external loads from support, and
Section 8.3.1. 5 treats of the effect of internal pressure upon the crippling
stress of thin cylinders under various loads.

8.3.1.1 Membrane Stresses in Simple Thin Shells of Revolution

In a thin pressure vessel, no stresses other than those tangential
to the surface are present at points sufficiently removed from discontinuities
in the curvature, slope, or thickness of the wall. These tangential or m.em­
brane stresses are constant throughout the thickness of the shell. At points
near discontinuities, such as the junction of a cylinder and its head discontin­

uity, stresses must be superposed upon the membrane stresses in order to

obtain the total stress. These discontinuity stresses are discussed in Sec­
tion 8.3.1. 2. 2.

In the following discus sion, the difference between internal and

external pres sure (Pi - Po) is as sumed to be uniform over the surface.

8 - 5



Figure 8-1 shows a general thin shell of revolution. The meridian
lines of this shell are defined by the intersection of the shell and a plane pass­
ing through the axis of rotation of the surface. The circles of rotation are the
intersection of the shell with planes perpendicular to the axis of rotation.

axis of
rotation

Figure 8-1. General Shell of Revolution

The two basic equations for a thin shell of revolution are

(8 - 1 )

and

(8- 2)

In these equations, R mer is the radius of curvature of a meridian line and R,
is the distance from the shell to its axis of rotation along a normal to the
shell. Both of these radii are taken to a surface located midway between
the inside and outside surfaces of the shell. N mmer is the stress in the direc­
tion of the meridian line times the shell thickness and N mt is the stress
in the direction of a circle of rotation times the shell thickness.

8.3.1.1.1 Membrane Stresses in Thin Cylinders

Figure 8-2 shows a thin cylindrical shell (R/t > 10).

R <X>
mer

Figure 8-2. Thin Cylindrical Shell

8 - 6
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Since the meridian lines are straight, R t , which is their radius of curvature,
is equal to infinity. Similarly, R mer may be found to be equal to r by applying
its definition. Inserting these values into Equations (8-1) and (8-2) and
solving gives

(8- 3)

and

N mmer = (Pi - Po) r 12 (8-4)

Since N mt = F mtt and Nmm~r = F mmert,

N mt PI - po)r
F mt =

t t
and

N mm (Pi - po)r
F ",mer =

t 2t

(8- 5 \

(8- 6)

From these equations, it can be seen that the ratio of the longitudinal to the
circumferential stress, F IF t' is equal to 0.5. Thus, the strength of a

mm~ r m

girth joint may be as low as one-half that of a longitudinal joint as is illus-
trated in Figure 8-3.

Longitudinal Joint

Girth Joint

0 o.
0 0 0 0

0 0 0 0
0 0

o
o
o
o

Figure 8-3. Joints on a Cylindrical Pressure Vessel

8.3.1.1.2 Membrane Stresses in Thin Spheres

Figure 8-4 shows ct. thin spherical shell (r/t > 10). Applying
Equations (8-1) and (8-2) to the shape in Figure8-4 gives

(Pi - po)r
N llIt N mmer 2

Thus,

F"'t F
(PI - po)r

lIImer 2t

8 - 7
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I

d;lF mt
mmer .
/~ ...........

/' t "
/ I

I

meridian line

circle of rotation

8.3.1.1.3

Figure 8-4. Thin Spherical Shell

Sample Problem - Membrane Stresses in Thin Cylinders
and Spheres

Given: The cylindrical pressure vessel shown in Figure 8-5.

t = .25 in.

r = 6 in.

Pi - Po

T = . 15 in

Figure 8-5. Thin Cylindrical Pressure Vessel with
Hemispherical Heads

500 psi

Find: The membrane stresses in the cylinder and the heads.

Solution: Applying Equations (8-5) and (8-6) to the cylindri­
cal portion gi ves

and

F = 500 (6)
mt .25

= 12, 000 psi

F mmer
= 500 (6)

2 (.25)
= 6, 000 psi

Applying Equation (8-8) to the hemispherical heads gives

F mt = F mmer
= 500 (6)

2 (.25)

8 - 8
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8.3.1.2

It should be noted that the discontinuity stresses at the
head-cylinder junction may be much greater than these
membrane stresses.

Heads of Thin Cylindrical Pres sure Yes sel s

In the previous discussion, membrane stresses in thin pressure
vessels, the slope, curvature, and direction of the meridian lines as well

as wall thickness were assumed to be continuous. However, one or more

of these assumptions do not hold true at the connection between a cylindrical
pressure vessel and any of the types of heads used in practice.

The tendency of the head of a cylindrical pressure vessel to deform
radially and angularly at a different rate than the cylindrical portion, com­
bined with the requirement of geometric compatibility, necessitates certain
discontinuity stresses near the head joint. Thus, unconservative designs will
be obtained if the n"lelnbrane stresses are the only ones considered. These
discontinuity stresses are discussed more fully in Section 8.3.1. 2. 2.

By.proper design of a pressure vessel, the discontinuity stresses
may be greatly reduced so that localized yielding will level out any stress
peaks and these stresses need not be considered for static strength analysis.
In the A. S. M. E. code for unfired pressure vessels, formulas for the thick­
ness of shells and heads (except in the case of flat heads) consider m.em.brane

stresses only. But the proper design to prevent excessive discontinuity
stresses is specified. For example, proper design of a dished head requires
that the inequalities shown in Figure 8-6 be satisfied.

Note:

Knuckle must be so curved along

the me ridian to avoid sudden

changes of slope

Figure 8-6. Proper Design of Dished Head

Formulas for membrane stresses in several types of thin heads are given in

Section 8.3. 1. 2. 1.

If a pressure vessel is subjected to repeated loadings where fatigue

is considered likely, stress peaks due to discontinuity stresses are of great

importance since localized yielding is no longer beneficial.
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8.3.1.2.1 Membrane Stresses in Heads of Thin Cylindrical Pressure

Vessels

Formulas may be found for membrane stresses in several

common types of heads by the use of Equations(8-1) and (8-2). These are

listed in Table 8-1.

TABLE 8-1

Equations for Membrane Stresses in Thin Heads

Type of Head Membrane Stresses

hemispherical ttT~ (Pi - po)r

or dished F mrner = F mt =
2T

(Pi - po)(a4 y Z + b 4 x 2 )1/2

F mmer = 2Tb 2

lbr F mt
= [(Pi - Po) (a4 y Z + b 4 x

2
)1/2 ] X

b Z T

--

r-\ [ 1 - a 4 b 2 ]
2(a4 y 2 + b 4 x 2 )

sernielliptical L_ y

JT at cylinder-head joint, y=Oandx=a.

Thus,

~ F mmer =
(Pi - po)a
-Z-T--

X

F mt = .E ( 1 - a 2 )T 2 b 2

- -

~
(Pi-Pold

F =
mDler 4 T cos a,

conical d
(Pi - Po)d

~
F n1t =

t 2 T cos a

~

It can be seen from the equation for F lllt at x = a for an elliptical head that this
hoop stress is compressive if a is greater than/2b. Thus, the displacement
of the edge would actually be inward in this case. This is an undesirable sit­
uation because of a possibility of high discontinuity stresses.
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Wherever discontinuity stresses cannot be ignored, they may
be superposed upon the membrane stresses. Discontinuity stresses are dis­
cus sed in the following section.

8.3.1.2.2

8.3.1.2.2.1

Discontinuity Stres ses at the Junction of a Thin Cylindrical
Pressure Vessel and Its Head

Introduction to Discontinuity Stresses

If there is an abrupt change in the thickness or in the meridional
slope or curvature at any circumference of a thin vessel, bending stresses
occur in addition to the membrane stresses. These "discontinuity stresses"
are of four types: ':'

(l) a meridional bending stress, F b!ller' which varies linearly through­
out the thicknes s of the wall,

(2) a circumferential or hoop bending stress, F bt , which varies
linearly throughout the thicknes s of the wall,

(3) an additional hoop stress, F t , uniform throughout the thickness
of the wall, and

(4) a meridional shear stress, F amer , assumed uniform throughout
the thickness of the wall.

In order to determine the state of stress of a pressure vessel,
it is necessary to find membrane stresses and discontinuity stresses. The
total stresses may be obtained from the superposition of these two states
of stress.

8.3.1.2.2.2 Discontinuity Stresses at Junction of Thin Cylindrical
Pressure Vessel and Head

If a cylindrical pressure vessel is subjected to pressure, the
cylindrical part and its head will tend to expand at different rates as shown
in Figure 8- 7. The head alone would displace radially a distance w m1 because

of internal pressure, and the cylindrical portion would displace w m2 if it were

not attached to the head. However, geometric compatibility requires the head
and cylinder to displace equal amounts. Thus, the force Q p and the moment M p

must exist between the head and the cylinder to hold them together. These, in
turn, cause discontinuity stresses near the junction between the cylinder and
its head.

The following procedure may be used to solve for discontinuity
stresses. First, the difference in radial displacements due to Q p and M o must
cancel the difference in radial displacements due to internal pressure. That is,

':' Griffel, William, Handbook of Formulas for Stress and Strain

8 - 11



(8- 9)

A

1 x
I--------::II..-L A

~r
I

WITll

Figure 8-7. Illustration of the Necessity of Discontinuity

Stresses ':'

The values of wand w as functions of pressure may be obtained in Table 8-2
mI ll!2

for various head shapes, and values for wI and w2 as functions of Q o and M
o

may
be obtained from Table 8-3. The angles of rotation of the cylinder and head
edges due to Q o and M o must be equal. That is,

(8-10)

Values of these angles are given as functions of Q o and M o in Table 8-3.

By substituting the values of displacements and angles obtained
from Tables 8-2 and 8-3 into Equations (8-9) and (8-10) and solving these.-Qo _

and M
o

may be obtained as functions of pressure and the geometry and material
of the pressure vessel. The discontinuity stresses are given as functions of Q o '

M o ' and position in Figure 8-4. The curves given in Figure 8-8 are us eful in
the evaluation of the stresses given by the equations in Table 8-4.

The previously described method of obtaining discontinuity
stresses is time-consuming, although it provides insight into the nature of
these stresses. More rapid solutions for the discontinuity stresses in thin
cylindrical pressure vessels with flat or conical heads may be obtained
through the curves given in Sections 8.3.1. 2. 2.3 and 8. 3.1. 2. 2.4.

':' Griffel, William, Handbook of Formulas for Stress and Strain
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TABLE 8-2

Displacement of Heads and Cylinders Due tp Internal Pressure ':'

Form of Vessel Radial Displacement, w m

T

=
ET cos Q

(l - ~ )

Conical Head

l-Iemispherical Head

T
2
~ (l-~)
2 ET

T

Any Figure of Revolution

2
~

2 ET
(2 -~ -

I

I

j
i
L

Cylinder

t W
ffi Z

2
E!­
Et 2 )

':' Griffel, William, Handbook of Formulas for Stress and Strain
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Radial and Angular Displacements Due to Edge Loading ':'

Form of Vessel Radial Displacement Angle of Rotatio"C.
.

s ernie lliptical, coni-
.!..U!.:lO ( 0 0

sin
z

$0 ~ 12(1-1/) ( °0 M o )cal, dished or hemi- WI = - ;:J -
ZA Z

sin ~o 81 = sin ~o -
ET 3

I 1 ET 3 2 ).1 2 ).1
spherical head

J'r
~ ( 0 0 . Z

~o
Mo

s in ~o ) 12 (1-1/> (~
M o )r~

Wz = SIn -
ZA/ ~o~-- / Et 3 H Z

3 8
2

= sin +---- Et3 2 ).22 ).2
I Y
I I

LV
I
I
I 4
I Note: ).1 = V 3(1-,h/r2T 2

t- I
jI I

=V3(1_~.h/r2t2~ I ~)
).2

~r~ -

1.0

0.9

0.8

0.7

0.6

0.5

0.4

0.3

0.2

O. I

o
-0. I

-0.2

-0.3

~
,\ '\
\\ ~ I- -A X

e (cosAx + sinAx)

\\ \
\ ' ~~ e -=-Ax

cosAx

\ IY [\
\ ~-

""~ \. ~ r- e -Ax
sin\x

/ 1\ "" ~'I \ "' ,-......--'\. ~

~ ~ -\xi, Ax . A;e cos -Slnx

o 1. 00 2.00 3.00 4.00

Ax

Figure 8-8. Curves for the Evaluation of the Equations in
Table 8-4 ':'

,;, Griffel, William, Handbook of Formulas for Stress and Strain
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TABLE 8-4

Equations for Discontinuity Stresses ':'

Expressions for Discontinuity Stresses of Distance x Measured
Along Me ridian fronl Discontinuity Circle AA (s ee Figure 8-7)

(i) Hoop Nornlal Stress:

F
t

= 2~ r (; ) e -AX [Q o cos AX - AMo (cos AX - sin AX)]

t

(2) Meridional Shear Stress:

r j r e-Ax [Q o (cos AX - sin AX) + 2AM" sin AX]
R t

(3) Maxinlum Meridional Bending Stres s:

F bllle r =
6r (+ )e-Ax [-Qo sin A.X + A.Mo (cos AX + sin AX)]

(4) Maximunl Hoop Bending Stres s:

Et

2
( cot CPo) r6 (1 -\-1 2) ] e - AX [Qo (ca s AX + sin Ax)

R t - Et3 A2

- 2AMo cos AX]

Note: For stress in cylinder, A = A2. For stress in head, let A = A 1 and t = T.

':' Griffel, William, Handbook of Formulas for Stress and Strain
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8.3.1.2.2.2.1 Sample Problem - Discontinuity Forces in Cylindrical
Pressure Vessel with Dished Head

Given: The pressure vessel shown in Figure 8-9.

p = 500

O. 5 ( 1 -fl Z) = O. 9 1

E = lOx 106

l--r=lO ~r-t=0.5

Figure 8-9. Cylindrical Pressure Vessel with Dished Head

Find: The discontinuity force and moment at the junction

of the cylinder and its head.

Solution: From Tables 8- 3 and 8-4,

and

= pr
2

2ET

pr2

Et
( 1 - ~ ')

2 /

. 2
SIn CPo

2\. 2
1

sin CPo )

From Table 8-3,

4 -----

~'1 = V3 (1-\J.2}/r 2 T 2

and

8 - 16
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In this case,

.575

Substituting this and other parameters into the above

equations gives

w
11\2

=2.12xl0- 3

6 36 10- 6 M= 1 5. 2 x 10- Q o - 9. x 0

Substituting these into Equation (8-9) and solving for Q o gives

Substituting the pressure vessel parameters into the

equations for 8 1 and 82 in Table 8-3 gives

-6 Q 2 -68
1

= 9. 38 x 10 0 - 1 5. x 10 M o

-6 2-6e2 = 9. 38 x 10 Q o + 1 5. x 10 M o

Applying Equation (8-10) gives

Thus,

The values obtained for Q o and M o may be substituted into
the equations in Table 8-4 to obtain the discontinuity
stresses. Superposing these discontinuity stresses on the
membrane stresses then gives the total stresses at the
head-cylinder junction.
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8.3.1.2.2.3 Discontinuity Stresses in Thin Cylindrical Pressure Vessels
with Flat Heads

For flat-headed pressure vessels, the only significant discon­
tinuity stresses are in the meridional direction. Thus, such a vessel will
have as its maximum stress either the membrane stress in the tangential
direction (pd/2t), or the stress in the axial direction if the discontinuity stress
is great enough.

In treating axial discontinuity stresses, a stress ratio, I
mer

, may
be defined to be the ratio of the maximum stress in the meridional direction to
the tangential membrane stress (Fmermo.x/pd/2t). The advantage of this stress
ratio is that it tells immediately whether the tangential membrane stress or
the total axial stress is the maximum stress.

The following equation was derived for the stress ratio I mer in a
flat headed cylinder as a function of head thickness T and cylinder thickness t· ':'

3
2C 2 nIT It) + C

3
(d/t)3/2 + 2C4 nIT It)(d/t) + C s (d/t)(T It)

-.l
C I (T It) -

1 +
2 2

CII (T It)2
(8-11)me r 2 C 8 4C

IO
n (Tit)3

2C 7 nIT It) + C
9

(d/t) I 12C6 (T It) +
(T It)

+ +
(d/t)1/2

+
(d/t)1/2

Here, nT is the distance from the midplane of the head thickness to the joint

as shown in Figure 8-10. The coefficients C 1 through C 11 are given below:

C 1 2.94317 C
6 = 1. 90702

C 2 = 3.74071 C 7 4.84761

C3 1.00000 C8 1. 02862
C 4 0.908912 C 9 = 2.66667

C 5 = 0.385077 C 10 = 4. 406 10

C 11 = 1.46869

T /2

d

Figure 8-10. Junction of Cylinder and Flat Head

':' Griffel, William, Handbook of Formulas for Stress and Strain
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The first term in Equation (8-11) represents the axial mem­
branestress in the cylinder, and the second term accounts for discontinuity
stresses.

, Equation (8-11) is presented graphically in Figure 8-11 for
n = 0.5 (junction at inner surface of head) and in Figure 8-12 for n = 0 (head
fitted inside the shell).

t

1'4---- d --~ d --..-t

70 80 90 10020 30 40

1200

1400

1600

20 30 40 50 60 70 80 90 100

d
t

Figure 8-11. Graphical Presentation of Equation (8-11) for n = 5':'
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Figure 8-12. Graphical Presentation of Equation (8-11) for n = 0 ':'
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8.3. 1. 2. 2. 3. 1 Sample Problem - Discontinuity Stresses in
Pressure Vessels with Flat Heads

Given: The pressure ves sel shown in Figure 8-13.

0.5
p = 500

C 5 ~T=l

~===*====I,,- 1---- ---- I'
I I
I I
I I
I I

r =
Figure 8 - 13. Thin Cylindrical Pres sure Ves sel with

Flat Head

Find: The maximum circumferential and meridional
stresses in the cylinder.

Solution: Since the only significant discontinuity stresses
in a flat-headed cylinder are in the axial direction, the
maximum circumferential stress may be taken to be the
membrane stress in that direction. Thus, using Equation
(8-5) gives

F hax = F mt
= pr

t

500 (10)

0.5
10,000 psi

The distance from the center of the head to the joint (nT)
is equal to zero. Thus, n = 0 and the graphs in Figure 8-12
may be used. Here, dlt = 40 and Tit = 2. From Figure
8-12,

F
me rmax

1mer = ----
pd/2t

8.6

Since this stres s ratio is greater than one, F mermax > F mt.

Rearranging and substituting the correct values into the
above relation gi ves

F = 8. 6 pd = 8 6
"'ermax •

2t
500 (20) = 86,000 psi
2 (. 5)
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8.3.1. 2. 2. 4 Discontinuity Stresses in Thin Cylindrical Pressure Vessels
with Conical Heads

For conical headed pressure vessels, there may exist appre­
ciable discontinuity stresses in the circumferential and axial directions as
well as an axial shear stress. Stress ratios are defined here in the same
way as for flat-headed vessels. IllIer is the ratio of the maximum axial stress
to the tangential stress (F

IlIUlllu
/pd/2t) as before, and It = F t lllO.

x
/pd/2t and I. =

F s mo.Jpd/2t where F hax and F uax are the maximum circumferential and shear
stresses, respectively.

Pertinent geometric parameters for a cylindrical pressure
vessel with a conical head are shown in Figure 8-14.

L d

T

Figure 8-14. Cylindrical Pres sure Ves sel with Conical Head

Figures 8-15 through 8-18 give the stress ratios, Inter and Is'

for various cone apex angles. The maximum axial and shear stresses at the
junction may in turn be calculated from these. Figures 8-19 through 8-22
show the stress ratio It from which the maximum circumferential stresses In
a cylinder may be calculated. For the maximum axial stress, a solid line is
used if the stress is located in the cylinder, and a dashed line is used in
Figures 8 -15 through 8-19 if it is located in the conical head.

It is important to note that when an internal pressure is applied
to a conical headed vessel, the cylinder always deflects outward and the conical
head inward. Thus, it is impossible to design a conical head to eliminate
moment and shear at the junction. It may be seen from Figures 8-15 through
8-18 that the greatest stress is the axial stress at the junction and that it is
desirable to make the cone and cylinder equally thick if a is less than 45 degrees
in order to minimize this axial stress. If this is not possible, the cone should
have a greater thickness than the cylinder. Vertex angles of greater than 45
degrees require a thicker head.
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8.3.1.2.2.4.1 Sample Problem - Discontinuity Stresses in Pressure
Vessels with Conical Heads

Given: The Dressure vessel shown in Figure 8-23.

T = 0.5

0.5

Figure 8-23. Thin Cylindrical Pressure Vessel with
Conical Head

Find: The maximmll meridional, tangential, and shear
stresses at the head-cylinder junction.

Solution: For this pressure vessel, d/T = 40 and Tit = l.
Figures 8-16 and 8-20 give stress ratios for conical heads
with an angle of 30°. From these figures,

I mer = 1. 8

It 1. 055
I. = 0. 205

The circumferential membrane stres s is

pd =
2t

500(20)
2(.5)

= 10,000 psi

Applying the definitions of the stress ratio gives

F merm.." =Imj!T (~: )= 1.8(10,000) =18,000 psi
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F tmu = It (~: ) = 1. 055(10,000) = 10,500 psi

= I (pd ) = 0.205(10,000) = 2,050 psi
• 2t

Since the appropriate graphs in Figure 8-16 are solid lines,
F merux and F. ux occur in the cone at the junction. From
the dashed line in Figure 8-20, the location of F tux ' xl d is
0.22. Thus, Ftmo.x occurs at x = 0.22 d = 4.4 inches from
the junction of the cylinder and its head in the cylinder.

8.3.1.3 Buckling of Thin Simple Pressure Vessels Under External Pressure

In previous sections, it was assumed that the pressure is either
internal or external, but of small enough magnitude not to cause buckling.
However, thin pressure vessels must be checked for buckling if they are ex­
ternally loaded.

8.3.1.3.1 Buckling of Thin Simple Cylinders Under External Pressure

The formula for the critical stress in short cylinders
(L2 Irt < 100) which buckle 'elastically und~r radial pressure is

where k y is obtained from Figure 8-24. If the membrane stress in the cyl­
inder is greater than this, the cylinder will buckle.

The critical stress for long cylinders, [loo t/r < (L/r)2 <
5 r/t], under external radial pressure is

(8-12)

( t)3 / 2 ( r )Fer = 0.93 E --;::- L

For very long cylinders, ((L/r)2 >5 r/t], the buckling stress-

is given by

(8 -13)

( 8-14)

where Tl is the plasticity-reduction factor given in this case by

.' 2
( 1 -j.le )

2
(1-j.l )

8' - 32
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Figure 8-24. Buckling of Short Cylinders Under External Radial Pressure

8.3.1.3.1.1 Sample Problem - Buckling of Thin Simple Cylinde rs Under
External Pres sure

Gi ven: The cylinder shown in Figure 8 - 25.

r LC20i t = O. 5

l
r- , ,r AluminumI I,

I
I r = 10
I I i-l 0.31

} ~P 0.5, E lOx 106
Pi = 14 7 psi I Po = 300 F ep 20, 000I

I
_J

Figure 8-25. Cylinder Under External Pressure
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Find: The critical buckling stress, For' and determine
whether the cylinder will buckle.

Solution:

20 2
= = 80

10(.5)

Since this ratio is less than 100, Equation (8-12) for short
cylinders may be used. Before proceeding further, the
elastic Poisson's ratio must be found. From the nomen­
clature section,

~e = [ ~p ( ~
E

Assume the critical stress is less than the proportional
limit of the material. If this is true, E = E. and thus,

~6 = ~. Compute

1/2
= 202U_(.31)2J

10 (.25)
152

From Figure 8-24, k y = 12.2. Substituting this into

Equation (8-12) gives

For --
12. 2(n 2 )(l 0)( 106)

12[1-(.31)2 J

2
/" .25 \\20) = 17,300 psi

Since this is less than the proportional limit of the IYlaterial,
the original assumption is correct. If it were not correct,
a value of Fer would have to be as sumed and a value of E s
corresponding to this value found. This value would, in turn,
be used to calculate ~e which would be used in the Equation_
(8-12) to calculate Fer. This trial and error process would
have to be repeated until the assumed and calculated values

of Fer were in agreement.

From Equation (8-5), the stress in the cylinder is

F =mt
= (14.7-300)(10)

.25
= 11,4000 psi

Since this is less than Fer' the cylinder does not fail.
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8. 3. 1. 3.2 Buckling of Thin Simple Spheres Under External Pres sure

For computation of elastic-buckling stres ses of thin spherical
plates under external pressure, Equation (8-16) applies for all diameter ranges.

Fer =-----
2

12 (l-fl o )

where k p is given in Figure 8-26.

2

(
'_t ')

d !
(8- 16)

3
10 __--------,----------,------------.

10

10

r/t = 200

2, 000

Fer 2
12 (l-~e )

Figure 8-26. Buckling Coefficient for Spherical Plates

Under External Pressure
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8.3.1.4 Stresses in Simple Cylindrical Pressure Vessels Due to Supports

Figure 8-27 shows a cylindrical pressure vessel resting on

saddle supports.

r

Figure 8-27. Cylindrical Pressure Vessel on Saddle Supports

There are high local longitudinal and circumferential stresses adjacent to the
tips of the saddles. Although these stresses are difficult to predict exactly,
their maximum value will probably not exceed that given by Equation (8-17)
if the cylinder fits the saddle well.

F max = [0.02 - 0.00012 (13- 90)] P
t 2

loge (_r_)
\ t

(8-17)

In this equation, P is the reaction at each saddle and R, t, and 13 are as shown
in Figure 8-27 where 13 is in degrees. Equation (8-17) contains no term for
the thickness of the saddle since stresses are practically independent of this
for the ordinary range of dimensions.

The maximum reaction, P, that the vessel can sustain is about
twice the value that will produce a maximum stress equal to the yield point
of the material according to Equation (8-17).

If a pipe is supported in flexible slings instead of in rigid saddles,
the maximum stresses occur at the points of tangency between the sling and
pipe section. These stresses are usually less than the corresponding stresses
in a saddle supported pipe, but are of the same order of magnitude.

8.3.1.5 Crippling Stress of Pressurized and Unpressurized Thin Simple
Cylinders

The crippling stress of thin simple cylinders is increased if internal
pressure is applied. The following sections present curves to determine the
crippling stress in pressurized and unpressurized cylinders subjected to com­
pression, bending, torsion, or any combination of these. The parameters for

such a cylinder are shown in Figure 8-28. Only buckling in the elastic range
is considered in this section.
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8.3.1.5.1

8.3.1.5.1.1

Figure 8-28. Pressurized Cylinder

Crippling Stress of Simple Thin Cylinders in Compression

Crippling Stress of Unpressurized Simple Thin Cylinders in
Con'lpres sion

Equation (8-18) is an empirical relationship for the crippling
stress of short cylinders (LI r ;§ 1).

Fcc = E [ 11. 28 (: ) 1. 6 + O. 109 ( ~ ) 1. 3 J
For long cylinders (LI r > 1), the best fitting relationship for the crippling
stress is

EL-ll'.28 (!-r )1.6 I 1.3 1.6 I

\ + .109(~) -1.418 (~) Log (~)J

FaT 99% probability values of Fcc' Figure 8-29 should be used.

(8-18)

(8-19)

Crippling occurs when the average compressive stress in the ­
cylinder exceeds Fcc.

8.3.1.5.1.2 Crippling Stress of Pressurized Simple Thin Cylinders in
Compression

Figure 8-30 gives in graphical form the incremental increase
in the crippling stress (6Fee ) of a cylinder due to internal pressure. These
curves are for 99% probability values. Because of limited testing of pres­
surized cylinders, the value obtained for 6Fee can be considered reliable
only in the ranges 1 < L/r < 6, 600 < r/t < 2800 and pr/t <.625 Fey.
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8.3.1. 5.2 Crippling Stress of Simple Thin Cylinders in Bending

8.3. 1. 5.2. 1 Crippling Stress of Unpressurized Simple Thin Cylinders
in Bending

Figure 8-31 gives 99% probability curves for the crippling stress
of unpressurized cylinders in bending. These curves parallel those for un­
pressurized cylinders in compression but yield crippling stresses about 12%
greater.
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Figure 8- 31. Unpressurized, Simple Circular Cylinders
in Pure Bending with Clamped Ends
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Crippling failure occurs when the maxirrlUm bending stress in
the cylinder (Mr II) exceeds F 00'

8.3. 1. 5.2.2 Crippling Stress of Pressurized Simple Thin Cylinders in
Bending

Figure 8-32 gives the incremental increase in the crippling
stress (6Fcc ) of a cylinder in bending due to internal pressure. This curve
is based on experiments on pressurized cylinders that were preloaded axially
to balance the longitudinal stress, pr/2t, due to internal pressure. It should
be noted that this curve is based on very limited data.

0.8

~
Et

0.6

0.4

0.2

Notes:
I I I I I I I

f---
I. For use only in conjunction with the 99% probability

values for unpressurized cylinders in bending.
-

2. Based on 32 tests of pretension balanced specimens,

- pr It ::;. .6 F ty
~ ::::::::::=

L..----- -L---I---"

----l--/
~

./VV
I

1/ 6Fcc = F ccp - Fcc

o 1.0 2.0 3.0 4.0

2

{ (f)

5.0 6.0 7.0 8.0

8. 3. 1. 5. 3

Figure 8-32. 99% Probability Value of 6FOG for Pressurized

Circular Cylinders in Bending

Crippling Stress of Simple Thin Cylinders in Torsion

8.3.1.5.3.1 Crippling Stress of Unpressurized Simple Thin Cylinders
in Torsion

Torsional buckling of thin, unpressurized cylinders does not
exhibit the sudden snap-through behavior observed in the case of compression
and bending. Instead, the buckling process under torsion is more gradual and
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a slight difference is observed between initial and ultimate buckling. However,
this difference is too small to be of any value so that the critical buckling stress
is taken to be the failure stress.

Figure 8-33 gives the 99% probability values for the crippling
shear stress of cylinders in torsion. These curves are applicable if

6 < / l-iJ. 2
2

(
L2, r r )-- < 5 1-

2 tr ) \. t (8-20)

100001000

r It
100

I ~ 1 n-
i-

99% Probability Value of i--f-
i- '\ \ F sec IE vs r It for constant f--I-

I- "0r\ values of L/r'\.
I--l-

f- '\
~~~~ I\.

~~
l\
~~l\

I- '\ "l\. \. \. I\. ,,'"
I- ~~\.\. \.,'"I\.
I- ~\\\\.'\\,
- ~~~~ \\

~~
\ '\

t\[\ \
Of- \\:1'\'\ \. I\. \.\.
i- '\ ~"'\ r\. 1\ 1\"'\\ \.
I- t\\ [\ 1\ ~\\f\\ ,-
I- \ [\"l\~l\\

L/r

1\.125-

\ '\
~\\\~.25\

01- \ \ \ \ \ -
I- \ \ \ \ \ -
I- 1\\ 1\ \ '

\.50 -

I- \1 \ \ \
L/r· 32

16
842. 1

I I I I I I I I I I I I1

J 0

. 1

.00
10

.01

10.0

F sec
--

E

Figure 8-33. Torsional Buckling of Unpressurized Circular Cylinders
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However, analysis indicates that the range of use of these curves may be
extended to

(8-21 )

Failure occurs if the shear stress in a cylinder under torsion Tr/Ip is greater
than the crippling shear stress, F scc .

8.3.1.5.3.2 Crippling Stress of Pressurized Simple Thin Cylinders in

Torsion

Figure 8-34 gives the incremental increase in the crippling shear
stress of a cylinder in torsion (lIFsccl due to internal pressure. Since few tests
are available on buckling of circular cylinders under torsion and these tests are

for very low pressure ranges, design curves may not be established on a statis­

tical basis.

.14

.20

. 18

.16

- /
/

_ Note:

I- For use in conjunction with Figure 8. 33

V~

/
r- I

J

f- 1/
f- /

V
l- I
f- V

/
6F sec = F seep - F sec -

Vl-

I

J I I I I .( I I

12

04

.02

.06

.08

.10(f)~
E

.02 .04 06 08 .10 . 12 . 14 .16

Figure 8- 34. lIFscc for Pressurized Circular Cylinders in Torsion
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8.3.1. 5.3.2.1 Sample Problem - Cripppling Stress of Pressurized
Simple Thin Cylinders in Torsion

Given: The pressurized cylinder shown in Figure 8-35.

6
E== lOxlO r == 10 t == O. 1

p == 100 psi

L == 80

T == 80, 000 iE.lb.

Figure 8-35. Pressurized Cylinder in Torsion

Find: The crippling shear stress, FS~cl" and examine

for failure by crippling.

Solution: L/r=8andr/t 100. From Figure 8-33,

for unpressurized cylinders. Thus, F scc = 8,000 psi.

From Figure 8- 34,

Thus,

E
( 2- "1 = 0.125

t /

. 125
Et

r
. 125

(10 x 106 )(.1)
10

= 10,000 psi

The crippling stress in a cylinder under pressure (Fseep )

is equal to that of an unpressurized cylinder plus 6Fscc'

F sec + 6F. cc = 8,000 + 10,000 = 18,000 psi

It can be seen that internal pressure more than doubles the
resistance of the cylinder to crippling. The shear stres s in
the cylinder is

(80, OOO){ 10)
4 4

n(10.05 - 9.95)
32

8 - 44
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8.3. 1. 5.4

Since this stress is greater than F sccp ' the cylinder will
fail by crippling.

Interaction Formulas for the Crippling of Pres surized and

and Unpres surized Cylinders

Table 8-5 gives interaction relationships for various combi­
nations of loads. The combined load interactions apply to the initial buckling
of both pres surized and unpres surized thin-walled circular cylinders. The

terms used for pressurized cylinders are defined as follows:

Rb = applied bending moment
critical bending moment

Rc
applied compressive load

critical compressive load

Rs
applied transverse shear load=
critical transverse shear load

R5t = applied torsional moment

critical torsional moment

The terms for unpressurized cylinders are defined in the same way except

that stress ratios are used rather than load ratios.

8.3.1.5.4.1 Sample Problem - Crippling Interaction of Simple Thin
Cylinders in Compression and Bending

Given: The cylinder shown in Figure 8 - 36.

E 10xl06

t=0.025
r = 10

M=? M=?__--J.------~------..,...'_
P = 6000 -I~....-I-__If__---------'-----

p = 50 ps i

LLOBO
P 6000

Figure 8- 36. Pres surized Cylinder in Compres sian and Bending

Find: The maximum bending moment, M.
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Solution: FroITl Figure 8-29, Fcc/E = 1. 6 x 10- 4 for COITl­
pressive loading. Thus,

Fcc = (1. 6 x 10- 4 )(10 x 10 6 ) = 1,6000 psi

FroITl Figure 8-30, l',Fccr/Et = .235. Thus,

Et =.235 (10 x 10 6 )(.025)l',F = .235 = 5,870 psi
co rIO

TABLE 8-5

COITlbined Load Interactions for the Buckling of
Pressurized and Unpressurized Circular Cylinders

Combined Loading Interaction Equation !
Condition (99% Probability Values) I

I
·-----i

Axial Compo + Pure Bending R c '" Rb = 1.0

I3 IAxial Compo oj Pure Bending

1/R,/
3

I
+ Transverse Shear R c + R b = 1.0

I
PLue Bending t Transverse

3 (R u)3(R s ) .' = 1.0Shear

R c R st
2

1.0Axial Cornp. -j Torsion =

--~
R st

3 Rt 1.0 R t " 0.8Axial Tens. Torsion - =

--

I
E

b
I . 5 R

2
1.0Pure Bending Tors ion , =st

Ri)
P (R s ; Rstl

q = 1.0,
-PLU"e Bending -j Torsion

1.5 <: ...: 3.0\\' he re: -- p -T loans ve r se Shea r

I
2.0 < < 3.0- q -

3
Axial Cornp. + Pure Bending 2 JR,/

3
R c I.R st

, i R b = 1.0
-j Transverse Shear Torsion

Axial Load (Ten. or Compo )
R s R b R 2 1.0+ + =

+ Pure Bending + Torsion st

-
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For compressive loading,

F ccp = Fcc +6Fcc = 1,600 + 5,870 = 7,470 psi

The critical compressive load is thus,

7470A = 7470 [TT (20)(. 025)] = 11,700 psi

Since the applied compressive load is 6,000 lb. ,

R c
= applied compressive load

=
6,000

= . 513
critical compressive load 11, 700

From Table 8- 5,

R c + Rb 1.0

Thus,

R b 1.0 - R = 1.0 - . 513 = 0.487c

Now, the allowable bending load may be found once the
critical bending load is found. From Figure 8-31 and

8-32, Fcc = 2,200 and 6Fcc = 9,000. Thus,

F ccp = Fcc + 6Fcc = 2,200 + 9,000 = 11,200 psi

The formula for the critical bending moment is

IFccp
---- =

r

Since,

~ (10.0125
4

- 9.98754 )(11,200)
64

10
= 5,500 in-lb.

= applied bending moment

critical bending moment
=0,487,

8.3.2

M = RbMcr = 0.487(5,500) = 2,430 in-lb.

Stiffened Thin Pressure Vessels

This section treats of thin pressure vessels that are reinforced with
stringers and/ or rings.
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8. 3.2. 1 Thin Cylindrical Pressure Vessels with Stringers Under Internal
Pressure

Figure 8-37 shows a cross section of a thin cylindrical pressure
vessel reinforced with stringers.

t

stringer cross­
sectional area == A st

Figure 8-37. Cross Section of Shell with Stringers

The axial stress in the shell is

~ (bt + 2!J. A. t )

F mme~= 21 b A
t + .t

and that in the stringer is

The circumferential stres s is the same as that in a simple thin cylinder

F =~
mt

t

(8-22)

(8- 2 3)

(8-24)

8.3.2.1.1 Sample Problem - Thin Cylindrical Pressure Vessels with
Stringers Under Internal Pres sure

Given: The cylindrical pressure vessel shown in Figure 3-38.

~: The stres ses in the shell and stringers.
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·.,'

IJ. 0.31

r = 20

P 100 psi

.---1--- 8 strir.gers

(Ast=O.S)

O. 1

Figure 8- 38. Thin Cylinp.rical Pres sure Ves sel with Stringers

Solution: The distance between stringers is one-eighth the
circumference of the cylinder.

b = 2nr/8 = 2rr(20) = 15 72 .. In.
8

From Equation (8-22), the meridional stress in the shell is

F
llIllIer

=.E..!- (bt + 2~ A at ) _ 100(20) r 15.72(0.1)+2(0.31)(. 5)l
2t bt + A st - 2(0.1) 15.72(0.1)+0.5 _J

= 9, 100 psi

From Equation (8-24), the tangential stress in the shell is

F -=.-E.£.
!lit t

100(20)

O. 1
20,000 psi

The only stress in the stringer is a meridional stress given by

Equation (8-23 \.

F =.E..!-[bt(1-2~) J= 100(20) [15.72(0.1)(1-0.62) J
st me r 2 5t bt+A 2(0.1) 15.72(0.1)+0.

at

= 2,890 psi

8. 3. 2. 2 Thin Cylindrical Pressure Vessels with Rings Under Internal
Pressure (Stringers Optional)

Figure 8- 39 shows two views
and appropriate geometric parameters.
ring is shown in Figure 8-40.

of a thin shell with rings and st ringers
An enlarged view of the section of the
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ring

spacing

I sst = moment of inertia of skin
stringer combination per

inch of circumference

)
,, I J , I

I I I I I
I II I I
I II I I
I II I I
I I I I I

I II I I
I I I I I

I I I I I

I I I
I I
t I

I I I I I
I II II, ,

shell length

- •••------ L ------......-
inside radius

of shell

stringe r

spacing

ring with modulus

of elasticity E ring

E = modulus of

elasticity of
skin and

stri"gers

shell
thickness

'---- stringers of

,,-rea A st

r::..-----centroid of A r '

r

Figure 8- 39. Shell with Rings and Stringers

-fF~

1i,i I
r

R

of attachment

Cross Hatched Area is A r '

Figure 8-40. Section of Stiffening Ring
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The definition of the following parameters facilitates the description
of pressure vessel behavior.

A st
d;

bt

T =: pr

2

A st
t s -

b

t" ::
t + t s

1
2 t s+ (l-IJ. )-

t

D ~ EIsst of sheet stringer combination
per inch of circumference

K=:Jt'E/D
2r

T---
4D

A;

B -

a.a
2

p; ~ [1.
t" E

A =:r

b (e)3 22
-b" -t- (1 -IJ. ) +, _r_

r A ..
r
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Q=

The deflections and moments on the shell at the ring and at midspan
between rings are dependent on the relationship between K and T / 4D. Two
conditions are possible - K ~ T/4D and K <T/4D.

If K ~ T /4D, the radial deflections of the shell at the ring (or) and
midway between the rings (om) are given by Equations (8-25) and (8-26). In
this case, the bending moments of the skin stringer combination per inch of
circumference at the ring (MlStr ) and midway between rings M utm are given
by Equations (8-27) and (8-28).

0=

o =m

-p

-p (1 - O2(1 )
1 +-­

Q

(8-25)

(8-26)

in Ib/in (8-27)

in Ib/in (8-28)

In the above equations, 011 values may be obtained from Figures
8-41 through 8-44.

If' K < T /4D, the equations for deflections and moments on the shell
are the same as Equations (8-25) through (8-28) except that the On terms are
replaced by t. n terms. These t.n terms are given as functions of A and B in
Figures 8-45 through 8-49.
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The skin of a thin cylindrical pressure vessel with rings and
stringers has stresses that are uniform throughout their thickness and that
are given by

and

F mmer =

T - ~Et8 (+)
t + (1- ~ 2 ) t s

(8-29)

F lilt - ~-------

t + (l-~ 2) ts

In addition, the skin has a maximum axial bending stress of

F bS =---­
last

(8-30)

(8 - 31)

where C s is the distance from the neutral axis of the skin-stringer combina­
tion to the outer fiber of the skin.

The stringers have a uniform axial stress given by

F stmer =

T (l-~Z ) + ~ Et (+-)
t + (l-~ 2) t s

(8-32)

in addition to a maximum bending stres s of

F bst = (8- 33)

where Cst is the distance from the neutral axis of the skin-stringer combina­
tion to the outer fiber of the stringer.

The" rings have a circumferential stress given by

(8-34)
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8.3.2.2.1 Sample Problem -Stiffened Thin Cylindrical Pressure
Vessel with Internal Pressure -

Given: A shell reinforced with rings and stringers under
an internal pressure of 15 psi. The vessel parameters
as shown in Figures 8-39 and 8-40 are as follows:

r = 66 in., a = 11. 34 in., t = 0.030 in., b = 2. 7 in. ,

A st = 0.1048 in. 2, lest = 0.00493 in. 2, R = 63.2 in.,

t r = 0.040 in., e =? 35 in. , b' = 2.2 in., ~' = 0.276 in. ,

C s = 0.208 in. to skin, Cst = 0.572 in., E = Ertn& = 17 x 106 psi,

1.1 = 0.316, therefore 1-1.1 2 = 0.9.

Find: The stresses in the skin, stringers, and rings.

Solution: From the definitions of parameters in
Section 8.2.2.2,

A
d == __st_ = o. 1048 1 29

bt 2.7(.030) = .

T .EE. = 15(66)
= 495-

2 2

Ast O. 1048
t s --- = = 0.0388

b 2. 7

= ------------
t + t.

t';; -------
1 + (1-1.1 2 ) ts / t

0.030 + 0.0388

1 + 0.9 (0.0388/0.030)
= 0.0318

D::: EIsst = 17 x 106 (0.00493) = 8.38 x 104

K_ It' E!D =

2r

10.0318 (17 x 106 )(8.38 x 104

2(66)
=0.01925

T _ 495

4D= 4(8.38x104 )
= 0.001477

T
+ -­

4D
= 10.01925 + 0.001477
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s _ TK -
4D = /10.01925 - 0.0014771 =0.1333

A;;; a,a
=

O. 144(II. 34)
= 0.8172 2

B ;:; j3a
=

0.1333(11.34}
= 0.756

2 2

p == pr
2

[1 _ I-lt' ] = 15(66)2
t' E 2(t + t s ) 0.0318(17 x 106 )

[ 1 - 0.316(0.318) ] = 0.1122
2(0.030 + 0.038)

2A
r
~ .....;r=-- =

~ ( e)3 2 r2
b' -t- (1+1-l )+-

r A '
r

= 0.286

2.7
2.2

2
(66)

, 3
( 0.35 ) (0. 9)
\0.40

(63.2)2
0.276

Q~ ---­
32 D 2

r

= o. 286 (17 x 106 )(11 . 34 )3

32(8.38 xl 04 )(66)2
= 0.607

Since K > T /4D, Equations (8-25) through (8-28)
may be used to obtain deflections and moments.
From Figures 8-41 through 8-44 with A = 0.817
and B = O. 756,

°1 = O. 76, 02 = O. 94, 03 = 0.24, and 04 = 0.49

These values may now be substituted in~o Equations
(8-25) through (8-28) to obtain the following:

Deflection at ring = or = - . 1122=
1 + 0.607

0.76

= 0.0624 in. (outward)
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Deflection at midspan = 0. = -P

Moment at ring = M sstr =

=-0.1122 (1 + 1 0·94 ) =-0.0654 in. (outward)
+ 0.76

0.607

4PD04

2 / °1 "'a \1 + Q )

=
4 x 0.1122(8.38 x 104 )(0.49)

(11.34)2 (1 + 0.76 ")"
\ 0.607

= 63.7 in. -lb/in.

,

\

M ser 0 3
Moment at midspan = M sstm =----

°4
= -63.7(0.24) = 31 2' lb /._ - - . In- . In.

(0.49)

Stresses in Skin

The stresses in the skin consist of

(1) a meridional membrane stre s s, F miller

(2) an axial bending stress F bs , and

(3) a tangential membrane stress F lIlt •

These must be computed at both the midspan and
the ring. From Equation (8-29),

_T_-_I-1_E_t_s_(o_/_r_) = 495- 0 . 3 16 (1 7 x 106 )( . 0388) 6 ! 6 6

F mm" r = t + (l-U 2) t
s

0 . a3a + O. 9 (0 . 0388)

= 7,630 - 48,6606

At the midspan,

F = 7,630 - 48,660 OM = 7,630 + 48,660 (0.0654)
1ll1ll"r M

= 10,810 psi
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At the ring,

F = 7,630 - 48,660 or = 7,630 + 48,660 (0.0624)
1II1110r

= 10, 670 psi

From Equation (8-31), .

M C s M(0.208)
FbI = --- =

lest 0.00493

At the midspan,

= 42. 1M

FbI = 42. IMsStll = 42.1 (31. 2) = 1,320 psi

At the ring,

F bS = 42.1 M sstr = 42.1 (-63.7) = -2,680 psi

From Equation (8-30),

IJ.T - E(t+ts)o/r
F lllt =

t + (l-\l 2) t s

(0.316)(495)
=_--:..----'-'---'---

.030 + (0.9)(0.0388)

(17 x 106 )(0.030 + 0.0388)6/66
.030 + (0.9)(0.0388)

At the midspan,

.. 2,410 - 273, 000 6

F lllt = 2,410 - 273,000 (0.0654) = 20,260 psi

At the ring,

F 11It = 2,410 - 273,000 (0.0624) = 19,440 psi

The maximum meridional stress in the skin at the
midspan is given by

F lIIsrlll&X = F ner + Fbi = 10,810 + 1,320 = 12,130 psi

and that at the ring is

F lIIlIrlllax = F llllller + F bs = 10,670 - 2,680 = 7,990 psi
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The critical stress occurs in the skin at the Inidspan
where both the Ineridional and circuInferential
stresses are greatest.

Stresses in Stringer

The stresses in the stringers consist 6f

(1) a uniforIn axial stress, F stllle 1" and

(2) an axial bending stress, F bst '

FroIn Equation (8-32),

T (1-11 2 ) +11 Et (I) I r) = 4~9:-::5_(:>....:;0...:....,.:..9.!-)__
F,t1lllll' = 2

t + (1-11 ) t s (0.3) + (0.9)(0.388)

+
(0.316)(17x 106 )(0.3)(0/66)

(0.3) + (0.9)(0.388)
= 6,860 + 37,6206

At the Inidspan

F t = 6,860 + 37,620 I) = 6,860 - 37,620(0.0654) = 4,400 psis 1\11'1'

At the ring,

F aher = 6,860 + 37,620 I) = 6,860 - 37,620(0.0624)

= 4, 510 psi

FroIn Equation (8-33),

M Cst
F bst = --­

las

At the Inidspan,

= M(0.572) = 116M
0.00493

F bat = 116 MUh = 116(-31. 2) = -3,730 psi

At the ring,

F bst = 116 Mastr = 116(63.7) = 7,410 psi

The InaxiInUIn stress in the stringers is given by
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16, 770 psi

This occurs at the ring where

F -4510+7410=11,910psilllel'lllax - , ,

Stresses in Ring

The rings have a circumferential stress Ft. From
Equation (8-34),

= (17 x 106 )(0.0624) =
63.2

8.4 Thick Pressure Vessels

If the ratio of the minimum radius of curvature of a wall to its thickness
is less than ten, stresses may no longer be considered constant throughout the
wall thickness and radial stresses may not be ignored. Thus, the equations
for thin-walled pressure vessels that were developed with these assumptions
are no longer valid. This section presents solutions for the stresseS in thick­
walled cylinders and spheres.

Thick ves sels, other than cylindrical and spherical ones, have bending
stresses even if there are no discontinuities present. The analysis of these
stresses is difficult and is not established on a satisfactory basis as yet.
Thus, it is best to determine the intensity of the maximum stresses that exist
in unconventional designs by strain gauge measurements or other experi­
mental means.

8.4.1 Thick Cylindrical Pressure Vessels

Figure 8-50 shows a cross section of a thick cylindrical pressure
vessel of internal radius a and external radius b.

Po

Figure 8-50. Thick Cylindrical Pressure Vessel
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The radial, tangential, and axial stresses, F r , F t , and Filer' in such
a cylinder are given by Equations (8-35), (8-36), and (8-37), respectively.

l l
a Pt - b Po

F r =-----­
b l _ a l

albl(pt-po)

(bl _ a l ) r l
(8-35)

In order for Equation (8-37) to apply, the point considered must be far
enough removed from the ends for St. Venant1s principle to apply.

(8-36)

(8-37)

8.4.1.1 Thick Cylindrical Pressure Vessels Under Internal Pressure Only

If Pe = 0, Equations (8-35) and (8-36 ) reduce to

alpt
(1- L) (8- 38)F r =

l l
b - a r l

and

a
l

Pt l
F t = (1 + ~) (8- 39)

b l _ a l r l

Both of these stresses have maximum magnitudes at r = a. If the maximum
shear stress theory of failure is to be used, the design equation becomes

FSml!X = ---l--- = Pt (8-40)

8.4.1. l Thick Cylindrical Pressure Vessels Under External Pressure
Only

If Pt = 0, Equations (8-35) and (8-36) reduce to

F =r (8-41 )

and
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(8-42)

,

(8-43 )

In this case, both the tangential and radial stres ses are always compressive,
with the former always the larger of the two. The maximum compressive
stress occurs at the inner surface of the cylinder where the radial stress
is equal to zero. This maximum compressive stress is given by

2
-2b Po

F tux = b 2 _ a 2

8.4. 1. 3 Sample Problems - Thick Cylindrical Pressure Ves sel

Given: The pressure vessel shown in Figure 8-51.

Po = 15 psi

Figure 8- 51. Thick Cylindrical Pressure Vessel

Find: The maximum shear stress in the vessel.

Solution: Assume the external pressure is negligible and apply
Equation (8-40). Thus,

(15)2(10, 000)

[(15)2 -(10)2J
= 22, 500 psi

8.4.2 Thick Spherical Pressure Vessels

The radial and tangential stresses at a distance r from the center
of a sphe:ttical pressure vessel of inner radius a and outer radius b are given
by Equations (8-44) and (8-45).

3 3
Pi (b - r )

r 3 (a3 _ b 3 )
(8-44)
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P ob 3 (2r 3 + a 3 )

2r3 (a3 _ b 3 )

3 3 3
Pia (2r + b )

2r3 (a 3 _ b 3J
(8-45)

The terminology here is the saITle as that shown in Figure 8- 50 for cylindri­
cal pressure vessels.

If Po = 0,

(8-46)

and the greatest tangential tension is at the inner surface at which

F t 1!i&X =
Pi

2
(8-47)

8.5 Anisotropic Pressure Vessels

T~3 use of glass filaITlents in the construction of pressure vessels offers
several advantages. Glass has an ultiITlate strength of approxiITlately 300,000
lb/in. 2 in the direction of the fiber when it is drawn into fine filaments. In
order to fully utilize this high unidirectional strength, however, it is necessary

to run the fiber in the direction of the maxiITlum principal stress. This is done
- .:'~rl;ng the fibers on a mandrel. During the winding process, the filaITlents

are impregnated with resin which, after curing, will develop sufficient shear
strength to realize the high tensile strength of the fibers. In analyzing these
structures, it is assumed that the fibers sustain the priITlary loads with only
the secondary loads being resisted by the resin binder.

Since the principal stresses will vary in an actual vessel, the fibers ITlay
actually be wrapped at more than a single wrap angle as ITlay be seen in Fig­
ure 8- 52.

Figure 8-52. Filament-Wound Pressure Vessel
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For a thin cylindrical pressure vessel, all stresses other than membrane
stresses are negligible. The optimum wrap angle is 55 degrees as shown in
Figure 8-53.

Figure 8-53. Optimum Wrap Angle for Thin Cylindrical Pressure Vessel

In addition to providing a structure of high strength-to-weight ratio, the
glass pressure vessels offer other advantages. Connections can be eliminated
and end closures, skirts, etc., fabricated as a single unit. In addition, pres­
sure vessels may be made in any proportions and sizes over wide ranges.

.\ '.... \. v
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9. LUG ANALYSIS

9. 1 Introduction to Lug Analysis

Lugs are connector-type elements widely used as structural supports
for pin connections. In the past, the lug strength was overdesigned since
weight and size requirements were for the most part unrestricted. How­
ever, the refinement of these requirements have necessitated conservative
methods of design.

This section presents static strength analysis procedures for uniformly
loaded lugs and bushings, for double shear joints, and for single shear joints,
subjected to axial, transverse, or oblique loading. Also listed is a section
which applies to lugs made from materials having ultimate elongations of at
least 5% in any direction in the plane of the lug. Modifications for lugs with
less than 5% elongation are also presented. In addition, a short section on
the stresses due to press fit bushings is presented.

9.2 Lug Analysis Nomenclature

F brul =
FbrYt. =
F tux =
F tyX =
F bru =
F bry =
F tu =
F nul =
F nYl =
F bry =

B
Fey =

B
F bruB =
F su =p
F tu =p
F tu =
F T =brmax
F l =brmaxB
F =Smax
F P =bmax
PbrulP =
P nul =
P u =

B
P u =
p L

=ulB
Pusp =
P Ubp =

Lug ultimate bearing stress
Lug yield bearing stres s
Cross grain tensile ultimate stress of lug material
Cross grain tensile yield stress of lug material
Allowable ultimate bearing stre s s, MHB 5
Allowable yield bearing stress, MHB 5
Ultimate tensile stress
Allowable lug net-section tensile ultimate stress
Allowable lug net-section tensile yield stress
Allowable bearing yield stress for bushings
Bushing compressive yield stress
Allowable bearing ultimate stress for bushings
Ultimate shear stress of the pin material
Pin ultimate tensile stress
Allowable ultimate tang stress
Maximum lug bearing stress
Maximum bushing bearing stress
Maximum pin shear stres s
Maximum pin bending stress
Allowable lug ultimate bearing load
Allowable lug net-section ultimate load
Allowable bushing ultimate load
Allowable design ultimate load
Allowable lug-bushing ultimate load
Pin ultimate shear load
Pin ultj.mat_e bending load
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IIBalanced design" pin ultimate bending load
Allowable joint ultimate load
Lug tang strength
Allowable lug transverse ultimate load
Allowable bushing transverse ultimate load
Net-tension stress coefficient
Plastic bending coefficient fo r pin
Plastic bending coefficient for tang
Plastic bearing coefficient for lug
Plastic bending coefficient for lug
Transverse ultimate load coefficient
Transverse yield load coefficient
Maximum pin bending moment
Ultimate pin failing moment
Area, in. 2
Distance from edge of hole to edge of lug, inches
Ductility factor for lugs with less than 5% elongation
Effective bearing width, inches
Hole diameter of pin diameter, inches
Modulus of elasticity, psi
Edge distance, inches
Stress, psi

Cyclic stress amplitude on net section of given lug,
lbs /in. 2

Mean cyclic stress on net section of given lug, lbs/in. 2

Maximum cyclic stress on net section of given lug,
lbs lin. 2

Minimum cyclic stress on net section of given lug,
lbs /in. 2
Gap between lugs, inches

Edge distances in transversely loaded lug, inches
Effective edge distance in transversely loaded lug
Allowable stress (or load) coefficient
Fatigue parameters
Bending moment, in. -lbs.
Fatigue life, number of cycles
Load, lbs.

Stress ratio, fmin/fux
= Bushing wall thickness, inches
= Lug thickness, inches

Lug width, inche s
Angle of load to axial direction, degrees
St rain, inche s / inch
Density, lbs /in. 3

Pub =
P Plllax =all
P T =
P truL =
P true =
K n =
K b =

P
K b =

T
K br =
K L =bL

~ru =
Ktrl" =
~ ..x =
M u

P =
A P =
a =
B =
b =
D =
E =
e =
f =
f.. =

fm =
fmax =

fmi n =

w =
Cl =
E: =
P =

g =
hI- . h4 =
haY =
K =
k l ,k2,k3=

M =
N =

P =
R =
1:e
t
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Subscripts

all = Allowable opt = OptinlUm

= Axial p = Pinax

B = Bushing = Shear

b = Bending T = Tang

br = Bearing t = Tensile

= Compres sion tr = Transversec

l = Lug = Ultimateu

= Maximum. = Cross grainmax x

= Net tensile = Yieldn y

= Oblique 1, 2 = Female and male lugs
0

9. 3 Lug and Bushing Strength Under Uniform Axial Load

Axially loaded lugs in tension must be checked for bearing strength and
for net-section strength. The bearing strength of a lug loaded in tension, as
shown in Figure 9-1, depends largely on the interaction between bearing,
shear-out, and hoop-tension stresses in the part of the lug ahead of the pin.
The net- section of the lug through the pin IllUSt be checked against net-tension
failure. In addition, the lug and bushing IllUSt be checked to ensure that the
deforIllations at desi'gn yield load are not excessive.

p__ w
T

W p---
<D

Figure 9-1. ScheIllatics of Lugs Loaded in Tension

9.3. 1 Lug Bearing Strength Under UniforIll Axial Load

The bearing stresses and loads for lug failure involving bearing,
shear-tearout, or hoop tension in the region forward of the net-section
in Figure 9-1 are determined froIll the equations below, with an allowable
load coefficient (K)deterIllined from. Figures 9-2 and 9-3. For values of
e/D less than 1. 5, lug failures are likely to involve shear-out or hoop­
tension; and for values of e/D greater than 1. 5, the bearing is likely to be
critical. Actual lug failures Illay involve Illore than one failure III0 de , but
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such interaction effects are accounted for in the values of K. The lug ultimate
bearing stress (Fb ) is

rUl

F bru = K ~ F tux ' (e/D < 1. 5)
l D

F bru = K F tux ' (e/D ~ 1.5)
l

(9-la)

(9-1b)

The graph in Figure 9-2 applies only to cases where D/t is 5 or less, which
covers most of the cases. If D/t is greater than 5, there is a reduction in
strength which can be approximated by the curves in Figure 9-3. The lug

yield bearing stress (Fb ) is
I'Yl

Fb:';:f'L = K ~ F tyX ' (e/D < 1. 5)

F bry =K F tyX ' (e/D ~ 1. 5)
l

(9-2a)

(9-2b)
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Figure 9-2. Allowable Uniform Axial Load Coefficient
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The allowable lug ultimate bearing load (Pbru ) for lug failure in bearing,
L

shear-out, or hoop tension is

(9-3a)

P bru /Dt should not exceed either F bru or 1. 304 F bry' where F bru and F bry

are \he allowable ultim.ate and yield bearing stresses for the lug material
for e/D = 2.0, as given in MIL-HDBK-5 or other applicable specification.

Equations (9-3a) a,nd (9-3b) apply only if the load is uniformly dis­
tributed across the lug thickness. If the pin is too flexible and bends
excessively, the load on the lug will tend to peak up near the shear faces
and possibly cause premature failure of the lug.

A procedure to check the pin bending strength in order to pre­
vent premature lug failure is given in Section 9.4 entitled "Double Shear
J oint Strength Under Uniform Axial Load. "

9.3.2 Lug Net-Section Strength Under Uniform Axial Load

The allowable lug net-section tensile ultimate stress (Fnu )

on Section 1-1 in Figure 9 -4a is affected by the ability of the lug ma:-terial
to yield and thereby relieve the stress concentration at the edge of the hole.

(9-4)

K n , the net-tension stress coefficient, is obtained from the graphs shown
in Figure 9-4 as a function of the ultimate and yield stress and strains of
the lug material in the direction of the applied load. The ultimate strain (E:u)

can be obtained from MIL-HDBK-5.

r
w

(a)
p

Figure 9-4. Net Tension Stress Coefficient
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Figure 9~4. Net Tension Stress Coefficient (concluded)
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The allowable lug net-section tensile yield stress (Fn)"L) is

(9- 5)

The allowable lug net- section ultiInate load (Pnu ) is
L

9.3.3 Lug Design Strength Under Uniform Axial Load

(9 - 6a)

(9-6b)

The allowable design ultimate load for the lug (Pu ) is the
L

loy.rer of the values obtained from Equations (9-3) and (9-6).

Put ~ Pbl'Ul (Equations (9-3a) and (9-3b), or
P nu (Equations (9-6a) and (9-6b))

l

(9-7)

9.3.4 Bushing Bearing Strength Under Uniform Axial Load

The allowable bearing yield stress for bushings (Fbr)" ) is re­
B

stricted to the compressive yield stress (Fcy ) of the bushing material,
B

unless higher values are substantiated by tests.

The allowable bearing ultimate stress for bushings (FbruB ) is

F bru = 1. 304 F c )"
B B

The allowable bushing ultimate load (PUB) is

(9-8)

(9-9)

This assumes that the bushing extends through the full thickness
of the lug.

9. 3. 5 Combined Lug-Bushing Design Strength Under Uniform Axial Load

The allowable lug-bushing ultimate load (P~ B) is the lower of the
loads obtained from Equations (9-7) and (9-9).

P u ~ P u (Equation (9-7), or P u (Equation (9-9»
LB L B

9.4 Double Shear Joint Strength Under Uniform Axial Load

(9-10)

The strength of a joint such as the one shown in Figure 9-5 depends
on the lug-bushing ultimate strength (Pu ) and on the pin shear and pin

. LBbendlng strengths.
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Figure 9-5. Double Shear Lug Joint

Lug-Bushing Design Strength for Double Shear Joints Under
Uniform Axial Load

The allowable lug-bushing ultimate load (Pu ) for the joint is
t a

computed, usirrg Equation (9-10). For the symmetrical joint shown in
the figure, Equation (9-10) is used to calculate the ultimate load for the
outer lugs and bushings (2Pu ) and the ultimate load for the inner lug

La 1

and bushing (Pu ). The allowable value of P u for the joint is the lower
. ta2 La

of these two values.

P u ;§ 2Pu (Equation (9-10)), or P u (Equation (9-10))
La La 1 t e2

9 - 9
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9.4.2 Pin Shear Strength for Double Shear Joints Under Uniform
Axial Load

The pin ultimate shear load (Pus) for the sym.metrical joint
shown in Figure 9-5 is the double shear sti-ength of the pin:

(9-12)

where F su is the ultimate shear stress of the pin material.
p

9.4.3 Pin B ending Strength for Double Shear Joints Under Uniform
Axial Load

Although actual pin bending failures are infrequent, excessive
pin deflections can cause the load in the lugs to peak up near the shear
planes instead of being uniformly distributed across the lug thickness,
thereby leading to premature lug or bushing failures at loads less than
those predicted by Equation (9-11). At the same time, however, the con­
centration of load near the lug shear planes reduces the bending arm and,
therefore, the bending moment in the pin, making the pin less critical in
bending. The following procedure is used in determining the pin ultimate
bending load.

Assume that the load in each lug is uniformly distributed across
the lug thickness (bl = tl' and 2b2 = t 2). For the sym.metrical joint shown
in Figure 9-5, the resulting maximum pin bending moment is

(9-13)

The ultimate failing moment for the pin is

(9 - 14)

where kb is the plastic bending coefficient for the pin. The value of kb
varies flom 1. 0 for a perfectly elastic pin to 1. 7 for a perfectly plasti~
pin, with a value of 1. 56 for pins made from reasonably ductile materials

(more than 5% elongation).

The pin ultimate bending load (Pub)
p

3
O. 1963 kb Dp F tup p

=(t l-- +
2

9 - 10
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If Pub is equal to or greater than either P u (Equation (9-11) or Pus
p La P

(Equation (9-1Z», then the pin is a relatively strong pin that is not critical
in bending, and no further pin bending calculations are required. The
allowable load for the joint (Pall) can be determined by going directly to
Equation (9-19a).

1£ PUb (Equation (9-15») is less than both PUl (Equation (9-11»
P B

and PUlp (Equation (9-1Z», the pin is considered a relatively weak pi~,

critical in bending, However, such a pin may deflect sufficiently under
load to shift the c. g. of the bear.ing loads toward the shear faces of the lugs,
resulting in a decreased pin bending moment and an increased value of Pub'

These shifted loads are assumed to be uniformly distributed over widths bPl
and ZbZ' which are less than tl and t z' respectively, as shown in Figure 9-5.
The portions of the lugs and bushings not included in bl and Zb Z are con­
sidered ineffective. The new increased value of pin ultimate bending load is

3O. 1963 kb Dp F tu
P P=-,,-----------

(
bl b Z \
-Z-+-Z-+gj

(9-15a)

The maximum allowable value of Pub is reached when b l and b Z are suf­
ficiently reduced so that Pub (Equati~n (9-15a» is equal to P u (Equation

P LII

(9-11», provided that bl and ZbZ are substituted for tl and tz, respectively,
At this point we have a balanced design where the joint is equally critical
in pin-bending failure or lug-bushing failure.

The following equations give the Ilbalanced designll pin ultimate
bending load (PUb ) and effective bearing widths (b 1 min and Zb Z min):

P max

where

PUb = ZC ~ P
ubp (2 +

Pm~ C Z

P u P uLa 1 LaZ
C =

P u t z + P u t
lLa 1 L

al

tz

4

,
+ g) + gZ -ZCg (9-16)

The value of Pub on the right hand side of Equation (9-16) and the values of
P

P u and P~ in the expression for C are based on the assumption that the
La 1 8Z .

full thicknesses of the lugs are effective and have already been calculated.
(Equations (9-10) and (9-15».
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If the inner lug strength is equal to the total strength of the two
outer lugs (Pu = 2Pu ), and if g = 0, then

La2 La 1

P Ubp max =~ (9 -1 7)

The "balanced design" effective bearing widths are

Pub tp max 1
b =------

llllln 2P
u
La 1

(9-l8a)

2b =-----
2 min P u

L
S2

(9-l8b)

areis obtained from Equation (9-16) and P u
La 1

where Pub
p max

and P u
L
s2

the previously calculated values based on the full thicknesses of the lugs.
Since any lug thicknesses greater than b l or b 2 are not considered

effective, an efficient static strength desig~ would
m
1:ave t l = b l min and

t2 = 2b2min ·

The allowable joint ultimate load (Pall) for the double-shear joint
is obtained as follows:

If Pub (Equation (9-15) is greater than either P u (Equation (9-11)

or Pus (Equatiori (9-12», then Pall is the lower of the valu~s of P u or
P

p L
Sus .p

P all :§ P u (Equation (9-11) or PUlp (Equation (9-12»
Ls

(9-l9a)

If P ubp (Equation (9-15» is less than both P u and Pus' then
La p

Pall is the lower of the values of Pus and PUb
p p max

Pall :§ Pus (Equation (9-12) or 'PUb (Equation (9-16»
p Plllax

(9-l9b)

9.4.4 Lug Tang Strength for Double Shear Joints Under Uniform Axial Load·

If Equation (9-l9a) has been used to determine the joint allowable
load, then we have a condition where the load in the lugs and tangs is assumed
uniformly distributed. The allowable stress in the tangs is F tur . The lug tang

9 - 12



strength (PT) is the lower of the following values.

P T = 2F
tuT

w TI t l

P T = F tu w T t
2T2 2

(9-20a)

(9-20b)

If Equation (9-19b) was used to determine the joint allowable load,
the tangs of the outer lugs should be checked for the combined axial and bend­
ing stresses resulting from the eccentric application of the bearing loads.
Assuming that the lug thicknes s remains constant beyond the pin, a load (P /2)
applied over the width b 1 in each outer lug will produce the following bending
moment in the tangs:

)

A simple, but generally conservative, approximation to the maximum com­
bined stress in the outer lug tangs is

+ ( 9-21)

where ~ , the plastic bending coefficient for a lug tang of rectangular cross-
T

section, varies from 1.0 for a perfectly elastic tang to 1.5 for a perfectly
plastic tang, with a value of 1.4 representative of rectangular cross sections
with materials of reasonable ductility (more than 50/0 elongation). The allow-
able value of F t is F tu The lug tang strength is the lower of the fol-
lowing values: T1 Tl

2F tu w Tl
t

T1
1

P T =
1 + _3_. ( 1 .-

b 11l1n )
k b t 1T

(9- 22a)

P T = F tu W T2
t 2T2

where b lll1n is given by Equation (9-18a)

9.5 Single-Shear Joint Strength Under Uniform Axial Load

In single-shear joints, lug and pin bending are more critical than in
double-shear joints. The amount of bending can be significantly affected by
bolt clamping. In the cases considered in Figure 9-6, no bolt clamping is
assumed, and the bending moment in the pin is resisted by socket action in
the lugs.

9 - 13
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Figure 9-6. Single Shear Lug Joint

In Figure 9-6 a representative single-shear joint is shown, with centrally
applied loads (P) in each lug, and bending ITlOments (M and M l ) that keep
the system in equilibrium. (Assuming that there is no gap between the lugs,
M + Ml = P (t + tl)/2). The individual values of M and Ml are determined
from the loading of the lugs as modified by the deflection, if any, of the lugs,
according to the principles of mechanics.

The strength analysis procedure outlined below applies to either lug.
The joint strength is determined by the lowest of the margins of safety cal­
culated for the different failure modes defined by Equations (9-23) through (9-27).

9.5. 1 Lug Bearing Strength for Single Shear Joints Under Uniform
Axial Loads

The bearing stress distribution between lug and bushing is assumed­
to be similar to the stress distribution that would be obtained in a rectangular
cross section of width (D) and depth (t), subjected to a load (P) and moment (M).
At ultimate load the maximum lug bearing stress (Fbr IIll1X l) is approximated by

F br 1IIaX l = ~t +
kbr

l

6M (9-23)

where k br is a plastic bearing coefficient for the lug material, and is assumed
l

to be the same as the plastic bending coefficient (kb ) for a rectangular section.
l

9 - 14



The allowable ultimate value of F br lIl&X is either F bru (Equations
l l

(9-la) (9-lb)) or 1. 304 Fbl'Y (Equations (9-2a) (9-2b)), whichever is lower.
l

9.5.2 Lug.Net-Section Strength for Single Shear Joints Under Uniform
Axial Load

At ultimate load the nominal value of the outer fiber tensile stress
in the lug net-section is approximated by

F - P
t max - (w-D)t

+ 6M

k
b

(W.:.D)t2

l

(9-24)

where ~ is the plastic bending coefficient for the lug net-section.
l

The allowable ultimate value of F t max is F nu (Equation (9-4)) or
l

1. 304 F ny (Equation (9 - 5)), whichever is lower.
l

9.5.3 Bushing Strength for Single Shear Joints Under Uniform Axial Load

The bearing stress distribution between bushing and pin is assumed

to be similar to that between the lug and bushing. At ultimate bushing load the
maximum bushing bearing stress is approximated by

F =~br lIlaX B +
Dpt

6M
(9-25)

where k br ' the plastic bearing coefficient, is assumed the same as the plastic
l

bending coefficient (~ ) for a rectangular section.
l

The allowable ultimate value of FbI' 1Il&X s is 1. 304 F cys ' where F cys

is the bushing material compressive yield strength.

9.5.4 Pin Shear Strength for Single Shear Joints Under Uniform Axial Load

The maximum value of pin shear can occur either within the lug or
at the common shear face of the two lugs, depending upon the value of M/Pt_
At the lug ultimate load the maximum pin shear stress (Fs lIIaX p) is approxi­
mated by

(if M ~ 2/3)
Pt

F ••ax P =
1. 273 P

D 2
p (.. 2M + 1 _ ~ ( 2M) + 1

Pt Pt

9 - 15
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(if -M- >2/3)
Pt

(9-26a)

(9-26b)
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Equation (9-26a) defines the case where the maximum pin shear is obtained
at the common shear face of the lugs, and Equation (9-26b) defines the case
where the maximum pin shear occurs away from the shear face.

The allowable ultimate value of F b lIax P is Feu' the ultimate shear
stress of the pin material. P

9.5.5 Pin Bending Strength for Single Shear Joints Under Uniform
Axial Load

The maximum pin bending moment can occur within the lug or at
the common shear faces of the two lugs, depending on the value of M/Pt. At
the lug ultimate load the maximum pin bending stress (Fb lIax p) is approxi­
mated by

10.19M=----'---
k

bP
Dp 3

(Pt _ 1), (if~ ~ 3/8)
2M Pt

(9-27a)

2M

Pt

(if~ > 3/8)
Pt

(9-27b)

where k bP is the plastic bending coefficient for the pin.

Equation (9-27a) defines the case where the maximum pin bending
moment is obtained at the common shear face of the lugs, and Equation (9-27b)
defines the case where the maximum pin bending moment occurs away from
the shear face, where the pin shear is zero.

The allowable ultimate value of F b max p is F tu ' the ultimate tensile
p

stress of the pin material.

9.6 Example of Uniform Axially Loaded Lug Analysis

Determine the static strength of an axially loaded, double shear joint,
such as shown in Section 9.4, with dimensions and material properties given
in Table 9-1.

9 - 16
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Table 9-1. Dimensions and Properties

Ferhal"e Lugs, 1 Male Lug, 2- Bushings, Pin
1 and 2

Material 2024-T351 Plate 7075-T651 Plate Ai. B-ronze 4130 Steel

F tu 64000 psi 77000 psi HO, 000 psi 125,000 psi
IX-I!rain) IX-grain)

F ty 40000 psi (,6000 psi bO, 000 psi L03, 000 psi
(X-grain) (X-grain)

Fe)' 60,000 psi

FlU 82,000 psi

E 10.5 X 106 psi 10.3xl06 29 X 106 psi

<:u O. 12 0.06

D or Dp D= 1. 00 in. D= 1. 00 in. Dp = 0.75 in. , Dp = 0.75in.
n - 1 nn in

e ] . ? 5 in. 1. 50 in.

a 0.75 in. 1. 00 in.
w = W T 2.50 in. 3.00 in.

t 0.50 in. 0.75 in. O. 50 and
0.75 in.

g O. 10 in.

(l) FeITla1e Lugs and Bushings

F tux = 64,000 psi; 1. 304 F
tVY

= 1. 304 x 40000 = 52160 psi.

a} Lug Bearing Strength (Equations (9-2a) and (9- 3b})

~ = 1. 25 = 1. 25; therefore K
1

= 1. 46 (froITl Figure 9-2)
D 1. 00

P bru = 1. 304 x 1. 46 x O. 75 x 40000 x 1. 00 x O. 50 = 28600 1bs.
L 1

b) Lug Net-Section Tension Strength (Equations (9-5) and (9-6b})

= 1. 00
2.50

F ty
= 0.40; -- =

F tu

40000
64000

= 0.625;

64000= -----6-,------- = 0.051; therefore, ~1 = 0.74
10.5 x 10 x O. 12

(by interpolation from Figure 9-4)

P nu = 2 x 1. 304 x .74 x 4000 x (2.5 - 1. O) x .5= 57,898 lbs.
L

9 - 17



c) Lug Design Strength (Equation (9-7))

d) Bushing Bearing Strength (Equation (9-9)

P u = 1. 304 x 60000 x 0.75 x O. 50 = 29300 1bs.
B1

e) COnlbined Lug-Bushing Design Stl'ength (Equation (9-10))

P u = P u = 28600 1bs.
LB 1 L1

(Z) Male Lug and Bushing

F
tux

= 77000 psi; 1. 304 F tyX = 1. 304 x 66000 = 86100 psi.

a) Lug Bearing Strength (Equations (9-1b) and (9-3a))

= 1. 50 = 1. 50; therefore, K2 = 1.33 (fronl Figure 9-7)
1. 00

=.1. 33 x 77000 x 1. 00 x 0.75 = 77000 lbs.

b) Lug Net-Section Tension Strength (Equations (9-4) and (9-6a))

D
F ty=~ = 0.333; __ =

3.00 F
tu

66000
77000

= 0.857;

F tu 77000
---
EE: u 10.3 x 106 x 0.06

= O. lZ5; therefore ~ = 0.87
Z

(by interpolation fronl Figure 9-4)

PM = 1. 304 x 87 x 66000 x (3.0 - 1 0) x .75 = 11Z, 313 1bs.
L

c) Lug Design Strength (Equation (9-7))

P u = P bru = 77000 1bs.
LZ LZ

d) Bushing Bearing Strength (Equation (9-9)

'Pu = 1. 304 x 60000 x 0.75 x 0.75 = 44000 1bs.
eZ

e) COnlbined Lug-Bushing Design Strength (Equation (9-10))

P u = P u = 44000 lbs.
LeZ BZ

9 - 18
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(3) Joint Analysis

a) Lug-Bushing Strength (Equation (9-11»

P u = P u = 44000 lbs.
La t a2

b) Pin Shear Strength (Equation (9-12»

2
Pus = 1. 571 x (0.75) x 82000 = 72400 lbs.

p

c) Pin Bending Strength (Equation (9-15»

The pin ultimate bending load, assuming uniform bearing across
the lugs, is

3
P _ 0.1963x1.56x(0.75) x 125000 =301001bs.

ubp - O. 2 5 + o. 1875 + O. 10

Since PUb is less than both P u and Pus' the pin is a relatively
p La p

weak pin which deflects sufficiently under load to shift the bear-'
ing loads toward the shear faces of the lugs .. The new value ·of
pin bending strength is, then,

(
\130100 2 )

Pub max = 2 C x·l c x (0. 25 + O. 1875 + O. 10) + (0. 10) - O. 10 ,

28600 x 44000
(from Equation (9-16» where C = --------- _

286 x 0.75 + 44000 x 0.050

= 29000 lbs/in.

Therefore, P = 2 x 29000 x (0.754 - 0.10) = 37900 lbs.ub p max

The "balanced design" effective bearing widths are

b - 37900 x O. 50 = 0.331 in. (from Equation (9-18a»
!.tin - 2 x 28600

2 = 37900 x 0.75 = 646 ( (9" 8b)b O. in. from Equation -1 )
2 min 44000

Therefore, the same value of PUb would be obtained if the
p max

thickness of each female lug was reduced to 0.331 inches and
the thickness of the male lug reduced to 0.646 inches.

d) Joint Strength (Equation (9-19b»

The final allowable load for the joint, exclusive of the lug tangs, is

9 - 19



1II1lX = 37900 lb s.

(4) Lug Tang Analysis

2 x 64000 x 2. 50 x O. 50

1 +_3_ x ('1 _ 0.331 )
1. 4 O. 500

or

= 92700 lbs. (from Equation (9-22a))

P T = 77000 z 3.00 x 0.75 = 173300 lbs. (from Equation (9-22b))

Therefore, the lug tangs are not critical and th.e allowable joint
load remains at 37900 pounds.

9. 7 Lug and Bushing Strength Under Transverse Load

Transversely loaded lugs and bushings are checked in the same general
manner as axially loaded lugs. The transversely loaded lug, however, is a
more redundant structure than an axially loaded lug, and it has a more com­
plicated failure mode. Figure 9-7 illustrates the different lug dimensions
that are critical in determining the lug strength.

9.7. 1

P tr

Figure 9-7. Schematic of Lugs Under Transvers.e Loads

Lug Strength Under Transverse Load

The lug ultimate bearing stress (Fbrll ) is
l

(b)

(9-28)

where ~rll' the transverse ultimate load coefficient, is obtained from
Figure 9-8 as a function of the "~ffective" edge distance (h.v ):

h = 6.v 3/hl + 1/h2 + l/h3 + 1 h/4
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The effective edge distance can be found by using the nomograph in
Figure 9-9. The nomograph is used by first connecting the hI and hZ lines at
the appropriate value of hI and hZ. The intersection with line A is noted. Next
connect the h3 and h 4 lines similarly, and note the B line intersection. Con­
necting the A and B line intersection gives the value of h av to be read at the
intersection with the h av line. The different edge distances (h 1, hZ' h3. h4)
indicate different critical regions in the lug, hI being the most critical. The
distance h 3 is the smallest distance from the hole to the edge of the lug. If
the lug is a concentric lug with parallel sides, havl D can be obtained directly
from Figure 9-10 for any value of el D. In concentric lugs, hI = h4 and hZ = h3.

The lug yield bearing stress (Fb1'y ) is
l

F b1'Y = K t1'y F tyx
l

(9-Z'i)

where K t1'y ' the transverse yield load coefficient, is obtained from Figure 9-9.

The allowable lug transverse ultimate load (P t1'u ) is
l

P
trul

= F
b1'l

Dt (if F tux ~ 1. 304 F'tyx)

P t1'u = 1. 304 F b1'y Dt (if F tux > 1. 304 F tyx )
l l

where F b1'u and F b1'y are obtained from Equations (9-Z8) and (9-Z9)).
l l

9 - Z 1
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Figure 9-10. Effective Edge Distance

If the lug is not of constant thickness, then A.vl Abr is substituted
for havl D on the horizontal scale of the graph in Figure 9-8, where Abr is the
lug bearing area, and

6
A.v =------,,-----:-------

3 I A 1 + 1 I A Z + 1 I A 3 + 1 I A 4

AI' AZ' A3. and A4 are the areas of the sections defined by hI' hZ' h3' and
h4. respectively.

The values of Ktru and ~rY corresponding to A.vlAbr are then obtained
from the graph in Figure 9-8 and the allowable bearing stresses are obtained
as before from Equations (9-Z8) and (9-Z9»).

9.7. Z Bushing Strength Under Transverse Load

The allowable bearing stress on the bushing is the same as that for
the bushing in an axially ~oaded lug and is given by Equation (9-8). The allow­
able bushing ultimate load (Ptru ) is equal to P u (Equation (9-9».

B B
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9.8 Double Shear Joints Under Transverse Load

The strength calculations needed for double shear joint strength analysis
are basically the same as those needed for axially loaded. 0Equations (9-11)
thorough (9-19) can be used; however. the maximum lug bearing stres ses at
ultimate and yield loads must not exceed those given by Equations (9-28)
and (9-29).

9.9 Single Shear Joints Under Transverse Load

The previous discussion on double shear joint applies to single shear
joint strength analysis except the equations to be used are now Equations (9-23)
through (9-27).

9. 10 Lug and Bushing Strength Under Oblique Load

The analysis procedures used to check the strength of axially loaded
lugs and of transversely loaded lugs are combined to analyze obliquely
loaded lugs such as the one shown in Figure 09-11. These procedures apply
only if a. does not exceed 90°.

Figure 9-11. Obliquely Loaded Lug

9. 10. 1 Lug Strength Under Oblique Load

The obliquely applied load (Pa.) is resolved into· an axial component
(P = P a. cos a.) and a transverse component (Ptr = Pa. sin a.). The allowable- .
ultimate value of Pa. is Po and its axial and transverse components satisfy
the following equation: L

(
Ptr )1. 6

---- = 1
P tru

L

(9-31)

where P u is the strength of an axially loaded lug (Equation (9-7» and P is
L truL"

the strength of a transversely loaded lug (Equations (9-30a), (9-30b». The
allowable load curve defined by Equation (9-31) is plotted on the graph in
Figure 9-12.
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Figure 9-12. Allowable Load Curve

For any given value of a. the allowable load (Pa.
t

) for a ,can be
determined from the g:raph shown in Figure 9-12 by drawing a line from the
origin with a slope equal to (Pu /Ptru )' The intersection of this line with the
allowable load curve (point 1 oA the graph) indicates the allowable values of
P/Pu and Pu.lPtt'u' from which the axial and transverse components, P
and i\r' of the a1l6wable load can be readily obtained.

9.10.2 Bushing Strength Under Oblique Load

The bushing strength calculations are identical to those for axial
loading (Equations (9-8) and (9-9)). (

9. 11 Double Shear Joints Under Oblique Load

The strength calculations are basically the same as those for an axially
loaded joint except that the maximum lug bearing stress at ultimate load must
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not exceed Pa. IDt, where Pa. is defined by Equation (9-31). Use Equations
.. l. l

(9-11) through (9-19».

9. 12 Single Shear Joints Under Oblique Load

The previous discussion on double shear joints applies to single shear
joint strength analysis except the equations to be used are now Equations

(9-23) through L9-27).

9. 13 Multiple Shear and Single Shear Connections

Lug-pin combinations having the geometry indicated in Figure 9-13
should be analyzed according to the following criteria:

(l) The load carried by each lug should be determined by distributing
the total applied load P among the lugs as indicated in Figure 9-13,

-b being obtained in Table 9-2. This distribution is based on th~

a~sumption of plastic behavior (at ultimate load) of the lugs and
elastic bending of the pin, and gives approximately zero bending
deflection of the pin.

(2) The maximum shear load on the pin is gIven in Table 9-2.

(3) The rriaXiirium bending rhoment·in the pin is givenby the formulae

Plb
M =-- where b is given in Table 9-2.

2

These lugs of
equal thickness t'

Two outer lugs of equal thickness
:not less than Ct' (See Table 9-2)

These lugs of equal
thickness ·t"

Figure 9-13. Schematic of MUltiple Shear Joint in Tension
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Total number
of lugs includ- e : Pin Shear b
ing both sides -

.35 .50 PI
t' + til

5 .28 '2

.40 .53 PI
t l + til

7 .33 2

.43 .54 PI
t l + til

9 .37
2,

.44 .54 PI t' + t"
11 . 39

2

. 50 . 50 PI t' + t"
CXl .50

2

9. 14 Axially Loaded Lug Design

This section presents procedures for the optimized design of lugs,
bushings and pin in a symmetrical, double-shear joint, such as shown in
Figure 9- 5, subjected to a static axial load (P). One design procedure applies
to the case where the pin is critical in shear, the other to the case where the
pin is critical in bending. A method is given to help determine which mode of
pin failure is more likely, so that the appropriate design procedure will be used.

Portions of the design procedures may be useful in obtaining efficient
designs for joints other than symmetrical, double- shear joints.

9. 14. 1 Axial Lug Design for Pin Failure

An indication of whether the pin in an optimized joint design is more
likely to fail in shear or in bending can be obtained from the value of R (Equa­
tion (9-32 )). If R is less than 1. 0, the pin is likely to fail in sheaJ; and the
design procedure for joints with pins critical in shear should be used to get ­
an optimized design. If R is greater than 1. 0, the pin is likely to be critical
in bending and the design procedures for joints with pins critical in bending
should be used.

R=
n F sup ) (9-32)

whereFn and Ftuare the ultimate shear-and ultimate tension stresses for
the pin mciterial, k

bp
is the plastic bending coefficient for the pin, and F brau 1

9 - 2.7
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and F b l' &112 are allowable bearing stres ses in the female and male lugs. The

value of F b 1'a11 1 can be approximated by the lowest of the following three values:

K F tux 1 .l2....-; 1. 304 K F u 'x 1 .l2....-; 1. 304 Fey
Dp Dp a l

where F tux1 and F t1Xl are the cross-grain tensile ultimate and tensile yield

stress for female lugs, F oy is the compressive yield stress of the bushings
15 1

in the female lugs, and K is obtained from Figure 9-14. Assume D = Dp if
a better estimate cannot be made. F bl' &112 is approximated in a similar manner.

~
~

./

/
i/

./
,;

,

Pin Material Density
Lug Material Density

1.1

1.0

K 0.9

0.8

0.7
o 1

Pp
---PL

2 3 4

Figure 9-14. Allowable Bearing Coefficient

9. 14. 1. 1 Axial Lug Design for Pin Failure in the Shearing Mode

Pin and Bushing Diameter

The minimum. allowable diameter for a pin in double shear is

Dp =0.7981~.
~~p

(9-33 )-. .

The outside diameter of the bushing is D = Dp + 2te, where ta is the bushing
wall thickness.

Edge Distance Ratio (e/D)

The value of e/D that will minimize the combined lug and pin weight
is obtained from Figure (9-15)(a) for the case where lug bearing failure and
pin shear failure occur simultaneously. The lug is assumed not critical tn
net tension, and the bushing is assumed not critical in bearing.
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Increase in weight of cross-hatched
area over optimum design weight (%) =---f---t

Pp Pin Material Density
P

L
Lug Material Density

(a)

5

Pin Critical
in Shear'

10

5

15

43

..:::0_-+--""'" 0-t---t

2

2,0

1.8

1.6

1.4
(·!D

1.2

1.0

0 8

O. 6
0

(b)

le-Shear Joint.
Critical in
lng
e lug is assumed
lcal to female
but is twice as

....--- 15
~

V--
~

",.....-- 10

V .-' .- 5
/" ~ ~ """ Daub

~ ~~ ~
Pin

~
~ . ~C\,)...",e Bend'

D~~
0 (mal

'1"'\,).1'" ident'O\lt'>

~
~.-- 5 lugs

_.....-- 10 thick

~~~
...- 15
~

~

1.2

0.8

1.e

1.6

1.8

2 C

e/ D 1. 4

0.6

o l 3 4 5

Pin Material Density
=

Lug Material Density

Figure 9-15. Edge Distance Ratio
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The curves in Figure 9-15 apply specifically to concentric lugs
(a = e - D/2, and w = 2e), but they can be used for reasonably similar lugs.

Allowable Loads

The allowable loads for the different failure modes (lug bearing
failure, lug net-tension failure, and bushing failure) are determined from
Equations (9-3), (9-6), and (9-9) in terms of the (unknown) lug thickness.
The lowest of these loads is critical.

Lug Thicknes ses

The required male and female lug thicknesses are determined by
equating the applied load in each lug to the critical failure load for the lug.

Pin Bending

To prevent bending failure of the pin before lug or bushing failure
occurs in a uniforlnly loaded symmetrical double-shear joint, the required
pin diameter is

D p ..=:.
3~ 2.55 P
·k Fbp tup

(9- 34)

where kb is the plastic bending coefficient for the pin, If the value of Dp

from Eq~ation (9-34) is greater than that from Equation (9-33), the joint
must be redesigned because the pin is critical in bending.

Reduced Edge Distance

If the allowable bushing load (Equation (9-9» is less than the allow­
able lug load (Equation (9-3»,'a reduced value of e, obtained by using the curve
shown in Figure 9-16 for optimum e/D, will give a lighter joint in which lug
bearing failure and bushing bearing failure will 0 occur simultaneously. The
previously calculated pin diameter and lug thicknesses are unchanged.

Reduced Lug Width

If the lug net-ten:sion strength (Equation (9-6» exceeds the bearing
strength (Equation (9-3», the net-section width can be reduced by the ratio of
the bearing strength to the net-tension strength.

9; 14. 1.2 Axial.Lug Design for Pin Failure in the Bending Mode

Pin and Bushin.g Diameters (First Approximation)

A first approximation to the optimum pin diameter is shown in
Equation (9-35).
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F tu )+ -----"'p-
F taUz

(9-35)

where F t all
1

'is either F tux 1 or 1. 304 F tyx l' whichever is smaller; and

F t allz is either F tuxz or 1. 304 F tyxZ ' whichever is smaller. This approxi­
mation becomes more accurate when there are no bushings and when there
is no gap between lugs.

The first approximation to the outside diameter of the bushing is
D = Dp + 2tB •

F b = Allowable bushing ultimate
rB

bearing stress

F = Lug material cross-grain
tux ultimate tensile 'Jtress

e/D

2.5

2.0

1,5

1.0

0.5

I
V

/
/~

V
/

/
V

/
V

V

2.52.00.5 1.0 1.5

D p F bru /D F tuxB

.Figure 9-16. Edge Distance Ratio

o
o
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Edge Distance Ra.t:io . (e/ D)

The value of e/D that will minimize the combined lug and pin weight
is obtained from Figure (9-l5)(b) for the case of symmetrical double-shear
joints in which lug bearing failure and pin bending failure occur simultaneously.
The lug is assumed not critical in tension and the bushing is assumed not
critical in bearing.

The curves apply specifically to concentric lugs ( a = e - D/2, and
w = 2e), but can be used for reasonably similar lugs.

Allowable Loads (First Approximation)

The allowable loads for the different failure modes (lug bearing
failure, lug net-tension failure, and bushing failure) are determined from
Equations (9-3), (9-6), and (9-9), in terms of the (unknown) lug thickness.
The lowest of these loads is critical.

• <.. ~ , -

Lug Thicknesses (First Approximation)

The first appro~mation to the required male arid female lug thick­
nesses are determined by equating the applied load in each lug to the lowest
allowable load for the lug.

Pin Diameter (Second Approximation)

The second approximation to the pin diameter is obtained by sub­
stituting the first approximation lug thicknes ses into Equation (9- 34).

Final Pin and Bushing Diameters and Lug Thicknesses

The final optimum pin diameter is· very closely approximated by

Dp opt = 1/3 Dp (Equation (9-35)) + 2/3 Dp (Equation (9-34))

An average value, however, is generally sufficient. If thefinal optimum
value is not a standard pin diam'eter, choose the next larger standard pin
and bushing.

The final lug thicknesses corresponding to the standard pin and
bushing arether;t. de.termined•._,

Pin Shear

The pin is checked for shear strength (Equation (9-33)).
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Reduced Edge Distance

If the bushing bearing strength (Equation (9-9)) is less than the lug
bearing strength (Equation (9-3)), a reduced value of e/D, obtained from the
curve in Figure 9-16, will give a lighter joint. The pin diameter and lug
thicknesses are unchanged.

Reduced Lug Width

If the lug net-tension strength (Equation (9-6)) exceeds the lug bear­
ing strength (Equation (9-3)), 'the net-section width can be reduced by the ratio
of the bearing strength to the net-tension strength.

9. 14. 1. 3 Example of Axially Loaded Lug Design

Using the same materials for the lug, bushing and pin as mentioned
in Section 9.6, and assuming the same allowable static load of 37900 pounds,
a symmetrical double-shear joint will be designed to carry this load. A O. 10­
inch gap is again assumed between the lugs. The bushing wall thickness is
as sumed to bOe 1/8 inch.

The lug will first be assumed to be concentric (a = e - D/2, and
w = 2e) but the final minimum weight design will not necessarily be concentric.

Pin Failure Mode (Equation (9-32))

The pin is first checked to determine whether it will be critical in
shear or bending, using Equation (9-32). Assuming D = Dp as a first approxi­
mation, determine FbI' all 1 and FbI' a112' using the graph in Figure 9-14 to
determine K. .

KFtux J = 1. 02 x 64000 = 65300 psi; 1. 304 KFtyX 1

= 1. 304 x 1. 02 x 40000 = 53100 psi;

1. 304 F aYsl = 1. 304 x 60000 = 78200 psi; therefore, FbI' all1 = 53100 psi

KFtux2 = 1. 02 x 77000 = 78500 psi; 1. 304 KFtYX2

= 1. 304 x 1. 02 x 66000 = 87900 psi

1. 304 Fay = 1. 304 x 60000 = 78200 psi; therefore FbI' a112 = 78200 psi
82

Therefore,
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R = IT x 82000 x ( 82000

1. 56 x 125000 53100
+ 82000 ) = 3.4 (Equation (9-32»

78200 .

Therefore, the design procedure for pins critical in bending applies.

Pin and Bushing Diameters - First Approximation (Equation (9-35»

4 ". 2-
1. 273 (37900) ( 125000

Dp = 1. ~6 x 125000 x 52160

D = 0.741 + 2 x 0.125 = 0.991 in.

Edge Distance Ration (e/D)

125000
+ 77000

,

) = O. 741 in.

The optimum value of elD for both male and female lugs is 1. 24
(Figure 9-15 (b». Therefore aiD is 0.74 and wiD is 2.48 for a concentric

lug (therefore, w = 2.46 in. ).

Allowable Loads - Female Lugs and Bushings (First Approximation)

(a) Lug Bearing Strength (Equations (9-2a) and (9-36))

P bru = 1. 304 x 1. 46 x 0.74 x 40000 x O. 991 t
1

= 55900 t Ibs.
L 1 1

where K = 1.46 is obtained from Figure 9-2 for e'/D = 1.24

(b) Lug Net-Section Tension Strength (Equations (9-5) and (9-6b»

K n1 = 0.74 (obtained by interpolation from the graphs shown in

Figure 9-9-4) for

D
= 0.403;

w
= 0.625; = 0.051

1. 304 x 40000 x (2.46 - 0.991) t 1 = 56600 t 1 Ibs.

\

P nu =
L1

(c) Bushing Bearing Strength (Equation (9-9»

P u = 1. 304 x 60000 x 0.741 t
1

= 58000 t 1 Ibs.
B I'

Allowable Loads - Male Lug and Bushing (First Approximation)

(a) Lug Bearing Stren/?th (Equations (9-la) and (9-3a»
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Pbl'U = 1. 46 x 0.74 x 77000 x 0.991 t z = 8Z500 t z 1bs.
lZ

(b) Lug Net-Section Tension Str;ength (Equations (9-4) and (9-6a))

Kuz = 0.88 (obtained by interpolation from graphs shown in

Figure 9-4) for

F ty
= 0.403; - = 0.857;

F tu

= o. 1Z 5

P nulZ = 0.88 x 77000 x (Z.46 - 0.991) t z = 99500 tzlbs.

(c) Bushing Bearing Strength (Equation (9-9))

P u = 1. 304 x 60000 x o. 741 t z = 58000 t
z

lbs.
8Z

Lug Thicknesses (First Approximation)

37900
t 1 - ---"----

Z x 55900

. 37900= 0.339 In. ; tz = = 0.654 in.
58000

Pin Diameter - Second Approximation (Equation (9-34))

(0.339 + O. 3Z7 + o. ZOO) = 0.755 in.3 Z. 55 x 37900

1. 56 x 1Z5000

D = 0.7555 + Z x 0.lZ5 = 1.0005 in.

D ­p -

Final Pin and Bushing Diameter (Equation (9-36))

D - 0.741
POPt - Z + O. ~55 = 0.748 in. (Use 0.750 inch pin)

D = 0.750 + Z x o. 1Z5 = 1. 000 in.

Pin Shear (Equation (9-33))

Dp = 0.798 \1 37900 = 0.541 in.
~ 8Z000

Therefore, the pin is not critical in shear.

Final Lug Thicknesses

t 1 = 0.339 x 0.991 = 0.336 in.
1. 000
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t = 0.654 x 0.741 = 0.646 in.
2 o. 750

Reduced Edge Distance

The lug tension strength (Equation (9-3)) exceeds the bushing
strength (Equation (9-9)) for the male lug. Therefore, a reduced
e/D can be obtained for the male lug shown in Figure 9-16.

F bru
B

F tux

0.750
= x

1. 000
1. 304 x 60000

77000
= o. 762

Therefore, e/D = 0.97 (male lug)

Reduced Lug Width

The lug net-section tension strength (Equation (9-6)) exceeds the
bearing strength (Equation (9-3)) for both the male and female lugs.
Therefore, the widths can be reduced as follows:

I 55900 t l )= 2.46 in.wI = 1.00 + (2.48 - 1.00) \ 56600 t l

w 2 = 1. 00 + (2.48 - 1. 00) (
82500 t 2

)= 2.23 in.
99500 t 2

Final Dimensions

Dp = 0.750 in. ; D= 1. 000 in.

t l = 0.336 in. ; e l = 1. 24 in. ; wI = 2.46 in.

t2 = 0.646 in. ; e2 = 0.97 in. ; w2 = 2.23 in.

Since w2 is larger than 2e2' the final male lug is not concentric.

9.15 Analysis of Lugs with Less Than 5 peT Elongation

The procedures given through Section 9-14 for determining the static
strength of lugs apply to lugs made from materials which have ultimate
elongations, €u' of at least 50/0 in all directions in the plane of the lug. This
section describes procedures for calculating reductions in strength for lugs
made from materials which do not meet the elongation requirement. In
addition to using these procedures, special consideration must be given to
possible further loss in strength resulting from material defects when the
short transverse gain direction of the lug material is in the plane of the lug.
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The analysis procedures for lugs Inade froIn Inaterials without defects
but with less than 5% elongation are as follows:

9.15.1 Bearing Strength of Axially Loaded Lugs with Less Than 5
Elongation

(1) Determine Fty/Ftu and €y/€u' using values of F ty , F tu '
€u that correspond to the IniniInuIn value of €u in th'e pL:;
the lug.

(2) Determine the value of B, the ductility factor, froIn the
shown in Figure 9 -17.

and
of

ra.ph

(3) DeterInine a second value of B (denoted by B. 05) for the S;?1.Ine
values of F ty , F tu ' and €y as before, but with €u = O. 0 '~"

(4) Multiply the bearing stress and bearing load allowables dven
by Equations (9-la) through (9-3b) by BIB. 05 to obtain the
corrected allowables.

1. 0 r---,==::::r::--,---;--lr-..,.--.,...--,...--r--,

0.9

...
0
~

u

'"~, 0.8
~
.~.-
u
~c O. 7

10

O. 6~-~~--..oo:~--~~-+_:---~~-~,.--~~-_:.J.~-~~-~o 0.1 0.2 0.3 0.4 0.5 'J. 0.7 0.8 0.9 1.0

€y/€u

Figure 9-17. Ductility Factor

9. 15.2 Net-Section Strength of Axially Loaded Lugs with Less Than

5 PC T Elongation

The t>rocedure for deterInining net-section allowables is SaIne
for all values of €u' The graphs in Figure 9-4 are used to obtain a value of
~ which is susbstituted in Equations (9-4) and (9-5). If the grain di:r.'ction of
the Inaterial is known, the values of F ty , F tu ' and €u used in entering the graphs
should correspond to the grain direction parallel to the load. Otherwise, use
values cc;>rresponding to the IniniInuIn value of €u in the plane of the lug.
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9. 15.3 Strength of Lug Tangs in Axially Loaded Lugs with Less Than
5 PCT Elongation .

The plastic bending coefficient for a rectangular cross section can
be approximated by ~ = 1. 5B, where B is obtained from Figure 9-17, in
which y and u are the ~ield and ultimate strains of the lug tang material in
the direction of loading. The maximum allowable value of k b for a rec-
tangle is 1. 4. l

9. 15.4 Lug-Bushing Strength in Axially-Loaded Single-Shear Joint
with Less Than 5 PCT Elongation

The values of ~r and k b for rectangular cross sections are
approximated by 1. 5B, whelre Bisldetermined from the graph as described
in Figure 9-17. The maximum allowable values of ~r and ~ are 1. 4.

l l

9.15.5 Bearing Strength of Transversely Loaded Lugs with Less Than 5%
Elongation (Equations (9-28) through (9-30b) in Section 9.7.1

..... '. The same procedure as that for the b~aring strength of axially
loaded lugs is used.

(1) Determine Band B. 05 as described for axially loaded lugs,
where B corresponds to the minimum value of E:lJ in the
plane of the lug.

(2) Multiply the bearing stressa.nd bearing load allowables
given by Equations (9-28) through (9-30b) by B/BO. 5 to
obtain the corrected allowables.

9.16 Stresses Due to Press Fit Bushings

Pressure between a lug and bushing assembly having· negative clearance
can be determined from consideration of the radial displacements. After
assembly, the increase in inner radius of the ring (lug) plus the decrease in
outer radius of the bushing equals the difference between the radii of the bu-sh-'
ing and ring before assembly:

where

{) = Uring - ubushing

{) = Difference between outer radius of bushing and inner radius
of the ring.

(9-36)

u = Radial displacement, positive away from the axis of ring or bushing.
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Radial displacement at the inner surface of a ring subjected to internal
pressure pis

(9-37)

Radial displacement at the outer surface of a bushing subjected to
external pressure p is

where

u=- _

E bush .
[

B2 +A2 ' J
B2 _ A 2 - I1bush.

(9-38)

A =Inner radius of bushing
B = Outer radius of bushing
C = Outer radius of ring (lug)

D = Inner radius of ring (lug)
E = Modulus of elasticity

11 = Poisson' s ratio

Substitute Equations (9-37) and (9-38) into Equation (9-36) and solve for p;

p=-----------------------------
D

Ering
( C2 + t} , ') B

2 2 + 1.1 ring' +
C - D E bush.

Maximum radial and tangential stresses for a ring subjected to internal
pressure occur at the inner surface of the ring (lug).

Positive sign indicates tension. The maximum shear stres s at this
point is

The maximum radial stress for a bushing subjected to external pressure
occurs at the outer surface of the bushing is

The maximum tangential stress for a bushing ·subjected to external, pres­
sure occurs at the inner surface of the bushing is

22pB
F t = - ------

B 2 = A 2
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The allowable press fit stress may be based on:

(1) Stress Corrosion. The maximum allowable press fit stress in
magnesium alloys should not exceed 8000 psi. For all aluminum
alloys the maximum press fit'stress should not exceed O. 50 F ty •

(2) Static Fatigue. Static fatigue is the brittle fracture of metals
under sustained loading, and in steel may result from several
different phenomena, the most familiar of which is hydrogen
embrittlement. Steel parts heat treated above 200 ksi, which
by nature of their function or other considerations are exposed
to hydrogen embrittlement, should be designed to an allowable
press fit stress of 25% F tu '

(3) Ultimate Strength. Ultimate strength cannot be exceeded, but is
not usually critical in a press fit application.

(4) Fatigue Life. The hoop tension stresses resulting from the press
fit of a bushing in a lug will reduce the stress range for oscillating
loads, thereby improving fatigue life.

The presence of hard brittle coatings in holes that contain a press fit
bushing or bearing can cause premature failure by cracking of the coating
or by high press fit stresses caused by build-up of coating. Therefore,
Hardcoat or HAE coatings should not be used in holes that will subsequently
contain a press fit bushing or bearing.

Figures 9-18 and 9-19 permit determining the tangential stress, F T ,

for bushings pressed into aluminum rings. Figure 9-18 presents data for
general steel bushings, and Figure 9-19 presents data for the NAS 75 class
bushings. Figure 9-20 gives limits for maximum interference fits for steel
bushings in magnesium alloy rings.

9. 17 Lug Fatigue Analysis

A method for determining the fatigue strength of 2024-T3 and 7075-T6
aluminum alloy lugs under axial loading is presented.

Figures 9-21 and 9-22 show the lug and the range of lug geometries
covered by the fatigue strength prediction method. Fatigue lives for lugs
having dimensional ratios falling outside the region shown should be corrobo­
rated by tests.

In this method the important fatigue parameters are kl. k Z' and k3
(see Figure 9-23).
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To find the allowable life knowing the applied stres ses and lug dimen­
sions, or to find the allowable stres s es knowing the life R value (R =f / f )

• ' 1Il1 n IIIax
and, lug dImensions, use the following procedure:

( 1)

(2)

(3)

(4)

(5)

(6)

(7)

(8 )

Enter Figure 9-22 to check that the lug dimensional ratios fall
within the region covered by the method. Enter Figure 9-23
and read k l , k 2 , and k 3 ; calculate the product k l k 2k3.

Calculate the allowable net-tension static stress for the lug, F nu '
l

according to the method described in Section 9.3.2.

Determine the value 0.4 F nu ' This is the alternating stress
l

corresponding to a maximum stres s value of 0.8 F nUL when
f lll1n = O. 0.8 F nu was chosen as an average yield stress value

L
for 2024 and 7075 aluminum alloy lugs.

Using the value 0.4 F nu as an alternating stress, draw a straight
l

line between the intersection of this value and the appropriate
klk2k3 curve on Figures 9-24 or 9-25, and the point O. 5 F nu at 1

L
cycle. This extends the klk2k3 curve to cover the entire life range
to static failure.

Enter Figure 9-24 or 9-25 (lug fatigue curves for the case where
R = 0) with klk2k3. For values of life, N = 10 3 , 3 x 10 3 , 104 ,
etc., or any other convenient values, determine the corresponding
values of fa' the stress amplitude causing fatigue failure when R = o.

Plot the values of fa found in Step 5 along the R = a line in a Goodman
diagram such as shown in Figure 9-26 (fill = fa when R = 0). The
Goodman diagram shown in Figure 9-27 applies to a particular
7075-T6 lug for which klk2k3 = 1. 32 (see example problem l),
but is typical of all such diagrams.

Plot the allowable net-tension static stress found in Step 2 as
fill at the poi nt (fill' 0) of the Goodman diag r am (fill = fux whe n fo. = 0).
For the case considered in Figure 9-26, this point is plotted as
(fill = 70,000 psi, fa = 0).

Connect the point plotted in Step 7 with each of the points plotted
in Step 6 by straight lines. These are the constant life lines for
the particular lug being analyzed. The Goodman diagram is now
complete and may be used to determine a life for any given applied
stresses, or to determine allowable stresses knowing the life and
R value.
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9.18 Example Problem of Lug Fatigue Analysis

Given a concentric 7075-T6 aluminum lug as shown in Figure 9-21, with
the following dimensions: a = O. 344 in, c = O. 3444 in, and D = 0.437 in. If the
lug is subjected to a cycle axial load such that the maximum net..., section stres s
is 27,000 psi and the minimum net section stress is 18,470 psi, find the fatigue
life.

From the lug dimensions,

a/c=1.0 c/D=0.787 (D/c=1.27)

(1) Figure 9-22 indicates that the lug may be analyzed using this method.
From Figure 9-23,

k l = 1.0; k2 = 1.33; k 3 = 0.99; klk2k3 = 1.32

for Equation (9-4) in Section 9.3.2.
70,000 psi.

(2 )

(3 )

(4)

(5)

(6)

(7)

(8)

Calculate the allowable net- section tensile ultimate stres s, F nu '
l

For the given lug, F nu =
l

0.4 F nu = 0.4 x 70,000 = 28,000 psi.
l

Draw a light pencil line on Figure 9-24 from the point (fa = 28,000
psi on klk2k3 = 1. 32) to the point (fa = 35,000, N = 1 cycle) (This
is illustrated, for clarity, on Figure 9-27).

Enter Figure 9-24 and read values of fa for various numbers of
life cycles, using the line klkZk3 = 1. 32. These numbers are as
follows:

N 102 10 3 3 x 10 3 10 4 3 x 10 4 10 5 106 10 7

fa 30KSI 24.5 18.8 13. 5 8.88 5.70 2.34 1. 30

Plot the values of fa along the R = 0 line of the Goodman diagram.
(Refer to Figure 9-26. )

Plot F n = 70,000 psi, as fm at the point (fm' 0) of the Goodman diagram.
l

(Refer to Figure 9-26. )

Connect the points plotted in Step 6 with the point plotted in Step 7
by straight lines. The Goodman diagram is now complete.
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(9) Enter the Goodman diagraITl with values of f = 27,700 - 18,470 =
• 2

4,615 psi and f. = 27,700 + 18,470 = 23,085 psi, and read the
2

fatigue life, N = 8 x 104 cycles, by interpolation (test results show
N = 8.6 x 104 cycles).

4If the known quantities are life and R value, e. g., N = 10 cycles and
R = 0, the allowable stresses can be obtained by using the saITle Goodman
diagraITl. Enter the cOITlpleted GoodITlan diagraITl at R = 0 and N = 104 cycles
and read the aITlplitude and ITlean stresses (in this case f. = f. = 13,500 psi).

Only if the lug diITlensions are changed, ITlust a new GoodITlan diagraITl
be drawn.
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10. TRANSMISSION SHAFTING ANALYSIS

10. 1 Introduction to Transmission Shaft Analysis

This section presents design methods for mechanical shafting. In this
discussion, a shaft is defined as a rotating member, usually circular, which
is used to transmit power. Although normal and shear stresses due to tor­
sion and bending are the usual design case, axial loading may also be present
and contribute to both normal and shear stresses. The design case must
consider combined stresses.

The general design of shafts will he discussed with emphasis on cir­
cular sections, either solid or hollow.

10.2 Nomenclature Used in Transmission Shafting Analysis

The symbols used in this section are shown in Table 10-1.

TABLE 10-1

List of Symbols Used in Shaft Analysis

C

D,d

E
fpm
F
G

hp
I

J
k

K

t
M

numerical constants
diameter
modulus of elasticity
feet per minute
force
modulus of elasticity in shear
horsepower
moment of inertia
polar moment of inertia
radius of gyration
stress concentration factor,

normal stress
stress concentration factor,

shear stress
length
bending moment

n

r

f.
fyi'

SAE
T
V

Y
a
cp
w

revolutions per minute
radius
revolutions per minute
normal stres s
endurance limit stress,

reve rsed bending
shearing stress
yield point stress, tension
Society of Automotive Engineers
torque
velocity, f~et per minute
deflection
column factor
(phi) angular deformation
(omega) angular velocity,

radians per second

10.3 Loadings on Circular Transmission Shafting

Transmission shafting is loaded by belts, chains, and gears ~hich both
receive power from prime movers and distribute it to accomplish desired

results. Differences in the amount of power either added or subtracted at
various points on the shaft result in torsion of the shaft. The dri ving forces
and the driven resistances result in bending of the shaft and, for helical
gearing, an axial loading is also produced. These loadings generate both
normal and shear stresses in the shaft.
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The torsion loading produces a maximum shear stress at the shaft
surface calculated from

Trf. ---
J

where the torque transmitted through the section is determined from the
horsepower relation:

(10-1)

T = hp t63, 000
n

(10-2)

The development of these relations can be found in standard texts.

The bending force produced by gears or chains is equal to the net
driving force given by

F =
T
r

(10-3)

where the radius of the gear or sprocket is used. Bending forces from
belts must be obtained from the sum of the forces exerted on each side of
the pulley. The usual method is to use the following relation:

(10-4)

where F 1 is the tension side force and F2 is the slack side force. The
quantity (F 1 - F2) is the net obtained from the horsepower equation. For
flat belts, the value of C is between 2 and 3, depending upon conditions of
installation. For V-belts, use C = 1. 5.

The axial load produced from gearing must be obtained from consid­
erations of the type of gear-tooth design used. It is beyond the scope of
this section to elaborate on gear loadings. Suffice it to say that they must
be considered.

The bending forces create normal stresses in the shaft given by

f = Mr
I

The axial forces create a normal stress

(10- 5)

Ff=a- (10-6)
A

where a is the factor changing F / A into an equivalent column stress where
F is compression and there is an appreciable length of unsuppo-rted shaft.
The recommended values of a are gi yen in the following relation:
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(for t/k < 115)

for t/k > 115)

1a = -----=----
1-0.0044 (t/k)

f y (t/k)2
a = --~----

C n 2 E

(10-7)

(10-8)

C = 1. 0 is used for hinged ends and C = 2.25 is used for fixed ends. For
tensile axial loads and for short lengths in compression, a = 1.0 is used.

10.4 Analysis of Combined Stresses in Transmission Shafting

The recommended method for design <of ductile materials subjected
to combined normal and shear stresses is that employing the maximum
shear stress theory. This theory states that inelastic action begins when
the shear stres s equals the shearing limit of the mate-rial. The maximum

shear stress at any section is given as follows:

(10-9)

where f s and f are obtained from the relations given in Section 10.3. The
value to be used for the design maximum shear stress, f s ,is discussed
in the next section. Ux

10.5 Design Stresses and Load Variations for Transmission Shafting

The design stress is obtained from the yield strength of the material
to be used. However, it must be modified to account for various loading
anomalies. The "Code of Design of Transmission Shafting," which has
been published by the ASME as code B17c, 1927, gives the 'basic factors
to be used in determining the design stresses, either normal or shear.
According to this code, the basic design stress shall be:

f s = O. 3 (tensile yield strength)

Shear Design Stress

Normal Design Stres s

or

fs = O. 18 (tensile ultimate strength)

f = 0.6 (tensile yield strength)

or

f = 0.36 (tensile ultimate strength)
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The sITlaller of the two cOITlputed stresses is to be used. For cOITlbined
stresses, as discussed in Section 10.4, the shear design stress is used. The
code also applies a factor of O. 75 to the calculated design stress if the section
being considered includes a keyway. It is noted that this is equivalent to a
stress concentration factor of 1.33. Table 10-2 should also be consulted prior
to ITlaking allowance for keyways. Although the code does not ITlention stress
concentration factor s further, they ITlust be considered in any de sign.

Figures 10-1 through 10-5 give stress concentration factors to be applied
to the design stress for various types of section discontinuities.
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Figure 10-5. Stress Concentration Factor for Hollow Shaft with Radial Hole
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4.0J----i-

K

O'-__......L ...L. .J- I...-__......L ....I: ..I-__--'

o 0.1 0.2 0.5 0.4

dIDO

c. Shaft in Bendings

Figure 10-5. Stress Concentration Factor for Hollow Shaft with Radial Hole (concluded)

Tables 10-2 and 10-3 give stress concentration factors to be applied to
keyways and several screw thread types. These are applied only if the section
being analyzed includes either threads or a keyway.

TABLE 10-2

Values of Stress Concentration Factor
Annealed

for Keyways, K
Hardened

Type of Keyway Bending Torsion Bending Torsion

Profile
Sled-Runner

1.6
1.3

1.3
1.3

2.0
1.6

1.6
1.6

TABLE 10-3

Values of Stress Concentration Factor for Screw Threads, K

Annealed Hardened
Type of Thread Rolled Cut Rolled Cut

Arrlerican National (square)
Whitworth, Unified St'd.
Dordelet

2. 2
1.4
1.8

2. 8
1.8
2.3

3. 0
2.6
2.6

3.8
3.3
3.3
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The code also recommends the application of a shock and fatigue factor
to the computed torsional moment or bending moment. This factor accounts
for the severity of the loading during stress rever sals caused by the revo­
lution of the shaft. Table 10-4 gives these factors for rotating shafts.

TABLE 10-4

Values of Shock and Fatigue Factors for Rotating Shafts
(from ASME Code)

Nature of Loading

Gradually Applied or Steady
Suddenly Applied, minor
Suddenly Applied, heavy

Km

(bending)

1.5
1.5 to 2. 0
2.0 to 3.0

Ks

(tor sion)

1.0
1. 0 to 1. 5
1. 5 to 3.0

10.6 Design Procedure for Circular Transmission Shafting

The recommended design procedure for circular shafts is as follows:

I} Define all loads on the shaft.
2) Determine the maximum torque and its location.
3) Determine the maximum bending moment and its location.
4) Determine the design stress.
5} Determine the shaft diameter at the critical diameter.
6} Check for shaft deflections.

A sample problem will illustrate the application of the above principles
and the previous relations.

10. 6. 1 Sample Analysis of Circular T ransmis sion Shafting

The loaded shaft illustrated in Figure 10- 6 receives 20 hp at 300 rpm
on pully B at a 45° angle from below. Gear C delivers 8 hp horizontally to
the right, and gear E deliver s 12 hp downward to the left at 30°. The shafting
is to be cold-drawn CI035 with minimum values of tensile yield strength,
i y = 72,000 psi, and of tensile ultimate strength, fu = 90,000 psi.
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50"

Figure 10-6. Drawing Illustrating a Loaded Shaft

The forces shown are those which are placed upon the shaft. The
gearing loads do not consider the normal component. This is reasonable
for 14-~o tooth design, but for higher pressure angles the side force should
be included.

l) Define the loads.

The torques transmitted by the shaft are

= 63, 000 hp _ (63, 000) (20) = 4200 in. -lbs
T s n - 300 (l0-10)

on shaft between Band C.

_ (63,000) (8) =T c
300

taken off at C.

1680 in. -lbs (la-II)

T
E

= (63, 0.00) (12) = 2520 in. -lbs
300

on shaft between C and E.

(10-12)

(10-13)
= 2(4200) = 700 lbs

12
F s = 2(Fl - F2) = ---r s

The bending force s from the pulley is given by

2Ts

The bending force from gear C is

_ T c _ 1680
F - -- - -- = 187 lbs

c r c 9

and from gear E, it is

T E _ 2520
FE =~ - -6- = 420 Ibs

(10-14)

(l0-15)
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These applied loads are resolved into their vertical and hori­
zontal components and the bearing reactions calculated. These reactions
are found by summing moments and forces in the two planes. From these
computations, the shear diagram shown in Figure 10-7 were constructed.

Ax =484 Ex = 364

E y = 285

AL__Br- .....;;;-_...J

l-12"~---~2811--.......

l8"

B x = 49 5 C x = 187 Dx =166

A I~+--"'r"-----r--H~-~

Shear DiagraITl

By = 495

Shear DiagraITl

D y = 210

Horizontal Plane Vertical Plane

Figure 10-7. Drawing Illustrating Construction of Shear Diagrams

The maximum bending moment is located where the shear diagram

crosses the axis. More complex loadings have several crossing points.
Each should be investigated to find the maximum.. For the present case,
the maximum bending moment in the horizontal plane is

M s = (12) (484) = 5810 in. -lbs
x

(10-16)

and in the vertical plane it is

M s = (1 2) (41 9) = 50 30 in. - Ib s
y

(10-17)

Since both of these maximums are at the same place, at pulley B,
this is the point of maximum moment for the shaft. It is given by

(10-18)

l

M s = [ (58 10 )2 + (50 30) 2 ] 2" (10-19)

M s = 768 5 in. - 1b s (10-20)
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It is observed that if the location of the maximum moments is
not the same in each plane, both locations must be checked to find the
maximum. It is also observed that for this example the maximum torque
is also located at the same section.

The design stress is now determined. Based on the tensile yield
strength, the shearing stress is

f s = (0.3) (72,000) = 21,600 psi

and based on tensile ultimate strength, it is

fs = (0. 18) (9 0, 000) = 16, 2 00 psi.
degign

(10-21)

(10-22)

Our design will be based on the smaller. An allowance for the
keyway is now made. According to the code, 75% of the above stress is used.
Thus,

f g = (0.75) (16,200) = 12,150 psi (10-23)
design

The shock and vibration factor s to be applied to the torque and
moments for a gradually applied loading are K s = 1.0 and K m = 1. 5; the se
are obtained from Table 10-4.

It is noted that if the section includes any other type of stress
raiser such as a step in the shaft, a radial hole, or a groove, the appropriate
stress concentration factors are to be applied to the design stress.

As this is a case of combined stress,
shear stress will be used for the design:

[ ( )
2 ,~

f = f 2 + ..L J-
Sdesign s 2

the principle of maximum

(10-24 )

The shear stress f s is due to the;,orque of 4200 in. -lbs and the
normal stress f is due to the bending moment of 7685 in. -lbs.

Thus, based on the use of a solid circular shaft,

Kg T e 16 K s T (16) (1. 0) (4200)
fs = = =

J TID3 TID3

f
K m Me 32 KmM (32) (1. 5) (7685)

= = =x I TID 3 TID 3

Substituting into Equation (10-24) the above quantities gives

(10-25)

(10-26)
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..,2
l2,lSO=J[(l6)(l.0)(4200) -J +r(32) (1.5) (768S)

l TTD 3 ~ 2TT D 3

Solving for D 3 gives

and

D = 1. 726 in.

..,2 ,~

J J (10-27)

( 10-28)

( 10-29)

The closest size commercial shafting 1S 1-lS/16 in. It is noted
that commercial power transmission shafting is a vailable in the following
sizes:

lS
16

1 12 ,2.1-,2l 2 12 ,
16 16 16' 16

73-,
16

312, 4 l,
16 16

4 12,
16

sl, s12, 6_1_, 7,
16 16 2

7 _1 , 8
2

The use of standard sizes facilitates the selection of bearings,
collars, couplings, and other hardware.

Machinery shafting, those used integrally in a machine, is avail­
able in the following sizes:

By 1/16 in. { liZ to 1 in , tolerance of - 0.002 in_
increments

1- 1/6 to 2 in. , tolerance of -0.003 in.
in this range

2-1/6 to 2-1/2 in. , tolerance of -0.004 In.

By 1/8 in. increments 2-5/8 to 4 in. , tolerance of -0.004 In.
By 1 (4 In. increments 4-1/4 to 6 in. tolerance of -O.OOS in.
By 1/4 In. increments 6-1/4 to 8 In. tolerance of ,-0.006 in.

Returning to our example, the diameter of the shaft determined is
based on strength considerations alone. As deflections are also a prime
consideration, both angular and transverse deflections should be checked.

The torsional deflection of a shaft is given by

T,f.,
cp=­

GJ

10 - 15
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where t is the length of shaft between the point of application of the torque
and the section being considered.

Although the example given was statically determinate, many situa­
tions encountered in practice are indeterminate. For these, the location of
the maximum stress must be determined by methods of analysis for contin­
uous beams: the area-moment method, the three-moment method, the method
of superposition, and the moment-distribution method. The exposition of
these methods is covered in the section of this manual devoted to beam analysis.

10.6.2 General Design Equation for Circular Transmission Shafting

A general design equation for circular shafts, both solid and hollow,
can be developed on the basis of the recommended procedures. It is

(10-31)

where B = D1 /D and D1 is the inside diameter of the hollow shaft. This equa­
tion requires several trials for solution because of the inclusion of the axial
load F.

It is also pointed out that in the design of large- size shafting, the
weight of the shaft and all pulleys and gears should be included in the design
calculations.
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11. BEARING STRESSES

11. 1 Introduction to Bearing Stresses

The stresses developed when two elastic bodies are forced together are

terrned bearing stresses. They are localized on the surface of the material
and may be very high due to the small areas in contact. The design informa­
tion given in this section assumes either static loading or low velocity loading.
The application to ball and roller antifriction bearings is not covered.

A brief discussion of bearing stresses in riveted joints is followed by a
presentation of theoretically derived equations for the bearing stresses between
various shapes in contact. An empirical treatment for the determination of
allowable loads is also presented.

It is noted here that the design of ball and roller bearings is a very

specialized area; however, their selections for various applications can be

made bas ed on data published by the various manufacturers.

11.2 Nomenclature for Bearing Stresses

a

c
D

= 112 the major diameter of an ellipse
= 1/2 the minor diameter of an ellipse
= diameter

E = modulus of elasticity
F br allowable bearing load

F cp proportional limit in compression

F CY = compressive yield stress

fbr = calculated bearing str.es s
fbrc = calculated compressive bearing stress
fbr • = calculated shear bearing stress
fbrt calculated tensile bearing stress

K 8=
3

for general case of two

Kl,KZ,K3
P

r

r

t

t
w

bodies in contact

= coefficients in Table 11- 1
= axial load
= allowable axial load

= minimum radius of curvature
= maximum radius of curvature

= radius
= cylindrical coordinate
= thickness
= width of rectangular ar ea
= load per length (lb lin)
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y

= allowable load per length (lb/i n)
= rectangular coordinates

4
= for general case of two bodies

1 1 +_1_ 1
in contact- + -- + R~R 1 RZ R"1 Z

= deflection

e =
1

4
y

e
iJ.
cp

for general case of two bodies in contact

= cylindrical coordinate

= Poi s son I s ratio

= angle shown in diagram for general case of two bodies in
contact in Table 11-1

11.3 Bearing Stresses in Riveted Connections

Figure 11-1 shows a riveted connection between two plates.

) : )I
I
I
I JI + PP I . +

1.... "I
I

) I 1

I I

p

Figure 11-1. Riveted Connection

p

Excessive bearing stresses result in yielding of the plate, the rivet, or both.
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The intensity of the bearing stres s between the rivet and the hole is not
constant. but varies froITl zero at the edges to a ITlaxiITluITl value directly in
back of the rivet. The difficulty caused by considering a variable stress
distribution ITlay be avoided by the COITlITlon practice of assuITling the bearing
stress to be uniforITlly distributed over the projected area of the rivet hole.
The bearing stress is thus,

P
Dt

(11- 1 )

The allowable load is

P a = FbrDt (11-2)

where F br is the allowable bearing stress.

11.4 SaITlple ProbleITl - Bearing Stresses in Riveted Connections

Given: The riveted plate in Figure 11-2

Find: The bearing stres s between the rivets and the plate.

Solution: The load per rivet is 20,000/4 = 5,000 lb. FroITl Equation (11-1),

P
f t = -- =

r Dt
5,000

(0.5)(0.25)
= 40, 000 psi

I

~
I d.I
I

II

)IJ I ~ 2JOOlb. I

II
I
I lD
I II

J \ ~ \

I

20000 0 lb.

];05 f 025\
\

I

Figure 11-2. Riveted Plate

11. 5 Elastic Stresses and DeforITlation of Various Shapes in Contact

Table 11-1 treats the elastic stress and deforITlations produ.ced by pres­
sure between bodies of various forITls. The first coluITln of this table gives
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the forITl of the bodies and the diITlensions that describe theITl. The second
coluITln indicates the shape and size of the surface of contact between the two
bodies as well as the cOITlbined deforITlation of the bodies, O. The ITlaxiITluITl
cOITlpressive, tensile, and shear bending stresses (fbro ' fbrt and fbr,) are given
in the third coluITln of Table 11-1. The ITlaxiITluITl cOITlpressive and tensile
bearing stresses occur at the center of the surface of contact and at the edge
of the surface of contact, respectively, and the ITlaxiITluITl shear bearing stres s
occurs in the interiors of the cOITlpressed parts. The equations in Table 11-1
are based on the assuITlption that the length of the cylinder and the diITlensions
of the plate are infinite. For a very short cylinder or for a plate having a
width of less than five or six tiITles that of the contact area or a thickness of
less thanfive or six tiITles the depth to the point of ITlaximuITl shear stress,
the actual stresses ITlay vary considerably from those given by the equation
in Table 11-1.

Because of th.e very sITlall area involved in what initially approxiITlates
a point or line contact, the stres ses obtained froITl the equations in Table 11-1
are high even for light loads. However, since the stress is highly localized
and triaxial, the stress intensity ITlay be very high (above the yield point) with­
out producing~parentdaITlage. Since this is the case and the formulas in
Table 11-1 hold only in the elastic range, the eITlpi rical formulas for allowable
loads given in Section 11.7 are ITlost useful for practical design. However, the
forITlulas in Table 11-1 are us eful as a guide to design, especially when eITlpi ri­
cal forITlulas are not available for a gi yen case.

11.6 SaITlple ProbleITl - Elastic Stress and Deformation of Cylinder on
a Cylinder

Given: The cylinders shown in Figure 11-3.

Find: The contact surface, total deflection, and maxiITlum compressive
stress.

w 30 lb/in.

r
o 5

1.0

Steel, A151 4130

E l =E
2

= E= 30x106 psi

Fey = 70,000 psi

Figure ll~;'. Cylinders in Contact
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Solution: FroITl Table 11-1, the surface of contact between two cylinders
with their axes parallel is a rectangular strip of width, b, given by

~w DIDZ [ 2 l-u 2]1 -:iJ. 1
b = + ~-1.6 D 'D El E Z1 T 2

In this case,

30(1)(0.5) [ 1-0.3 2 1_0.3 2

b 1.6
30 x 106

+
30Xl06 ]

0.00125 in.
1 + 0.5

The combined deflection of the cylinders is given by

if £1 = £2 = E and iJ. 1 =1-12 = 0.3, which is true for the given cylinders.
Thus, in this case,

2(1) 2(0.5) ). -6 .+ loge· = 9. 87 x 10 1 n.
0.00125 0.00125

From the third column of Table 11-1, the maximum compressive bearing stress

between two parallel cylinders is

w(Dl+ D 2)

In this case,

= 30,800 psi

30(1+0.5)
(l}(0.5)
2 2

1~0.3 1-0.3
+

30x106 30xl06

Max fbre = O. 798

Thus, the cylinders will not yield and since Max fbre < Fey' the equations

in Table 11-1 are valid.

11 - 5
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11. 7 Empi rical Treatment of Allowable Bearing Loads

Many tests have been made to determine the bearing strength of spheres
and .cylinders. However, it is difficult to interpret the results due to the lack
of any satisfactory criterion for failure. Some permanent deformation is shown

to be produced even for very small loads. This deformation increases progres­
sively with increasing load, but there is no sharp break in the load-set curve.
Thus, it is necessary to select some arbitrary criterion for the amount of
plastic yielding 'that may be considered to represent failure. The circumstances
of use determine the degree of permanent deflection necessary to make a part
unfit for service.

The following sections pres ent empirical formulas for the maximum
allowable bearing loads for various shapes in contact.

11.7.1 Empirical Formulas for Allowable Bearing Loads of a Cylinder
on a Flat Plate

Figure 11-4 shows a cylinder on a flat plate under a loading of w lb.
per linear inch.

w

f
D

Figure 11-4. Cylinder on Flat Plate

Table 11-2 gives empirical formulas for the allowable load (w ) for various
tl

diameters of steel cylinders on flat steel plates. It should be noted that there
is little difference between failure under static conditions and that under slow
rolling conditions if slipping does not occur. If slipping occurs, tests are
necessary to obtain reliable information.

Although the allowable load (w.) is dependent upon length for short
cylinders, it is independent of length if the cylinders are longer than 6 inches.
The last equation in Table 11-2 is based upon an elongation of 0.001 in. lin. in
the bearing plate.
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TABLE 11-2

Empirical Formulas for a Steel Cylinder
on a Flat Steel Plate

Diameter Loading Condition Allowable Load (lb/in)

D< 25 in. static w a =
(Fey -13000

) 600 D
20000

25 < D < 125 static
(Fey - 13000))

In. W a = 3000rD
20000

116<D<476in. slow rolling (F -13000 )w a = (18000+120D) ey .
23000

I

11.7.2 Empirical Formula for Allowable Bearing Loaduof- Steel£pheres
in Contact

Figure 11- 5 shows two similar spheres in contact.
p

p
•Figure 11- 5. Similar Spheres in Contact

The crushing load P is given by

P = 1960 (8D)1. 75

_ •• .lW".

-

The test sphere used to derive this formula was steel of hardness 64 to 66

Rockwell C.

Reproduced from
"--< best available copy.
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